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Abstract
In this paper we investizate graceful labeling, cordial labeling, product cordial
labeling and total edge product cordial labeling for the cycle graph C(f- B, ). The
cvcle graph O(f - F,) formed by joining corresponding vertices of ¢ copies of path

F,.
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1 INTRODUCTION

Varous graph labelings have been introduced so far. It explored as well by many
researchers. Graph labelings have many appheations within mathematics, computer sci-
ences and communication networks. Such applications of graph labeling have been studied
by Yegnanaryanan and Vaidhyanathan [1). An extensive survey on graph labeling and
bibliographic references are given in Gallian [2].

The graceful labeling was introduced by A Rosa [3] and he proved that the cycle C,
(n = 0,3 (mod 4)) is graceful. Cahit [4] has introduced the concept of cordial labeling.
Some labehngs ke A-cordial labeling, H-cordial labeling, prime cordial labeling, product
cordial labeling, total produact cordial labeling, edge product cordial labeling, total edge
product cordial labeling are also introduced with minor variations in cordial theme.

We shall begin with a simple graph G = (V, E), which 1z a fimite, undirected graph
with |V| = p vertices and |E| = g edges. For all terminology and notations we follows
Harary (5. First we shall recall some definitions which are used in this paper.
Definition—1.1 : A function f 15 called graceful labeling of a graph G = (V. E} if
f:V(G) —{0,1,...,q9} 15 injective and the induce function f*: E(G) — {1,2,....q9}
defined as f*(e) = |f(u) — f(v)| 15 bijective for every edge e = (u,v) € E. A graph & 1=
called graceful graph if 1t admits a graceful labeling,

Definition—1.2 : A function f : V(G) — {0,1} 1s called binary verter labeling of a
graph G and f{v) s called label of the verter v of G under f.

For an edge & = (u,v), the induced function f*: E{G) — {0,1} defined as f*(e) =
| flu) — flv)|, for every edge e = (u,v) € E. Let vy(0), v4(1) be number of vertices of &
having labels 0 and 1 respectively under f and let e¢(0), (1) be number of edges of G
having labels 0 and 1 respectively under f*.

A binary vertex labeling f of a graph G is called cordial labeling if |vp(0) —vp(1)] <1
and [ep(0) —ep(1)| < 1. A graph which admits cordial labeling 1s called cordial graph.

For a graph G = (V(G), E(G)), a vertex labeling function f : V(&) — {0,1} induces
an edge labeling function f* : E(G) — {0,1} defined as f*(e) = f(u) * f(v), for every
edge e = (u,v) € E.
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Then f is called product cordial labeling if |vp(0) — vp(1)| < 1 and |ep(0) —ep(1)] < L.
A graph which admits product cordial labeling is called product cordial graph.

For a graph G = (V(G), E(()), an edge labeling function f: E(G) — {0, 1} induces
a vertex labeling function f* : V(G) — {0, 1} defined as f*(v) = IIf(e), for every edge
e=(u,v) € E.

Then f is called total edge product cordial labeling if |vg(0) — vy(1)] < 1 and |e(0) —
ep(l)] < 1. A graph which admits total edge product cordial labeling is called total edge
product cordial graph.
Definition—1.3 : For a cycle C,,, each vertices of €, 18 replace by connected graphs
G1,Ga, ..., G, 18 known as cycle of graphs and we shall denote 1t by C(Gy,Ga, ..., G,).
If we replace each vertices by a graph G 1e. Gi =G, Go =G, ..., G, = G, such cycle of
a graph &, we shall denote 1t by O(n - G).

In this paper we have discussed various graph labelings for the cycle graph C(t - F,).

2 Mamn REsuLTS @

Theorem—2.1:  C(t- P.) is graceful, where ¢ = 0,3 (mod 4) and n € N.
Proof : Let G be a cycle of graphs formed by  copies of path P.. Let u;; (1 < j < n) be
vertices of it copy of path P, in C(t- P.), ¥ i = 1,2,...,t. We shall join u;,, last vertex
of P with u;,1.. vertex of PU+) by an edge, Vi — 1,2,...,t — 1 and also join uy, last

vertex of P with uy,, to form the cycle of graphs C(t - B,).

We define the labeling function f: V(&) — {0,1,...,q}, where g =t - n as follows.

fluss) =g — (350, when j = 1 (mod 2)
={%}1 when j =0 (mod 2),¥ j = 1.2, .. .,m;

fluaz) = flurz) + (=1F(g+1—n), vi=12,....m
fluig) = flug_oz) — (—1)%(n), Vi=12,....nV¥i=34,. [5]
flupgens) = fluggag) +3 + (1P +g),  Vi=12...m
Flupspeny) = flupg,) + 3= (1P + 8, Vi=12...m
fluig) = fluiay) — (=1)"*(n), VYi=12,...,m, \;-'z_[ 1+3,73]+4,...,t.

Above labeling pattern give nse a graceful labeling to the given graph ;. Thus &G =
C'(t - F,) 18 a graceful graph.
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IMustration—2.2 : C(7-Fs) and its graceful labeling shown in figure—1, where p = g = 35.

® 35 ®4 ® 30 ®9 ® 25 ®15 ® 20
®0 ® 31 ®5 ® 26 ®11 ® 21 ®16
@ 34 @ 3 @ 29 @ 8 @ 24 o 14 e 19
C 3} @ 32 ®6 & 27 ® 12 @ 22 e 17
33 2 28 7 23 13 18
: 1 & 1 r 1 &
15
Figure—l Cycle graph C(7 - Fp) snd ita graceful labeling.

Theorem—2.3 : C(t- F,) is cordial, where t = 0,1,3 (mod 4) and n is odd or ¢t € N and
n is even.

Proof : Let u;; (1 < i <t¢, 1 < j < n) be vertices of the cycle graph C(t - P,) like
previous theorem—2.1.

To define the labeling function f : V(¢- P,) — {0, 1}. we shall consider following two

cases.
Case—1I : t=0,1,3 (mod 4) and n = 1 (mod 2)
flug;) =0 when j = 0,1 (mod 4)

=], when j =2,3 (mod 4),V j=1,2,...,n;
fluiz) = fluiy) when i = 0,1 (mod 4)

=1— f(u1;), wvhen i =2,3 (mod 4),Vji=1,2,...,n,Vi=1,2,..., ¢
Case—1I1I : t € N and n =0 (mod 2)
fluiz) =10 when j = 0,1 (mod 4)

=1, when j=2,3(mod 4),Vji=12,....n,Vi=1,2,.._,¢t

Above labeling pattern give rise cordial labeling to the graph C(t - F,) and so it i1s a
cordial graph.
IMustration—2.4 : C(9. P%) and its cordial labeling shown in figure—2, where p = g = 45,
vp(0) = 23, v4(1) = 22, e7(0) = 23 and e4(1) = 22.
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I'-I%UTF_Q Cycle graph O - F5 ) aod ke cosdial lnkeling.
Theorem—2.5 : C(t- P,) 15 product cordial graph, where ¢, n € N and n > 2.

Proof : Let G be a cycle of t copies of path F,. It 13 obvious that |V(G)| =p =g

| E{ ) t-n Let wy; (1 <i<t,1=<j < n)be vertices of the cycle graph & hke
previous theorem—2.1. Let us redefine V(G) = {u; /i =1,2,..., t,j=1,2,...,n} by
VIG)={wu /I=12 ..., p—tyUfw, fs=1,2...,t}, where
Wi = Vifn—1)+1—js Y E=1,2,..., tY i =1,2,..., n—1and 4, =u;, Vi=12 ... ¢t

We define the labeling function f: V(&) — {0, 1} as follows.
flw,) =1 Vs=1,2..., t;
flon) =1 when 1 < [$] — ¢

0, when ! = [2] —¢, VI=12... p—t

Above labeling pattern give rise a product cordial labeling to the graph C(t - F,) and
so 1t 15 a product cordial graph.
IMustration—2.6: C(10 - F;) and its product cordial labeling shown in figure—3, where

p=gq=30, vy(0) = 15, vg(1) = 15, e4(0) = 15 and e;(1) = 15.

1 1 0 0 0 0 0 g0 0 @0
1 1 1 0 0 0 0 @0 0 &0
1 1 1 1 1 1 1 1 1 1

/‘-—"

I' lg"l.l'l.'l."—ﬂ Cycle graph {10 - 3] and its predoct cardial lnbeling.
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Theorem—2.7 : C'(t- F,) is total edge product cordial graph, where t, n € N and n > 2.
Proof : Let G be a cycle of t copies of path F,. It i1s obvious that |ViG)| =p=g
| E(G) t-n Letw; (1 =4 <1t 1<j < n)be vertices of the cycle graph & like
previous theorem—2.1. Let us redefine V(&) fwi; fi=1,2,...,t,j=12,...,n} by
VIG) = {wx / k=1,2,...,p}, where u;; = w1y, Vi=1,2,.. 1, ¥Vij=12,... n
We shall define E(G) = {ex f E=1,2,...,q} by
e = (wg, wrye), VE=1,2. ... . g— 1.
e = (wg, wg1),Vhk=g—t+1,g—t+2, .. . g—1
£g = (g, Wy_g).
Now we shall define the labeling function f: E{G) — {0, 1} as follows.
flex) =1 when k < [2]
0, when k> [2], VEk=1,2,.._4q.
Above labeling pattern give rise total edge product cordial labeling to the graph &
and =0 (& 18 a total edge product cordial graph.
IMustration—2.8: C'(8- F;) and 1ts total edge product cordial labeling shown i figure—4,
where p = q = 40, vg(0) = 20, vy(1) = 20, e7(0) = 20 and eg(1) = 20.

&1 &1 &1 @1 ®1 ® 1 ® 1 & 1
1 1 1 1 1 1 1 1
® 1 ® 1 ® 1 ® 1 @1 ® 1 ® 1 ¥ 1
1 1 1 1 1 1 1 1
" e 1 a1 e 1 a0 e 0 e 0 g O
1 1 1 1 0 0 0 0
al @0 @ 0 e 0 @0 @ 0 e 0 ¢ 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 * 0 T 0 0 *0® 0% o
0
I"igun’r—-*l Cycle graph CfE - F5) nad i tatel edge product cordial lnbeling.
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3 CoNCLUDING REMARKS :

Kaneria et al. |[7] introduced above cycle of graphs. Here we investigate graceful
labeling, cordial labeling, product cordial labeling and total edge product cordial labeling
for the cycle graph C(t - F,). In this way we got various graph labelngs for the cycle of
paths.
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