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Abstract

We consider the densities of truncated distributions in their natural form. In the estimation of parametric
functions involved in these densities and their r™ powers, necessary prior densities are identified and
attainable Kiefer bounds on variance of unbiased estimators are computed. The problem of estimation of
these Kiefer bounds [which is same as estimating variance of UMVU estimators] is considered. It is shown
that the variances of UMVU estimators of these Kiefer bounds have attainable Kiefer bounds. Results are
illustrated by examples.
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1 Introduction

In the non- regular family of distributions Cramér-Rao bound cannot be computed as the support depends
upon the parameter and the regularity conditions are violated. Therefore, authors like Chapman and
Robbins(1951), Fraser and Guttman(1952),Hammersley(1950),Kiefer (1952), Vincze(1979) have provided
the lower bounds on the variance of estimators in non-regular situations. Amongst them the bound due to
Kiefer only is attained by the variance of UMVU estimators of parameter 0. Blischke et.el. (1965-69),
Polfeldt (1970), Akahira and Ohyauchi (2007) extended Kiefer’s results for asymptotic situations. Bartlett
(1982) extended them for parameters of some more probability distributions. Jadhav and Prasad (1986-87)
extended those for some parametric functions in a family of distributions and gave a necessary and sufficient
condition for the attainment of Kiefer bound. Now, we intend to extend the results for left as well as right

truncated families of distributions and for some parametric functions.
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2 Kiefer Bound

Let X be a r.v. having p.d.f. f(x,0) with xeX and 6 €®. Let (X, F, u ) be the measure space with a ¢ -finite
measure Y. An estimator T of 0 or its function m(0) is a measurable function T: X—R: the real line. Let ©®
be an interval of R. For each 0 €0, let ® = {h; (6 + h) €@®}. For a fixed 0, let G; ,G, be any two
probability measures € G={G;; Ej(h)= expectation of h w.r.t. G; exists}. Then Kiefer (1952) has proved, for

the variance of estimator T of 0, that,

Var(T)2 supg, g,e¢ K (G, Ga, 6) = K(6), (21)
where,

{E;(h)—E,(n)}?

2
Jo , f(x;:0+h)d[G1(W)—G2(h)]
f;{ { 6 00 } du(x)

K(G1,G,0) =

Inequality (2.1) is called Kiefer inequality and its R.H.S. K (0) is called Kiefer bound. Identification of
proper prior distributions G; and G, is the most important part to compute Kiefer bound. Kiefer (1952) and
Bartlett (1982) have identified a few such prior distributions and computed Kiefer bound for variance of
estimator of 8. We intend to generalize their results for some families of distributions and for variance of
estimators of functions of 6.

Bartlett (1982) provides an ideal estimation equation involving parameter, estimator and its variance
attaining Kiefer bound. We use it to ascertain attainment of Kiefer bound. For this the generalized
difference of the p.d.f. w.r.t. prior distributions G; and G, is taken. The generalized difference of f(x,0) w.r.t.
G, and G, , is defined by

A f(x,0) = j £(x, 6 + h)dGy (h) — J (6 + h)dGy(h) (22)

If G, (h) is concentrated at 0, generalized difference is denoted by A;. Thus,
Af(x,0) = f £(0,0 +h)dG(R) — f(x,0), 4,0 = f hd G, (h) 23)

With a proper choice of G1, G, the ideal estimation equation takes the form:
Af(x,0) (2.4)

f(x,0)4,0  var(T) (T=0)

From (2.4) we infer that T is UMVUE of 0 with its variance = K(6) - the Kiefer bound for the variance of
unbiased estimator of 6. We describe this like: T is uniformly minimum variance unbiased estimator whose
variance attains Kiefer bound (UMVUKBE).Then, attainable Kiefer bound on the variance of unbiased
estimators of m (0) = (a,, 6 *+ b,,), is given by,

K(m(8)) = (an)? K(6) (2.5)
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Here, a,,, b,, are real constants which may depend upon the sample size n.
3 Kiefer Bound in Left Truncated Distributions

In this section we extend results due to Kiefer (1952) and Jadhav and Prasad (1986-87) to left truncated
distributions. Let q(-)be a positive real valued function such that the p.d.f. of left truncated random variable

becomes,

f1(x;9)=%, —w<a<f<x<b<o 3.1)

where Q(x) = f;q(y)dy. The expression for p.d.f. in (3.1) is considered to be natural, scientific and

generalized form of left truncated p.d.f.. Then cumulative distribution function is given by

_x _ Q@)-0(®) _ _ Q-0 (3.2)
F(x) = [, q(®)dt = BRG] and 1 —F(x) = 2EI0)

Theorem 3.1

n+r

Let the p.d.f. of a r. v. X be of the form (3.1). Then T.(2) = ( )(Q(b) —Q(2))" is UMVUKBE of

n

@ =[Q)- Q(H)]r,r > —%,so that Var(T,(Z)) equals Kiefer bound
[r2¢p?]

[n(n+27)] '

K(p) =

with the choice of priors as,

[(n/r)+1](¢ + )™M dn (3.3)

dGl (h) - p/m+1

,—@ < h <0and G,(h) = Ig(h)

Proof:
It can be seen from the structure of p.d.f.(3.1) that the minimum observation Z is complete sufficient statistic
and so would be Q(Z) .The p.d.f.sof Z and Q(Z) are given by,
b) — n-1 3.4
n[Q(b) — Q(2)] q(Z)’ B<z<bh (3.4)
[Q(B)-Q(&)]"

b) — n-1 3.5
gon(@(22,0@) = "TD=TBL— 0(6) < ) < Q) &

The p.d.fof Q(Z) interms of ¢ is,

ne®) — @I o6 ot < (3.6)
(pT'

The parameter space of ¢ is @ ={¢; go)(Q(2), ) >0} = (0, [Q(b)—Q(a)]T) . For each pe®,

gZ(Zr 9) =

9o2)(Q(2),p) =

Let ®p = {h; (¢ + h)e ¥} = {h: he(—o, [Q(b)—Q(a)]r - <p)}.The prior distribution is defined on the

subset (—¢, 0) of @, as defined in (3.3).
Then,
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n+2r

Ei(h) = and E,(h) =0 3.7)

If ¢ is increased to ¢ + h, from (3.6), we get [(Q(b) — Q(2))" — @] <h < 0.
Therefore, from (2.3),(3.3) and (3.6), we have,
A1 8oz (Q(@), ¢)

(Z+1) (o +n)7

)

(R)dh .

° HeM)- @)1} ;
f_(pn ([(e)-e@) -9, 0)

(p + h)g

(p(

[[Q(b) = Q(Z)]’H]
¢7

G 1)]

T+1)

dh
(p(T‘

n{Q(b)- Q(}"**

'I;Q(b)— Q@) -9

[[Q (b) - Q(Z)]’H]
o 2
(p?

e - o ([F+1)
oF ¢

[ —{Q(b) - Q)] - 1}

Thus,

2190@RBL. _ (21 1) [p — {Q(b) - Q@Y - o} {22}

9o Q@009 —r@?
Therefore, the ideal estimation equation becomes
21902 (Q(2),¢) _ (n(n + 27”)) {(n +r
902 (Q(2), )41 r2g? n
To verify the validity of (3.8) as (2.4), consider,

Q(b)-Q(0)
E[Q(b) — Q(D]* _ f [Q(B) — Q(D)]*go)(Q(2),0(6))dQ(2)

0

) e - o2y - o} (39

Q(b)-Q(6) ket

o o (0 - 0@)"*"do
= (2) (@) - Q) f (0 + 10
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= (=) (e - 2®)" 9

Replacing k by r and 2r, we have

varlo®) - 0@ = (=) (@®) - 0©®)” - ()" (o) - e(®)”

n+2r n+r

~ nr2gp?
 (n+2r)(n+71)?

(3.10)
From (3.9), it is clear that

E{("0) E(0) - 0@) = (@) - 0" (3.11)

Therefore,

Var[T,(Z)] = ("T“)Z Var(Q(b) — Q(2))

B (n + r)z nrie?
U n /] (n+2r)(n+1)?

TZ(pZ
- n(n + 2r) -

k() (3.12)

Kiefer bound K(¢) is a parametric function giving variance of UMVUE under the above conditions.

Therefore, we proceed to estimate K(¢) in the following:

Corollary 3.1:
The parametric function ¥ = K(¢) in (3.12) has UMVUKBE
r 2
T =Ty (2) = (%) [QWb) - Q@I (3.13)
with 4r%)? n
Var|Ty . (2)] = S K@), r > -2

Proof:
From equation (3.11),

E{("7) [0 ~ @1} = [®) ~ Q@)

n
Therefore, using equation (3.9),

n

ETer @) = (1) Grygry 10) — Q@I
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__ et 3.14
T n(n+2r) v (3149

Putting k=4r, in (3.9),we get,

" 4 ne*
BT, (277} = (H) (n + 47)
7\? . r* ne* rigpt
var{(%) 10®) ~ 0@} = () Gvar oz
B 4_7.21!}2
- n(n+ 4r)
B 4r6¢p* (3.15)
" n3(n+4r)(n+ 2r)?
From (3.13)
i 1
[e®) - Q@1 = (5)" t7r
Therefore,
aQ(z) _ n % 1 Lt 4
a (7) U
Since
Q(a) <Q(0) <) <Q(b),
we have

0<(5) 1@ - @1 < (£) [0 - 0@ = ¢ < (£) [0h) - Q@)

Again, since

b= (&) — o) - 0@

n (n+2r)
we have
2 +2
©) tew - ety = Ty,
Therefore,
0 (n+2r) 0 n
<t< - R <n+2rt<1,b

From (3.5), the p.d.f. of T is given by,
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nror? (3.16)

: rAle(m)—e@]” ,
Consider theset ¥ = {y; g(t, ) > 0} = (0, —) . For each y€ ¥ let us define

n(n+2r)

Yy ={h Y + h)e?}

:{h;0<¢+h<r [Qrfé)r)l;gr()a)] r}
(o r2[Q(b) — Q(@)?"
_{h'_¢<h< n(n + 2r) B }

On the subset (—, 0) of ¥, let us define prior probability distributions as

n h%
A6 (k) = GNP and dG, (h) = loy(h) .

wﬁ‘i‘ 1

Then,

E,(h) = fo h[(%) +1] g)z @ dn
4 P\ar
=2y
T (n+4n)
E;(h) =0

If 1 is incremented to (3 + h) then 0 < #’;r < (¥ + h).Then corresponding interval for h is —nz; —-Y <

h < 0. Using this range for h we have,
0

Arg(t, ) = j 9(6 ¥ + WG, (R) — g(t, )

nt
ntar ¥

n 0

n 571
_ Z"_r(n J:‘ZT)(") (% + 1) tzn - f dh — g(t, )

R ) T (R ) (-2 ) - 0)

n
pzrtt
n

n n  \2r t21_1
— (27”) (:[)1(1-/22:;21 T [(Zn_r) Y Z_::]
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Then the ideal estimation equation becomes,

t
Mgy) _mtan|(Z) v -3
gt )Ay P 211
_n(n+4r) B 217
- 41212 [t — ] ( )
Thus,
2
=) e - e@Pr
is UMVUKBE of
rZ(pZ
v = [n(n + 2r)]
with its variance
- 4r2y)?
Var(¢) - n(n + 4r)
__ 4 re@-e@lt
~ n(n+4r) [n2(n + 2r)2] = K®®).

where, K(y) is the Kiefer bound on the variance of unbiased estimator of .
Corollary 3.2:

ﬁ(t) _ (D) _0®)-0) is UMVUKBE of survival function of lifetime with left truncated distribution
n (em-012)

having p.d.f. (3.1) with its variance which equals Kiefer bound

2 (Q(b)-Q(t))?
K(F(t)) = .
(F@©) n(n-2)(Q(6)-Q(8))*

Proof:

From (3.2) we have, Fo) = Q) —0® . Now, putting r = -1 in (3.9), we get

—Q)-Q(®)
n—1 -1 1
E() @) - @) = ORTIO)
Therefore,
L Q) -Q®
F®) = Gm-0®
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Now using the results in (3.12) with r=-1, (2.5) and the relation Var(ﬁ(t)) = Var(1l— ﬁ(t))
we get,

Vo <(n— D QB -e® > __ (e®-ew)’
n (@) -Q@))  am-2(e®) - ®)’

= K(F() = K(F(®)),

nA 1]Q( )_ﬂ is UMVUKBE of Q(6) with its variance

Remark 3.1: T,(2) = [

[Q(b) — Q(&)]?

T 2) = Kiefer bound, K(Q(8)).

Example3.1: Let  £,(x;0) = e ®"9;0 <x < .  For this density we have g(x) = e,
Q(X)=—e~*, Q(b = ) = 0. Further, F(x) = 1 — e~ (x=6)  Obviously, Z = minimum of
the random sample of size n is complete sufficient for 6. Then the pdf of Z and Q(Z) are

respectively given by

9:(2,0) =ne™*"%,z > ¢,
gQ(Z)(Q(Z); Q(@)) = ne‘(n—1)2+n9 _

Then the UMVUKBE of ¢(8) = e~ isgivenby 1 (7 = (nt+7) e™™ with its Kiefer
n

2

bound A oY _ B
w20 =K(eT®)=r> —n/2.
Further, Ty ,(Z) = (1)2 e~%"% is UMVUKBE of K(e %) = I g-2rd
» KT n nn+2r)
4r6e—4r9 47,.211]2 K(l/)) . /4
= = = 7> —n
with its Kiefer Bound [PP(n+4r)(n+2r)?]  [n (n+4r)]

Again , from Corollary 3.2., UMVUKBE of  F(t) = e~ js (n—-1) o—(t-2)  with its
n
e—2(t—9)

Kiefer Bound K (ﬁ(t)) = m

Example 3.2: Let, f;(x;08) = (b—0)71,0 < x < b.Here, q(x) = 1and Q(8) =

(n+r)

Then, T.(Z) = —= (b — Z)" is UMVUKBE of (b — 6)" with its Kiefer Bound is given by

r2(b- )27 (n+1)

n(n+2r)

=K({(b—6)"),r > —n/2.Now, taking r=1, we have T,(Z) =

(b — Z) as UMVUKBE of

(b — 6) with its Kiefer Bound ©=0F _ K(b —60) = K(0).Therefore,

n(n+2)
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(b—6)*
nn+2)

0 = [n+1] Z—; is UMVUKBE of 8 with Var(d) =

n

= K(b — 8).Also, UMVUKBE of Kiefer

r2(b- 0)%"
n(n+2r)

bound K((b — 6)") = = P is, Tx,(Z) = (%)2 (b — 2)2" with variance, —¥"

[n (n+41)] -
K@) .
Example 3.3: Let f;(x;0) =

e

,1 < 0 < x < b.Here, g(x) =e7*,

Q(x) = —e *. Then, T.(Z)= ("+T) I (e7% —e~1)" is UMVUKBE of (e™® —e™1)" with Kiefer Bound

-6 -
K((e®—e™) = n(nm;) ),r> —n/2 . Further, T;(2) =" (e~ - e—l) is UMVUKBE of
(e™® — e 1) with its Kiefer Bound K(e™® —e™1) = =) Therefore T, (Z) + *— is UMVUKBE of

n(n+2)

e 9 with it Kiefer Bound K(e =% —e™') =Var[T,(Z) + T] =Var(T,(Z)). Furthermore, Ty ,(Z) =
2

(5)" (e7% — e)?" is UMVUKBE of

K((e=® - e—1) )= refoe) Y with its Kiefer Bound K (i) = [ (ntar)]

n(n+2r)

4, Kiefer Bound in Right Truncated Distributions
In this section we extend results due to Kiefer(1952) and Jadhav and Prasad(1986-87) to right truncated
distributions admitting maximum observation as sufficient statistic. Let the p.d.f. of right truncated r.v. be

RO (6 . _ (4.1)
fZ(X’e)_Q(e)—Q(a)’ <a<x<0<b<

where, [7 q(x)dx =Q(6)-Q(a).

And the cumulative probability distribution function is

Q(x)-Q 4.2
F(x) = ffu(t)dt = Q(;CTQEZ; ( )

Theorem 4.1:
If X is a right truncated r.v. with p.d.f. of the form given in equation (4.1) and prior probability distributions,

(n/r)
dG,(h) = ”“;(Sj”/r;’? & —p <h < 0and G,(h) = Iy (h) (4.3)

are used, then UMVUKBE of ¢ = [Q(6)-Q(a)] is T.(Y) = (n”) [0(y)- Q(a)]" with variance

Var[T,(¥)] = —2— = K(¢) .

[n(n+21r)]
Proof:
It can be seen from the structure of p.d.f.(4.1) that maximum observation Y is complete sufficient statistic

and so is Q (Y) with respective p.d.f.s
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n[Q(y)-Q(a)|"” 1q(y)
[e®-0@]"

gy(y,0) = —o<a<y<O<b<o (4.4)

Gon(Q(»),Q(0)) —%, —0 < Q(a) < Q(y) < Q(8) < Q(b) <o (4

Let us write gocy)(Q(y), Q(8)) in terms of ¢ = [Q(6) — Q(a)]" as

Gon QO @) —%@]’”; 0 <Q(a) < Q) < QO) < Q) <w “0)

Let, @ = {95 gor)(Q(¥), @) > 0} = (0,[Q(h) — Q(a)]"). For each @ed, let @, = {h; ¢ + he @} =
(=@, [Q(b) — Q(a)]" — ). Further, Let us define the probability distributions (4.3) on the subset (—¢,0)
of ®¢. Clearly, E;(h) = “" ~and E(h) = 0

Then, from equation (4.5), we have,

0<[Q -Q@] <[QO)—Q@] = ¢ <[Q()-Q(@)]".
If @ isincrementedto @ + hthen0 < [Q(y) — Q@) ]"—@ <h <[Q(b) —Q(a)]" —
Using this fact we have

0

Jor)(Q(), ¢ + h)dG,(h)
@) -0(@)] ¢

n[Q(y) — Q(a)]"
+1
oF)+1 ”Q(y) 0@ "

n[Q(y) — Q@]

(p(n/r)+1 [(n/r) + 1]{—([Q(y) - Q)] - ®) 4.7

Therefore,

_o@1 (|(E)+1]t=ex) - 0@ — o)}
R B LR () {[(r) ] ! e

Then, ideal estimation equation is given by,

81900 (Q0),0) {[(2) +1]{-(Qe») - 0@ — )} - sO} s 20

Gor Q) @)1 p(-r¢)
_(m(n+2r) (n+r) 3 r 4.9
- 00 - @) ~ o) 49
We have,
7 [06) - Q@]"dQ()
_ k — _  ELY) — dla y
El0») - Q@I = | [00) - @ st

Q(a)
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_ [ _ 4.10
= |—= le®- @1 (4.10)

Therefore,

E[T,(N)] = [Q()- Q@]* (4.11)
Therefore, putting k=r in (4.11), we have,

E[T,(N)] = [Q(®)-Q@)] = ¢ (4.12)
Putting k=rand 2r in (4.10)

2

o =[] @

Var[Q(y) — Q(a)]" = [n + 2r

_ nrie? (4.13)
[(n+1r)?(n+2r)]

Therefore, using (4.13), we have,

varlr,m] = var{[* lem) - 0@}

3 [n + rr nr2p?
[(n+71)2(n+ 2r)]
r2g?
[n(n + Zr)]
Thus, conclusions follow from (4.9) as in (2.4).

K (o). (4.14)

Kiefer bound K(¢) is a parametric function giving variance of UMVUE under the above conditions.

Therefore, estimating K(¢)is essential. We do it in the following:
Corollary 4.1:
The parametric function K(¢) = 1, in equation (4.14) has UMVUKBE
r 2
Ter (V) = (5) [QW) — Q@I (4.15)

with variance

4r2qp?
VaT'[TK,r(Y)] = n(:1+4r)

= K@) (4.16)

Proof:

Putting k=2r in equation (4.10), E[Q(y) — Q(a)]?*" = F’;rgoz.Therefore, from equation (4.15),

Var[Ty,(¥)] = 222

n(n+4r)
= K@) (4.16)
EC T, )2 = (5) Bl - @1
rt g
n3(n + 4r)
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Therefore, AV 2,272
_ (7) no __{re7)
Var(Ty,(Y)) [(n+47)] [n(n+2r)]?
B 47'6 (p4

T n3 (n+4r)(n+ 2r)?

B 47.21!}2 B K
 [In(n+4r)] @)

For Kiefer bound K(y) on variance of unbiased estimator of K(¢),consider p.d.f. of Ty .(Y).

From T = (g)2 [0(y) — Q(@)]?" we have [Q(y)— Q(a)] = [t (;)2]%. Then Jocobian of

transformation is

WQp) _ 1 m? me1
= () B

r r
Therefore the density of
i on ;tz"r (4.16)
st =5 (55)

From (3.17) and (4.16), it is clear from (3.15) that Kiefer bound K(y») on the variance of unbiased estimator
of ¥ = K(o) is given by

K@) =

= Var(Tx,(Y)) (4.17)

4'7'21!}2
[n(n+47)]

Corollary 4.2:
o) = QW-e®) | _e®-o@

@o—e@) T 2let—0@) is UMVUKBE of survival function of lifetime with right truncated

distribution  having  p.d.f.  (4.1) with  its  variance  which  equals  Kiefer
& (Q()-Q(@))?
bound K (F(t) = :
F© n(n-2)(0(6)-Q(a))"
Proof:
From (4.2), F(t) = %. Using r =-1in (4.11), and (4.14) we have,
n-1 1 n-1
E(*2) (Q0) - Q@)™ = Garmay @ Var [(57) (@) - Q@) | = 75 = K@)
Therefore,
(n-1) Q(©)-Q(a)
F(o) = n Q-Q@’ "
~ n-— —
and var (F©) = [00) - Q@I Var | () (@) - e@) |
¢ . .
_ _ 2 - _
=[Q() — Q(a)] [n(n_z)],puttlngk 1in (4.13)

(Q®) - Q@)”

n(n-2)(QO) - Q@)’
= K(F(t)) , follows from(2.5).

Then the results follow by solving f(t) = 1- F(t) and using the fact that,
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Var(1 —F(t)) = Var (F(t)).

;0< a<x<@,

Example 4.1: We consider the following density given by Tate (1959), f,(x; 6) = ) >

1 : : . .
Here, q(x) = 0 and Q(x) = —i.The maximum observation y is complete sufficient statistic and

Q) - Q@ = [F -2 = [&F| A0, 0(0) - (@) = 5

According to Theorem 4.1, T,(Y)= (n+r) [y a] is UMVUKBE of ¢ = [—] with

2 2r
Var(T,(1)) = ——|=*| = K() = %.This Kiefer bound y has UMVUKBE

nn+2r) L ab

1= (2 [

T
Again  F(t)= P[X <] =

2r 4-7"6

n3 (n+4r)(n+2r)2

ar
0-
with its variance ( ) [a@a] attaining its Kiefer bound K(y),r>

(n-1) y(t-a) a)
n t(y- a)

= K(F(t)) = K(F(t)),because

(t-a) a® _ 06(t-a)
at (6- a) t(0-a)

6(t—a) . PN _ 0%(t—a)?
0 with Var (F(t)) = 2y (6-2)°

Var(F ()= Var(1-F(t)). F(t) = % is also UMVUKBE.

for t real.From Corollary 4.1, F(t) =

UMVUKBE of F(t) =
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