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1. Introduction

Studies show that there has been an increasing interest on number sequences and their generalizations. Number sequences,
generalized of these number sequences, complex number sequences, gaussian number sequences and their interesting properties
are studied by some authors.

Horadam(1963), established the complex Fibonacci number called as the gaussian Fibonacci number and investigated the
complex Fibonacci polynomials. Jordan(1965), extented some relationship which are known about the common Fibonacci
sequences. Berzsenyi(1977), show a closed form to gaussian Fibonacci humbers by the Fibonacci Q matrix. Harman(1981), gave
an extension of Fibonacci humbers into the complex plane and generalized the methods. Koshy(2001), examined some properties
of gaussian Fibonacci and Lucas numbers. As¢1 and Giirel(2013), studied gaussian Fibonacci numbers, gaussian Jacobsthal and
gaussian Jacobsthal-Lucas numbers. Altiisik et all. (2015), studied the matrices whose elements are complex Fibonacci humbers.
Halic1 and 0z(2016), defined gaussian Pell and gaussian Pell-Lucas numbers.

In this study, we define complex k-Horadam, gaussian k-Horadam, generalized complex k-Horadam and generalized
gaussian k-Horadam sequences. In addition on this definition, We give some formulas for these sequences. Also we found the
distance between the numbers generalized complex k-Horadam and generalized gaussian k-Horadam.

Definition 1: [8] Let k be any positive real number and f(k), g(k) are scalar value polynomials. For n > 0 and f2(k) + 4g(k) >
0, the generalized k-Horadam sequence (Hy, ,)ney is defined by
Hk,n+2 = f(k)Hk,n+1 + g(k)Hk,n
with initial conditions Hy o = aand Hy; = b.
Theorem 2: [8] Forn = 0 and f(k) + g(k) — 1 # 0, let Hy ,, be nth generalized k-Horadam number,

n-1

Z o = Hypn + g(K)Hy o1 — Hiy + (f (k) — DHy
ot = f +g) —1

i=0

Theorem 3: [8] For S = (b — af (k))? — a? — 2(b — ar,)(b — ar,) (%) Hes =29, £200) + 2900 - g7 (k) -

1 # 0and, let Hy, be nth generalized k-Horadam number,

"iHZ  HZ, 4 gPUOHE,_, +S
Lo 20 + 29 () — g2 (k) — 1
1=
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2. Main Results
In this section, we define two (KHy n)nen, (GHyn)nen OF the special sequences. We obtain some equalities and equalities retated

with this defined sequences.

Definition 4: Let k be any positive real number and f(k), g(k) are scalar value polynomials. For n > 0, the complex k-Horadam
sequence (KHy )nen is defined by
KHynta = Hinaa[f () + if2(k) + ig(k)] + Hy nlg (k) + if (k) g (k)]
with initial conditions Hy, = aand H,, = b and where i is the imaginary unit which satisfies i* = —1. When equality is
arranged,
KHk,n+2 = Hk,n+1 + in,n+3

Particular cases of the previous definition are:

v Iff(k)=2, g(k)=1, a=0 and b=1 the complex Pell sequence is obtained: KHy, o = i, KHy, = 1 + 2i

v Iff(k)=2, g(k)=1, a=2 and b=2 the complex Pell-Lucas sequence is obtained: KHy o, = 2 + 2i, KHy, = 2 + 6i

Definition 5: Let k be any positive real number and f(k), g(k) are scalar value polynomials. For n > 0, the gaussian k-Horadam
sequence (GHy n)ney is defined by
GHynrz = Hignlf2(K) + g (k) + if (1)) + Hina [f () g (k) + ig (K)]
with initial conditions Hy o, = aand H,, = b and where i is the imaginary unit which satisfies i* = —1. When equality is
arranged,
GHk,n+2 = Hk,n+2 + in,n+1

Particular cases of the previous definition are:

v Iff(k)=2, g(k)=1, a=0 and b=1 the gaussian Pell sequence is obtained: GH,, o = i, GH,; = 1

v Iff(k)=2, g(k)=1, a=0 and b=1 the gaussian Pell-Lucas sequence is obtained: GH, o = 2 — 2i, GHy; = 2 + 2i

Theorem 6: For n = 0 and let H,, ,, be nth generalized k-Horadam number, let KH, ,, be nth complex k-Horadam number and let
GHy , be nth gaussian k-Horadam number, we have

>  KHiniz = GHiniz = Hinlif () (F2(K) + 29 (k) — D] + Hin1[ig () (F2(K) + g (k) — 1)]

> KHynio + GHynea = Hinl2f?(k) +29(k) + if *(k) + 2if g (k) + if ()] + Hy n-a[2f g (K) + if2g (k) + ig? (k) +

gk

Proof: The desired is obtained by summing and substracting the equalities. When equalities are arranged,

> KHyniz = GHgnsz = i[Hines — Hinaa]

> KHynis + GHgnso = 2Hinaz + {[Hinss + Hipoa ]

Theorem 7: For n = 0 and let H,, ,, be nth generalized k-Horadam number, let KH, ,, be nth complex k-Horadam number and let
GHy , be nth gaussian k-Horadam number, we have
|KHk,n+2 - GHk,n+2| = Hk,n+1[f2(k) +g(k) — 1] + Hi»[f (k) g (k)]
Proof : The definition of the absolute value is obtained from the desired. When equality is arranged,
|KHk,n+2 - GHk,n+2| = Hk,n+3 - Hk,n+1

Table 1: First five terms belong to the differences |[KP — GP|and |[KQ — GQ|where KP, GP, KQ and GQ stands for complex
Pell, gaussian Pell, complex Pell-Lucas and gaussian Pell-Lucas numbers.

n KP GP |[KP - GP| KQ GQ |IKQ - GQ|
0 0+i 0+i 0 2+2i 2-2i 4

1 1+2i 1 2 2+6i 2+2i 4

2 2+5i 2+i 4 6+14i 6+2i 12

3 5+12i 5+2i 10 14+34i 14+6i 28

4 12+29i 12+5i 24 34+82i 34+14i 68

5 29+70i 29+12i 58 82+198i 82+34i 164
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Sonug 8. It is clear from the table that |[KP — GP| = 2Re(KP) and |KQ — GQ| = 2Re(KQ).
|KHk,n+2 - GHk,n+2| = Hk,n+3 - Hk,n+1 =2Hk,n+2

Theorem 9: Forn = 0 and f(k) + g(k) — 1 # 0, let H,.,, be nth generalized k-Horadam number and let KH, ,, be nth complex

k-Horadam number, we have

n-1
_ (Hinsr + 9(K)Hyn — Hiy + (f (k) — DHy . .
T;)KHk,m+2 = ( FOO + 900 —1 - a) [f (k) +if2(k) +ig (k)]

(Hk,n + g(k)Hy oy — Hix + (f (k) — D Hy
fl)+gk) —1

) g (k) + if (k) g (k)]
Proof:
-1 n-1 n-1

KHimsz = ) Himaal 0O +if200 +ig(0] + ) Henlg() + if (g (k)]
m=0 m=0

_ <Hk,n+1 + g()Hyn — Hin + (f(k) — DHyo

B fl)+g(k) —1

+ (Hk,n + g(k)Hy g — Hir + (f (k) — D Hy o
fk) +g(k) —1

S

0

3
I

a) [f (k) + if 2(k) + ig (k)]

) [g(k) + if (k) g (k)]
So, the proof is completed.

Theorem 10: Forn = 0 and f(k) + g(k) — 1 =+ 0, let H, ,, be nth generalized k-Horadam number and let GH}, ,, be nth gaussian

k-Horadam number, we have
n—1

Hypn + g(kK)Hynq — Hq + (f (k) — DHy
GHk,m+2 =
0

FOEL S )[fz(k) +900 + i ()]

+ (Hk,n—l + g(K)Hyp—p — Hi 1 + (f(k) — D Hy,
fl)+glk)—1

m=

) [f () g (k) + ig (k)]

Proof: Using the same technique, we can be show the proof.

n
Theorem 11: For S = (b — af (k)2 — a2 — 2(b — ary) (b — ar,) (%) and R = (b—af(k)?—a?—2(b—ar)(b -
ar21——gin+11+g(k), f2k+2gk—g2k— 1#0, let A4, be nth generalized k-Horadam number and let A7/4,72 be nth complex k-
Horadam number, we have

e < Hinia + °(OHE +R bz) N < HE, + g*(HE oy + S )
B f2(k) +2g(k) — g*(k) — 1 f2(k) +2g(k) — g*(k) — 1

2 . 2(k 2n S
f(k) [leg;;)n_l_lz-l-g?k)( _)Z}(Z(k-; _ 1] - Hk,nHk,n+1 + ab — azf(k)

1-gk)

+ 2MN

where M = f(k) + if2(k) + ig(k) and N = g(k) + if (k) g (k).

Proof:
n-1 n-1
D Ky = [0 + 1200 +ig (1 D H sy
m=0 m=0

n-1

#1900 + GO Y i + 217G+ if?G0 + igNg 0O + F RGN Y Hemerm

m=0
o ( Hipnsr + 9 UOHE +R b2> e ( HE, + g2 (OH, 1 +S )
f2(k) +2g(k) — g*(k) — 1 f2(k) +2g(k) — g*(k) — 1
Hinsr + 92 UOHZ, + S 2
f k) [fz(’];) +2g(k) — gk2(k) — 1] —HynHypngr + ab —a*f (k)

1-g(k)

+ 2MN

So, the proof is completed.
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Theorem 12: For S = (b — af (k)% — a? — 2(b — ary) (b — ar,) (%) and R = (b—af(k)?—a?—2(b—ar)(b—
ar21——gkn—11+g(k), [2k+2g9k—g24— 1#0, let H#,n be nth generalized k-Horadam number and let 644,72 be nth gaussian k-
Horadam number, we have

n-—1

Z GHZ — M2 ng,n + gz(k)ng,n—l + S + N2 ng,n—l + gz(k)ng,n—Z + R _ H
fom+2 £2(k) + 2g(k) — g2(k) — 1 2 +29(k) —g2()—1

m=0

H? 2()HE oy + S 5
f(k) [fz(;;)n_:-égg((k)) _ng(k-l)_ _ 1] - Hk,n—lHk,n +ab—a f(k)

1-g(k)

+ 2MN

— Hy—1Hy o

where M = f2(k) + g(k) + if (k) and N = f(k)g(k) + ig (k).
Proof: Using the same technique, we can be show the proof.

Definition 13: Let k be any positive real number and f(k), g(k) are scalar value polynomials. For n > 0 and f2(k) + 4g(k) > 0,
the generalized complex k-Horadam sequence (KH), ,,)nen IS defined by
KHk,n+2 = f(k)KHk,n+1 + g(k)KHk,n
with initial conditions KH o = a and KHy, = b.
Particular cases of the previous definition are:
v Iff(k)=2, g(k)=1, a=i and b=1+2i the complex Pell sequence is obtained: KHy o = i, KHy; = 1 + 2i
v Iff(K)=2, g(k)=1, a=2+2i and b=2+6i the complex Pell-Lucas sequence is obtained: KHy o = 2 + 2i, KH, , = 2 + 6i

Definition 14: Let k be any positive real number and f(k), g(k) are scalar value polynomials. For n > 0 and f2(k) + 4g(k) > 0,
the generalized gaussian k-Horadam sequence (GHy ,,)nen IS defined by
GHinyz = f(K)GHynyr + 9(k)GHy
with initial conditions GHy, o = a and GH,; = b.
Particular cases of the previous definition are:
v Iff(k)=2, g(k)=1, a=i and b=1 the gaussian Pell sequence is obtained: GH,, o = i, GH,,; = 1
v Iff(k)=2, g(k)=1, a=2-2i and b=2+2i the gaussian Pell-Lucas sequence is obtained: GHy o = 2 — 2i, GHy; = 2 + 2i

Theorem 15: The ratio belong to the limits of consecutive generalized complex k-Horadam numbers is as follows,

o KHiat _ 00 47700 + 4900
2

n—-oo KHk'n
Proof:
li_ngIfI-’;nJrl _f)+ \/fzék) +4g9(k) _ F0 + gl((k;
i o lim g 2
k
x = £l + 22
‘o f (k)+a/ f2(k)+4g(k)

2

Theorem 16: The ratio belong to the limits of consecutive generalized gaussian k-Horadam numbers is as follows,
lim GHins1 _ fU) + V2 (k) + 49(K)
n-w GHk,n 2

Proof: Using the same technique, we can be show the proof.

v f(k)=2, g(k)=1, we get the ratio belong to the limits for the sequences comlex Pell, comlex Pell-Lucas, gaussian Pell and
gaussian Pell-Lucas numbers as follows,
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fU) +f2(k) +4g(k) 2+Va+4 142
2 - 2 -

4. Conclusion

In this paper, we firstly define complex k-Horadam and gaussian k-Horadam sequences. Then we find sum and differences of
complex k-Horadam and gaussian k-Horadam sequences. We give the distance between complex k-Horadam and gaussian k-
Horadam numbers. We obtained the properties of complex k-Horadam and gaussian k-Horadam sequences. We also show the
generalized comlex k-Horadam and gaussian k-Horadam sequences. We find the limit values of consecutive generalized comlex
k-Horadam and generalized gaussian k-Horadam numbers.

References

1. A.F. Horadam, Complex Fibonacci Numbers and Fibonacci Quaternions. American Math. Monthly, 70, (1963),
289-291.

2. E. Altimigik, N. F. Yalgin, S. Biiylikkose, Determinants and Inverses of Circulant Matrices with Complex Fibonacci
Numbers, Spec. Matrices, (2015), 3, 82-90.

3. G. Berzsenyi, Gaussian Fibonacci Numbers. Fib. Quart., (1977), 15(3), 233-236.

4, M. Asci, E. Gurel, Gaussian Jacobsthal and Gaussian Jacobsthal Lucas Numbers. Ars Combinatoria, 111 (2013),
53-63.

5. J. H. Jordan, Gaussian Fibonacci and Lucas Numbers, Fib. Quart., 3(1965), 315-318.

6. S. Halici, and S. Oz, On Some Gaussian Pell and Pell-Lucas Numbers, Ordu Univ. Bil. Tek. Der., (2016), (6)1, 8-
18.

7. T. Koshy, Fibonacci and Lucas Numbers with Applications, A Wiley-Interscience Publication, Canada, (2001).

8. Y. Yazlik, N. Taskara, A note generalized k-Horadam sequence, Computers and Mathematics with Applications,
(2012), 63, 36-41.

1942 Hasan GOKBAS', IIMCR Volume 06 Issue 11 November 2018



