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function and iterative technique. An example is provided to illustrate effectiveness of the main result. 
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Introduction 

Recent years, fractional calculus has attracted attention of many authors, see, e.g. [1]-[7]. Fractional differential equations have 

been proved to be important tools in modeling of many scientific problems. Zhang et al.[1] investigated the stability of n

-dimensional nonlinear fractional order systems with order of 21 α . Wang et al. [2] proposed the generalized Caputo 

fractional derivative, and sufficient conditions of stability were proved by comparison principles. Qin et al. [3] considered the 

approximate controllability and optimal controls of fractional systems of order 21 α in Banach space. Gao et al. [4] presented 

observer-based fuzzy control for nonlinear fractional-order dynamical systems with order 21 α . K. Balachandran et al. [5] 

provide a computational procedure for state and control for the following nonlinear fractional systems of order 21 α  
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K. Balachandran et al. [6] derived sufficient conditions for controllability of nonlinear fractional order 

21 α in finite dimensional spaces 
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So the research of fractional calculus theory becomes a rapidly growing filed in mathematical theory and engineering applications. 

Since scientific problems are better characterized using a no-integer order model, and inspired by the above works, consider 

nonlinear fractional composite dynamical systems of order 21 α of the following type 















 

00

0

2

)0(,)0(

,))(,,(),(),(,)()()(

xxxx

JtdssxsthtxDtxtftButxAtxD
t

CC 

(1.3) 

Where state 
nx R , control 

mu R , 21 α , 10   , A  is a nn  matrix, and B  is a mn  matrix, 

nnnnJf RRRR : is continuous function. Solution represent of nonlinear fractional composite dynamical systems will 

be defined. And sufficient conditions of controllability of nonlinear fractional composite systems (1.3) in finite-dimensional 

spaces will be established. 
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1. Preliminaries 

Let ),[  0R , ),(  0R , 
n

R  be the n -dimensional Euclidean space. 

Definition 2.1 Fractional order integral is defined as following 

dssfsttfI
t

)()(
)(

))((
1

00
Γ

1 

  
α

α

α
 (2.1) 

where nn  α1 , Nn . Caputo fractional derivative 
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For brevity, Caputo fractional derivative 
α

0D
C

 is taken as 
αDC . 

Definition 2.2 The Mittag-Leffler function is defined by 
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For an arbitrary nn matrix A , the Mittag-Leffler matrix function is 
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The Laplace transform of Caputo fractional derivative 
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If 10 α , 
10  ααα sfsFsstfDL C )()()))((( . And for 21 α , 

21 00   αααα sfsfsFsstfDL C )()()()))(((  

Lemma 2.1 Consider the following linear fractional composite dynamical systems 
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with 
nx R , A  is a nn  matrix and B is a mn  matrix, ),( mJLu R

2 , It solution is given by the following integral 

equation 
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Proof: In order to establish the solution represent of system (2.7), taking Laplace transform on both sides, we obtain 
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It is easy to get that 
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Apply inverse Laplace transform on both sides of  (2.13), one can get that the solution of  (2.7) as 
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Definition 2.3 The system (1.3) or (2.7) is said to be controllable on J  if, for each 0x , 0x , 
nx R1 , there exists a control 

function ),( mJLu R
2  such that the solution of (1.3) or (2.7) with 00 xx )(  satisfies 1xTx )( . 

For brevity, define 
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Lemma 2.2 The linear system (2.7) is controllable on J iff the controllability Gramian matrix  
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is nonsingular, where * denotes the transpose of matrix. 

Proof: Defined the control function )(tu  as following 

1

11*2

,1

*1 ))()(()()( yWtTAEBtTtu 



  



(2.16) 

where 
0

12

2,10

212

,1

1

0

12

1,111 )()()( xTATExATAETxTAExy  


















 . Then the solution of (2.7) at 
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Hence the system (2.7) is controllable on J . 

2. Main Results 

Let ),(:{ nJCxx RX   and )},( nC JCxD Rβ
 with norm ||}||||,max{|||||| xDxx C

X

β . Assume the following 

hypotheses: 

(H1) For Jt ,
nx R , there exists a positive constant 0M  such that 
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(H2) For Jt ,
nzwvuyx R,,,,, , there exist functions ),(  RJCi ),( 21i  such that 
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(H3) For Jst , ,
nyx R, , there exists a function ),(  RJCη  such that 

  ||)(||,,),,(|| yxtysthxsth  ||η- 1                     (3.3) 

Theorem 3.1 Suppose that linear system (2.7) is controllable, and nonlinear term f satisfies (H1) ,(H2) and (H3). Then the 

nonlinear fractional composite dynamical system (1.3) is controllable on J . 

Proof: Apply iterative technique to prove the controllability result. Define 
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Note that the sequence of the function )}({ txn  is known, we shall show that )}({ txn  is a Cauchy sequence in X . Noting that 
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After simple calculation，it is easy to obtain 
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By taking limit as n on both sides. Then 1xTx )(  which means that the control function )(tu  steers the system from the 

initial state 0x  to 1x  in times T  provided that the system (1.3) is controllable on J . 

 

3. Example 

Consider the following fractional composite dynamical system of order 21 α  
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After simple matrix calculation one can get 
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is positive definite for any 0T . Further, the nonlinear function f  is continuous and satisfies the hypotheses of Theorem 3.1. 

Observe that the control defined by 
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from 0x  to 1x . Hence the system (4.1) is controllable on ]1,0[ . 
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