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Abstract

We define the concept of ¢ -mappings and prove a common fixed point theorem for a ¢ -pair in complex valued
metric spaces.
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1. Introduction

The metric fixed point theory is very important and useful in mathematics because of its applications in various areas
such as variational and linear inequalities, approximation theory, physics, and computer science. There were many
authors introduced the generalizations of metric spaces. One such generalization is a G-metric space proposed by
Mustafa and Sims [9]. Another such generalization is a cone metric space initiated by Huang and Zhang [4]. Very
recently, Azam et. al.[1] introduced the concept of complex valued metric spaces which is more general than the usual
notion of metric spaces and studied some fixed point results for mappings satisfying generalized contractive conditions.
In this work, we define ¢-mappings in complex valued metric spaces and prove a common fixed point theorem for a

@-pair in this setting. Also, our result is supported by an illustrative example.

2. Preliminaries

We recall some basic facts and definitions in complex valued metric spaces.

Let C be the set of complex numbers and z;,z, € C. We can define a partial ordering < on C by z; < z,ifand
only if Re(z;) < Re(z,) and Im(z,) < Im(z,). Thus,z; < z, if one of the following holds

(C1) Re(z;) = Re(z,)and Im(z;) = Im(zy);
(C2) Re(z;) < Re(z,)and Im(z;) = Im(zy);
(C3) Re(z,) = Re(z,) and Im(z,) < Im(z,);
(C4) Re(z,) < Re(z;) and Im(z) < Im(z,).

In particular, we will write z; = z, if z; # z, and one of (C2), (C3), and (C4) is satisfied and we will write
7z, < z, ifonly (C4) is satisfied.
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Definition 2.1. ([1]) Let X be a nonempty set. Suppose that the mapping d:X x X — C satisfies the following
conditions:

0] 0 < d(x,y),forall x,y € Xand d(x,y) = Oifand onlyif x = y;
(i) d(x,y) = d(y,x),forall x,y € X;

(iii) dx,y) < d(x,z) + d (z,v),forall x,y,z € X.
Then d is called a complex valued metric on Xand (X, d) is called a complex valued metric space.
Example 2.2. ([12]) Let X = C. Define the mapping d: X x X — C by
d(z1,22) = e % |21 — 75|

where k € R. Then (X, d) is a complex valued metric space.
Definition 2.3. ([1]) Let (X, d) be a complex valued metric space, (x,,) be a sequence in X and x € X.

(i) |Ifforevery ¢ € C with 0 < c thereis ny € N such that for all n > ny, d(x,,x) < c, then (x;,) is said to
be convergent, (x,) converges to x and x is the limit point of (x,,).
We denote this by lim,,,, x, =x or x, > x as n - o,

(i) If for every ¢ € C with 0 < ¢ thereis ny, € N such that for all n > ny, d(x, xem) < ¢, Where m € N,
then (x,,) is said to be Cauchy sequence.

(i) 1f every Cauchy sequence in X is convergent, then (X, d) is said to be a complete complex valued metric space.

Lemma 2.4. ([1]) Let (X,d) be a complex valued metric space and let (x,) be a sequence in X. Then
(x,) convergesto x if and only if |d(x,,x)| » 0 as n — .

Lemma 2.5. ([1]) Let (X, d) be a complex valued metric space and let (x,,) be a sequence in X. Then (x,,) isa
Cauchy sequence if and only if |d(x,, Xp+m)| = 0 as n — oo, where m € N.

Definition 2.6. ([7]) Let T and S be self mappings of a nonempty set X. The mappings T and S are weakly
compatible if T(S(x)) = S(T(x)) whenever T(x) = S(x).

Definition 2.7. Amapping T: X — X inacomplex valued metric space (X, d) is said to be expansive if there is
a real constant ¢ > 1 satisfying

cd(x,y) < d(T(x),T(¥))

forall x,y € X.

Main Results

In this section, we always suppose that C is the set of complex numbers, < is a partial orderingon C ,and P = {z €
C : Re(z) 2 0 and Im(z) > 0}. Throughout the paper we denote by N the set of all positive integers.

Definition 3.1. Let (z,) be a sequence in P. If for every ¢ € P with0 < c there is ny € N such that z, <
¢ foralln > ngy, then we say that z, — 0.

Definition 3.2. A nondecreasing mapping ¢: P — P iscalleda ¢ -mapping if
(1) @O0)=0and 0 T (2) = zforz € P\{0},
(@) @(z) < z forevery 0 < z,
(©3) lim,_,, " (z) = 0 forevery z € P\ {0}.
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Definition 3.3. Let (X,d) be a complex valued metric space. The mappings T,S : X — X are called ¢ -pair if
there exists a ¢ -mapping satisfying

d(T(x),T(y)) < @@d(Sx),S(1)))
forevery x,y € X.

Theorem 3.4. Let (X,d) be a complex valued metric space. Suppose that the mappings T,S : X — X satisfy
d(T(x), T(y)) < @d(Sx),S(K))) 31)

forall x,y € X, where ¢ isa ¢ —mapping . If T(X) S S(X), T and S are weakly compatible, and T (X) or S(X) is

complete, then T and S have a unique common fixed point in X.

Proof. Let x, € X be arbitrary. Since T(X) < S(X), we can choose x; € X such that S(x;) = T(x,). Proceeding
in this way, after choosing x, € X, we can choose x,,; € X such that S(x,,1) = T(x,). Since ¢ is
nondecreasing , it follows from condition (3.1) that

d(T0s) T)) < @ (d(SCrnre), S))

= @(d(T(xn), T(xpn-1)))
< @*(d(S(xp), S(Xn-1)))

< QAT o) T(x0))) (32)

Letc € C with0 < ¢, thenby (@,) , ©(c) < c ,thatis, 0 < ¢ — @(c). By applying (¢3), we have

lim, ., @™ (d(T(xl),T(xo))) = 0.
So, one can findny € N such that

o™ (d(T(xl),T(xo))) < c—(c), forall m > ny.

From (3.2), we have
d(T(xm),T(xm+1)) < c—@(c), forall m > n,.

We show that

d(T(xm), T(xn4+1)) < € 33)
forafixed m >n, and n = m.
This is true for n = m. We assume that (3.3) holds for some n = m. Then,

A(T (), T (Xn42)) < d(T(xm):T(xm+1)) + d(T(xm+1)rT(xn+2))

< d(T ), T(Xm41)) + @(A(S(Xm41), S (ni2)))

= d(T(xm):T(xm+1)) + (P(d(T(xm)rT(xn+1))

< c= @)+ o)

=cC .
Therefore, by induction (3.3) holds for a fixed m >ngy and n = m. Thus, (T (x,)) is a Cauchy sequence in T(X).
Suppose that T (X) is a complete subspace of X. So there exists u € T(X) € S(X) such that T(x,) — u and also
S(x,) — u. If S(X) is complete, then this holds with u € S(X). Let v € X be such that S(v) = w.
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For 0 < c, there exists a natural number n, such that d(u,T(xn)) < % and d(S(xn),S(v)) < %
forall n > ny. Then,

d(u,T(v)) d(u,T(xn)) +d(T(x,), T(v))
d(w,T(xn)) + @(d(S(xn), S)))

d(u,T(xn)) + d(S(xn),S(v))

NN A

So, it must be the case that,
d(u,T(v)) < c.
Therefore, it follows that
d(u, T(v)) < % forevery m e N.

Thus, |d(u,T(W)) | <

%‘ forevery m € N. Taking m — oo, we have | d(u, T(v)) | = 0,

which implies that d(u,T(v)) = 0 andso, u = T(v) = S(v). Since T and S are weakly compatible, it follows
that T(u) = T(S(v)) = S(T(w)) = Sw). If S(u) # u,then

d(T(w), T(w)) < @ (d(S(w),S))) = d(Sw),S(w)) = d(T(w),T()),
which is a contradiction. Therefore, T(u) = S(u) = u and so u is a common fixed point of T and S.

For uniqueness, let there exists another point w(# u) € X suchthat T(w) = S(w) = w. Then,
dw,w) =d(Tw),Tw))
< @ (d(SW),SwW)))
= ¢ (d(u,w))
= d(u,w),
which implies that u = w.

As an application of Theorem 3.4, we have the following results.

Corollary 3.5. Let (X, d) be a complete complex valued metric space and let T : X — X be a mapping satisfying
d(T(x),T(¥) < @(d(x,y))
forall x,y € X. Then T has a unique fixed point in X.

Proof. The proof follows from Theorem 3.4 by taking S = I, the identity map.

Corollary 3.6. Let (X, d) be a complete complex valued metric space and let S : X — X be an onto mapping
satisfying
d(x,y) < @(d(S(x),SM))

forall x,y € X. Then S has a unique fixed point in X.

Proof. The proof can be obtained from Theorem 3.4 by considering T = 1.
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Corollary 3.7. Let (X,d) be a complete complex valued metric space and let T : X — X satisfies
d(T(x),T(y)) < kd(x,y)

forall x,y € X,where 0 <k < 1. Then T has a unique fixed point in X.

Proof. Taking S = I and @ : P = P by @(z) = kzwhere 0 < k < 1, the conclusion of the Corollary follows
from Theorem 3.4.

Corollary 3.8. Let (X,d) be a complete complex valued metric space and let $: X — X be an onto expansive
mapping. Then S has a unique fixed point in X.

Proof. Putting T = I'and @ : P— P by ¢(z) = %z where k > 1, the proof follows from Theorem 3.4.

We conclude with an example.
Example 3.9. Let X = R and d:X x X — C be given by

dx,y) =|x—y|+i|lx—y]| forall x,y € X .
Then (X, d) is a complete complex valued metric space. Define T,S : X - X by

T(x)=2x—1, S(x) = 3x— 2, forall x € X. Also, define @ : P = P by ¢(z) =%z, forall z € P.
Now,

I TC)—TW)| +i|T)—T() =2[lx—y| +
ix—yll
=2[I3x— 3y| +i]3x— 3y]]

=2[1SG) =S | +i1SG) - SO 1]
= 2d(S(x), SO)
< 2d(S(x),5(»))
= (p(d(S(x),S(y))), forall x,y € X.

d(T(x), T())

Thus, condition (3.1) of Theorem 3.4 is satisfied. Clearly, T and S are weakly compatibleand T(X) = S(X) = X. We
see that 1 is the unique common fixed point of T and S in X.
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