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Abstract:

In this article, we obtain some fixed point results single valued mappings with rational expression in the
setting of a parametric b-metric space. The presented theorems extend, generalize and improve many
existing results in the literature. Also, we introduce some examples the support the validity of our results.
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1. INTRODUCTION

Fixed point theory has attracted many researchers since 1922 with the admired Banach fixed point theorem.
This theorem supplies a method for solving a variety of applied problems in mathematical sciences and
engineering. A huge literature on this subject exists and this is a very active area of research at present. The
concept of metric spaces has been generalized in many directions. The notion of a b-metric space was
studied by Czerwik in [14-15] and a lot of fixed point results for single and multi-valued mappings by many
authors have been obtained in (ordered) b-metric spaces (see, e.g., [13,16-17]).The concept of fuzzy set was
introduced by Zadeh [3] in 1965. In 1975, Kramosil and Michalek [4] introduced the notion of fuzzy metric
space, which can be regarded as a generalization of the statistical (probabilistic) metric space. This work has
provided an important basis for the construction of fixed point theory in fuzzy metric spaces. In 2004, Park
introduced the notion of intuitionistic fuzzy metric space [5]. He showed that, for each intuitionistic fuzzy
metric space(X, M, N, x, o), the topology generated by the intuitionistic fuzzy metric (M, N) coincides with
the topology generated by the fuzzy metric M. For more details on intuitionistic fuzzy metric space and
related results we refer the reader to [5-12]. The notion of parametric metric spaces being a natural
generalization of metric spaces was recently introduced and studied by Hussain et al. [12]. Hussain et al. [1]
introduced a new type of generalized metric space, called parametric b-metric space, as a generalization of
both metric and b-metric spaces. For more details on parametric metric space and related results we refer the
reader to [1, 2, 12].

In this paper, we obtain some fixed point results single valued mappings with rational expression in the
setting of a parametric b-metric space. These results improve and generalize some important known results
in litrature. Some related results and illustrative some examples to highlight the realized improvements are
also furnished.

2. PRELIMINARIES

Throughout this paper R and R* will represents the set of real numbers and nonnegative real numbers,
respectively.

In 2014, Hussain et al. [12] defined and studied the concept of parametric metric space.

Definition 2.1 Let X be a nonempty setand P : X X X X (0,+o) — [0, 400) be a function. We say P is a
parametric metric on X if,

(1) P(x,y,t) = Oforallt > 0ifandonlyifx = y;

(2 P(x,y,t) =Py, x,t) forallt > 0;

(3) P(x,y,t) <P(x,z,t) + P(z,y,t) forall x,y,z€ Xand all t > O:
and one says the pair (X, ) is a parametric metric space.
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The following definitions are required in the sequel which can be found in [12].
Definition 2.2 Let {x,,};—, be a sequence in a parametric metric space (X, P).

1. {x,}p=; is said to be convergent to x € X, written as lim,_.,x, =x, for all t>0, if
lim,,, o, P(x,,x,t) = 0.

2. {x,}n=q is said to be a Cauchy sequence in X if for all t > 0, if lim,, ;00 P (X, X, t) = 0.

3. (X,P) issaid to be complete if every Cauchy sequence is a convergent sequence.

Definition 2.3 Let (X,P) be a parametric metric space and T:X — X be a mapping. We say Tis a
continuous mapping at xin X, if for any sequence {x,};,—=; in X such that lim,_ x, = x, then
lim, o Tx, = Tx.

Example 2.4 Let X denote the set of all functionsf : (0,4+o0) = R. Define P: X XX x (0,+00) —
[0, +0) by P(f,g,t) = |f(t) —gt)|V f,g € Xand all t > 0. Then P is a parametric metric on X and the
pair (X, P)is a parametric metric space.

Very recently, Hussain et al. [1] introduced the concept of parametric b-metric space.

Definition 2.5 Let X be a nonempty set, s > 1 be a real numberand 7 : X X X X (0,+o) — [0,+0) be a
function. We say P is a parametric b-metric on X if,

(1) P(x,y,t) = Oforallt > 0ifandonlyif x = y;

(2 P(x,y,t) =Py, x,t) forallt > 0;

(3) P(x,y,t) < s[P(x,z,t) + P(z,y,t) |forall x,y,z € Xand all t > 0, where s > 1.
and one says the pair (X, P, s) is a parametric metric space with parameter s > 1.
Obviously, for s = 1, parametric b-metric reduces to parametric metric.

The following definitions will be needed in the sequel which can be found in [1].
Definition 2.6 Let {x,,};—,be a sequence in a parametric b-metric space (X, P, s).

1. {xp}n=qis said to be convergent to x € X, written as lim,_ . x, =x, for all t>0, if
lim,,_, 00 P(x,, x,t) = 0.

2. {x,}n=,is said to be a Cauchy sequence in X if for all t > 0, if limy, ;0 P (X, X, t) = 0.

3. (X, ) is said to be complete if every Cauchy sequence is a convergent sequence.

Example 2.6 [18] Let X =[0,+c) and define P: X XX X (0,40) — [0,+0) byP(x,y,t) =
t(x —y)P. Then P is a parametric b-metric with constant s = 2P. In fact, we only need to prove (3) in
Definition 2.5 as follows: let x,y,zeX Setu=x-zv=z-ysou+v=x-—yFrom the
inequality(a + b)? < (2 max{a, b})? < 2P(aP + bP),V a,b = 0, we have

?(x!y!t) = t(x—Y)p
=t(u+ v)?P

< 2Pt(uP + vP)

=2P(t(x — 2)? + t(z — y)P)

= s(?(x, z,t) +P(z,y, t))
withs = 2P > 1.
Definition 2.7 Let (X,2,s) be a parametric b-metric space and T:X — X be a mapping. We say Tis a
continuous mapping at xin X, if for any sequence {x,};=,; in X such that lim,_ x, = x, then
lim, e Tx, = Tx.
In general, a parametric b-metric function for s > 1 is not jointly continuous in all its variables.
Lemma 2.8[18] Let (X, P, s) be a b-metric space with the coefficient s > 1 and let {x,}=, be a sequence in
X. if {x,}5=, converges to x and also {x,}n=,; converges to y, then x = y. That Is the limit of {x,};~, is
unique.

IIMCR www.ijmcr.in| 4:1|Jan|2016[1220-1229|



Lemma 2.9[18] Let (X,P,s) be a b-metric space with the coefficient s > 1 and let {x,};=~, be a sequence
in X. if {x,}o=, converges to x. Then

E?(x, y,t) <lim, .o P(x,, y,t) < sP(x,y,t)

Vy € Xandall t > 0.
Lemma 2.10[18] Let (X, P, s) be a b-metric space with the coefficient s > 1 and let {xy };—, < X. Then
P(Xy, X0, t) < sP(Xg, X1, 1) + S2P(Xp,X3,t) + -+ + s" 1P (xy_5, Xp_1, 1)
+s" 1P (xp_1,Xp, 1)

Lemma 2.11 [18] Let(X,P,s) be a parametric metric space with the coefficients > 1. Let {x,}o=,be a
sequence of points of Xsuch that
:P(xm xn+1't) = Ap(xn—lﬂxn' t)

whered € [O,E)and n = 1,2,.... Then {x,};=,is a Cauchy sequence in (X, P, s).

3. MAIN RESULT

Let (X, P, s) be a parametric b-metric space, let x, € X, and let f: X — X be a given mapping. The sequence
{xp3o=q With x, = f"x, = fx,-, for all n € N is called a Picard sequence of initial point x,. In this
section, prove the following fixed point theorem in parametric b-metric space.

Theorem 3.1 Let (X,P,s) be a complete parametric b-metric space with the coefficients > 1 and let
f:X — X be a mapping such that
?(x’fy't)+5°(y,fx,t) ?(x’ y, t) (3.1)

SPU 98 < o w0y 1@

Vx,y € Xandall t > 0, where £:(0,0) — (0, ) is a function. Then
(i). T has at least one fixed point x* € X;
(i1).every Picard sequence of initial point x, € X converges to a fixed point of f;
(iii). if x*, x, € X are two distinct fixed points of f, then P(x*, x,,t) = % forall t > 0.

Proof Let x, € X be an arbitrary point, and let {x,,},-, be a Picard sequence of initial point x,, that is,
Xn = f"xg = fxp_,forall n e N. If x, =x,,_, for some n, € N, then x,, is fixed point of f and so
{x,}n=1 is a Cauchy sequence. If x,, # x,,_; forall n € N, from (3.1), we have

SP (X, Xp41,t) = SP(fxn_y, fxn, t)
P(xXn—1,f X0 t)+P(xn, fXn—1,)
- P(xn—1’fxn—1vt)+fp(xn’fxn’t)+f(t)

?(xn—l' xn+1;t)
T Plxp—1,X0t)+P (X, Xn+1,t)+L(L)

?(xn—lr Xn t)

‘(P(xn—li xn' t)

5[P(xn—lvxn’t)+?(xnvxn+1vt)]
- :P(xn—lrant)+~‘P(anle+1Jt)+{)(t) ?(xn_l' xn' t) (3.2)

The last inequality gives us

P(xp—1,Xn,t)+P (X0, Xn4+1,t)
:P(xn—l;xn;t) +?(xn'xn+1’t)+f(t)

From (3.3), we deduce that the sequence {P(x,_1,%,, t)} is decreasing for all ¢ > 0. Thus there exists a
nonnegative real number A such that lim,,_o P (x,,_1, X, t) = A. Then we claim that A = 0. If 1 > 0, on
taking limit as n — 400 on both sides of (3.3), we obtain

< $A <A

TA+A+L(Y)

which is contradiction. It follows that A = 0. Now we prove that {x,},—, is a Cauchy sequence. Let
0 € [Of[ Since A = 0, then there exists n(§) € N such that forall ¢ > 0,

P(xp, Xps1, t) =<

:P(xn—l'xn' t) (33)

A
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P(Xn—1,X0,0)+P(Xn,Xn41,t)
?(xn—1:xn't)+?(xn:xn+1't)+€(t) S S’V n 2 n(6) (3.4)

This implies that

:P(xn! Xn+1 t) =< SP(xn—li Xn» t)lv nz= n(S) (35)
for all t > 0. Repeating (3.5) n-times, we get
:P(an Xn+1, t) = 6n:P(xOrx1r t);v nz= n(6) (36)

Let m > n. It follows that
P(xp, Xy t) < SP (X, X1, t) + S2P (X1, Xpaoo t) + oo+ ™ P (X, Xy t)
< (s6™ + s26™ + oo+ sMTEMT )P (x, x4, £)

< s6™(1+ 58 +...+ (s8)™ 1) P(x, x4, t)

< sé™

~ 1-s8
for all t> 0. Since s§ < 1. Assume that P(xy,x,,t) > 0. By taking limit as m,n - +o in above
inequality we get

P(x0, %1, 1) 3.7)

limy mooeo P (Xn, X, t) = 0. (3.8)

Therefore, {x,}n=; is a Cauchy sequence in X. Also, if P(xy, x;,t) =0, then P(x,, x,,,t) = 0 for all
m > n and we deduce again that {x,,}-, is a Cauchy sequence in X. Since X is a complete parametric b-
metric space, the sequence {x, }n-;converges to exists x* € X. Now, we shall prove that x* is fixed point
of f. Using (3.1) with x = x,,,y = x* and all t > 0, we obtain

SP(Xp41, fXx*, 1) = SP(fxp, fx*, 1)
P(xn,fx*t)+P(x*,fxn,t)
T Plep fan ) +P(x*,fx*,t)+£(t)

P(x,,x*,t)

P, fx*t)+P(x*,Xn41,t)
T P(xXnxni1, )P f*, ) +L(E)

P(x,,x*,t) (3.9

Moreover, from
Plx*, fx*,t) < s[P(x*,xp,t) + P(xy, fx*, )]
We have
Px*, fx*,t) = sP(xp,x*t) < sP(xp, fx*,t)
< S P(x,, x5, t) + P(x™, fx*, t)] (3.10)
as n — +oo, we deduce that
P(x*, fx*,t) < limy_e infiso SP(xp, fX*,t)
< limy, o SUPtso SP (X, X5, 8)
< s?P(x*, fx*t) (3.11)
On letting lim inf, as n — +oo, on both sides of (3.11) and using (3.9) we obtain
P(x*, fx*,t) < limy e iNfisg SP(Xpeq, fX5, 1)

S2P(x*,fx*,t)
 Plx*fx*t)+L(t)

=0 (3.12)
This implies that P(x*, fx*,t) = 0 for all t > 0, that is, fx* = x* and hence x* is a fixed point of f. Thus

(i) and (ii) hold. If x, € X, with x* # x,, is another fixed point of f, then using (3.1) with x = x* and
Yy = X, We get

limy, e SUPt>o SP(xn, fX*5, 1)
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P(x*, fx,t)+P (s, fXT,1)
Px*, fx*,£)+P (s, f X5,t)+L(L)

SP(fx*, fx,t) < P(x*, x,,t)

< [P(x*, fx,, t) + P(x,, fx5, O)]P(x*, x,, t)
= [P(x*, x,, t) + P(x0, x5, )| P(x*, x,, 1)
= 2P?%(x*, x,,t) (3.13)
and hence P(x*, x,,t) = %; that is, (iii) holds.

Remark From Theorem 3.1, we obtain Theorem 16 of [12] if s = 1.
In the following result we consider a weak contractive condition.

Theorem 3.2 Let (X,P,s) be a complete parametric b-metric space with the coefficients > 1 and let
f:X — X be a mapping such that

Plfyt)+Py.fxt)
SP(fx, fy, t) < P 0P Oy DD Plx,y,t) + uP(y, fx,t) (3.14)

Vx,y € Xandall t > 0, where £:(0,0) — (0, ) is a function and u is a nonnegative real number. Then

(i). f has at least one fixed point x* € X;
(ii).every Picard sequence of initial point x, € X converges to a fixed point of f;

(iii).if x*, x, € X are two distinct fixed points of f, then P(x*, x,,t) = max {0, (s;”)} forall t > 0.

Proof Let x, € X be an arbitrary point, and let {x, },-, be a Picard sequence of initial point x,, that is,
Xn = f"xg = fxp_, foralln € N. If x, =x, _, for some n, € N, then x,,, is fixed point of f and so
{xn}n=1 is a Cauchy sequence. If x,, # x,,_; forall n € N, from (3.14), we have

SP(xn: Xn+1» t) = S:P(fxn—li fxn: t)

:P(xn—1rfxn;t)+?(xn:fxn—1:t)
- ?(xn—1'fxn—l’t)+?(xn'fxnvt)+£(t)

:;D(xn—l; xn+1't)

P(xp-1,Xn, t) + uP(xp, fXn_1,t)

- P(xn—1an:t)+?(xn:xn+1:t)+1f”(t) :P(xn_l’ xn’ t)
5[?(xn—l’xnvt)+fp(xn’xn+1’t)]
- :P(xn—ljxn:t)+?(xn:xn+1:t)+[(t) :P(xn_l’ xn’ t) (3.15)
The last inequality gives us
P(Xp X1, t) < P Gtn = X )+ Pty 1,) P(xp_1,Xn, t) (3.16)

- fP(xn—l'xn;t)+?(xn'xn+1’t)+f(t)

From (3.16), we deduce that the sequence {P(x,_1,x,, t)} is decreasing for all t > 0. Thus there exists a
nonnegative real number A such that lim,,_,., P(x,,_1,X,,t) = A. Then we claim that A = 0. If 1 > 0, on
taking limit as n — 400 on both sides of (3.14), we obtain

A+
A< m/l <A (3.17)

which is contradiction. It follows that A = 0. Now we prove that {x,},=,; iS a Cauchy sequence. Let
0 €E [Of[ Since A = 0, then there exists n(§) € N such that forall ¢ > 0,

ip(xn—1'xn:t)+73(xn,xn+1:t)
P(xn—1,X0,t)+P(Xn,Xn41,8) +HE() = 6, vn 2 n(6) (318)

This implies that

P(xp, Xpt1,t) 2 OP(xp_1, X, £), ¥V 0 = n(6) (3.19)
for all t > 0. Repeating (3.19) n-times, we get
P(xy, Xpe1,t) 0" P(x9,x1,t), V1 = n(5) (3.20)
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Now, it is easy to show {x,}n-; is a Cauchy sequence in X. The completeness of X ensures that the
sequence {x,}n=, converges to some x* € X. Now, we shall prove that x* is fixed point of f. Using (3.14)
with x = x,,,y = x*and all t > 0, we obtain
SP(xns1, fx*,8) = sP(fxp, fx*, 1)
P, fx*0)+P(x*, fxpn,t)
T Plxn,fxnt)+P (x> fxrt)+L(t)

P(xp, x*,t) + uP(x*, fx,, t)

P, fx*0)+P (X", Xpn41,t)
T PlenXnt1,)+P O, far ) +(L)

P(xp, x*,t) + uP(x*, xp41,t) (3.21)

Moreover, from
Plx*, fx*,t) < s[P(x*, x,,t) + P(xy, fx*, )]
We have
P(x*, fx*,t) —sP(xp, x* t)
< sP(x,, fx*,t)
< SHP(xy, x5, t) + P(x™, fx*, t)] (3.22)
as n — +oo, we deduce that
P(x*, fx*,t) < lim,_ o infisg SP(x,, X5, 1)
< limy, o SUPEso SP (X, X5, 8)
< s?P(x*, fx*t) (3.23)
On letting lim inf, as n — +oo, on both sides of (3.23) and using (3.21) we obtain
P(x*, fx*,t) < limy_o infisg SP(Xpaq, fX5, 1)

S2P(x*,fx*,t)

S r e Dre® limy,_ o SUPtso SP (X, fX5, 1)

+ UMy o iNfiso HP (X7, Xp41, )

-0 (3.24)
This implies that P(x*, fx*,t) = 0 for all t > 0, that is, fx* = x* and hence x* is a fixed point of f. Thus
(i) and (ii) hold. If x, € X, with x* # x,, is another fixed point of f, then using (3.14) with x = x* and
y = x,, We get

S?(fx*,fx*, t) < Px*,fx,t)+P (s, f X5, 1)

P*, fx*0)+P (X, f X, ) +(E)

Px*, x,, t) + uP(x,, fx*, t)

< [P(x*x,t)+P(x,x* )]P(x*, x,, t) + uP(x,,x*t)
= 2P2(x*, x,,t) + uP(x,, x*,t) (3.25)

and hence P (x", x,, t) = max {0, (;—“)} forall t > 0, that is, (iii) holds.
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