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Abstract:

In the present paper we have established a Common fixed point theorem for a sequence of mappings on a
closed subset of Complete G-metric spaces. Also we introduce a example to support the usability of our
result.
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1. Introduction .

Throughout this paper , unless otherwise stated S is a closed subset of Complete G -metric space (X, G). In
1991 Koparde and Waghmode[3] have proved common fixed point theorem for the sequence {T,,} of
mappings . After that Pendhare and Waghmode[6], Veerapandi and kumar[9], Badshah and Meena[1] ,
proved many results for sequence of mappings in Hilbert spaces.

In 2005, Mustafa and Sims introduced a new class of generalized metric spaces(see[4,5]),which are called G
-metric space, as generalization of a metric space (X, d). Subsequently, many fixed point results on such
spaces appeared (see, for example[7,8]).

Here we present the necessary definitions and results in G-metric spaces , which will be useful for the rest of
the paper.

Definition1.1. Let X be a nonempty set. Suppose that G : X X X X X — R, is a function satisfying the
following conditions :

1) G(x,y,z)=0 ifandonlyif x =y =1z;
(2) 0<G(x,x,y) forall x,ye X withx = y;
(3) G(x,x,¥) <G(x,y,z) forall x,y,ze X withy # z;

4) G(x,y,2) =G(x,z,y) = G(y,z,x) = ... (Symmetry in all three variables) ;
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(5) G(x,y,2) <G(x,a,a) + G(a,y,z) forall x,y,z,aeX.
Then G is called a G-metric on X and (X, G) is called a G-metric space.

Definition1.2.A G-metric space (X, G) is said to be symmetric if G(x,y,y) = G(y,x,x) forall x,y € X.
Definition 1.3 Let (X, G) be a G-metric space. We say that {x,,} is

(1) a G-cauchy sequence if, for any € > 0, there is Me N (the set of all positive integers) such that for all
nml=>M,G(x,,x,,x) <E.

(2) a G-convergent sequence to xe X if, for any € > 0 ,there is Me N (the set of all positive integers) such

thatforallnm > M, G(x,x, ,x,) <¢.

A G-metric space (X, G) is said to be complete if every G-Cauchy sequence in X is G-convergent in X.

Proposition 1.1 Let (X, G) be a G-metric space . The following are equivalent :

(1) {x,} is G-convergentto x;

(2 G(x,,x,,x) >0 a n—> +o;

3) G(x,,x,x) >0 as n— +x;

4) G(xp,xp ,x) >0 a8 n,m— +0.

Proposition 1.2 Let (X, G) be a G-metric space . The following are equivalent :

(1) the sequence {x,} is G-Cauchy ;

(2 G(xp, %X , %) >0 @ n,mMm - +.

In this paper we illustrate a common fixed point theorem for sequence of mappings in complete G-metric
spaces also give an example to support the usability of our result. Our result is a generalization of the results
in Hilbert spaces to G-metric spaces . To present this work we also see Jaleli and Samet[2].

2.Main Result.

Theorem 2.1. Let S be a closed subset of Complete G-metric space (X, G) and {T;,}: S — S be a sequence of
mappings which satisfies the condition :

forall x,y,zeS
G(Tix, Ty, Tez) < aG(x,Tix,Tix) + bG(y , Ty, Ty) + ¢G(z, Tz, Tyz) + dG(x,y,2)

where a, b, ¢, d are positive Constants such thata + b + ¢ + d < 1. Then {T,,} has a unique Common fixed
point.

Proof. Let x, € S be any arbitrary point . Defined a Sequence {x,} inSas x,,; = T,;1x, forn =
0,1,2,3 ...

Now we shall prove that {x,} is a Cauchy sequence , so consider
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G(xn » Xn+1 'xn+2) = G(Tnxn—l ) Tn+1xn 'Tn+2xn+1)

= aG(xn—l ’ Tnxn—l ’ Tnxn—l) + bG(xn ’ Tn+1xn ’ Tn+1xn) + CG(xn+1 ’ Tn+2xn+1 ’ Tn+2xn+1)
+ dG(xn—l »Xn xn+1)

< aG(xp_1,%n , %) + G (Xn, X g1, X 41)
+6G(Xny1,Xn42, Xny2) +dG O 1, X0, Xny1)
< aG(Xp_1,%n , Xns1) + DG (Xn, X1, Xny2)
+¢G(Xn , Xp11 » Xn42) + dG(Xq—1, X0 , X y1)
<(@+d)G(xp_1,%, ,X041) + (b + )G, X1, Xny2)

(a+d)
G(xn » Xn+1 xn+2) < 1—(b+c) G(xn—l » Xn s xn—i—l)

i.e G(Xp , Xna1,%n42) S kG(xp_q1,%, , Xns1) where k = %

G(Xp ) Xp41» Xny2) < K"G(xg, %1 ,%7) for all n

Now for any positive integers [ > m >n > 1. We Consider
G(xn » Xm ,Xl) < G(xn » Xn+1 rxn+2) + G(xn+1 » Xn+2 rxn+3) + -t G(xm—l » Xm 'xm+1) +

+G (X, Xt Xma2) + G 1, Xz s Xmg3) + 0 + GO0, %1, x1)
< knG(xo,xl ,xz) + k"+1G(x0,x1 ,xZ) + ...+ km_lG(xO,xl ,xZ) +

+ k™G (xo, %1 ,%) k™G (xg, %1, x0) + oo+ KT2G (g, %1, x3)
G(xn:xm rxl) SlkaG(xO,xl 1x2) - 0 as n — oo,

i.e. {x,}Iisa G-Cauchy sequence . Since S is a closed subset of Complete G-metric space X, so {x,}
converges to a point u in S.

Now we shall prove that u is a common fixed point of the sequence {T;,} of mappings from S into itself. Let
T,u # u foralln,and Consider,

Gu,Tu,Thu) <G, x,_1,%-1) + G(xp_q, Tyu, Tyu)
< G, X1, Xp—1) + G(T_1Xn 2, Tyu, Tru)
S G xp_1,X,-1) +aG (2, Ty Xn 2, Tyo1Xp—2) + bG(w, Tu, Tu)
+cG(u, T,u, Tyu) +dG(x,_»,u,u)
<G, x_1,%Xp—1) +aG(Xy_2, Xp_1,%Xn—1) + bG(u, Tyu, T,,u)

+cG(u, T,u,T,u) +dG(x,_,,u,u)
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Gu, T,u,T,u) < (b+c)G(u, T,u,T,u)
ie. G, T,u,T,u) <G(u,T,u,T,u) ,which is a contradiction .
Thus T,u = T,u=u,forall mn.
Hence u is a Common fixed point of the sequence {T;,} of mappings.
Uniqueness:
Suppose u # v suchthat T,,v = vforalln.
Consider,
Gu,u,v) = G(Tnu,Tmu,T v)
<aGu,T,u,T,u)+bG(u,T,u,T,u)+ cG(v,Tpv,Tpv) +dG(u,u,v)
i.e. G(u,u,v) < G(u,u,v) ,whichisagain a contradiction .
Thus u = v . Hence u is aunique common fixed point of sequence {T, } of mappings.

Example.2.1. Let X =[0,1] ,and G = X X X X X - R, be defined by :

o, ifx=y=2z

G(x,y,2) ={
( ) Max{ x,y, z} ,otherwise

Then (X, G) is a Complete G-metric space . Let {T,,}: X = X be a sequence of mappings defined by
T,x = 4% for all x € X , then {T,, } satisfies the inequality of theorem 2.1. Hence the sequence {T,, }of

mappings has a unique common fixed point in X.
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