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1. Introduction
Fixed point theory is one of the most dynamic research subjects in nonlinear sciences. Regarding the
feasibility of application of it to the various disciplines, a number of authors have contributed to this theory
with a number of publications. The most impressing result in this direction was given by Banach, called the
Banach contraction mapping principle: Every contraction in a complete metric space has a unique fixed
point. In fact, Banach demonstrated how to find the desired fixed point by offering a smart and plain
technique. This elementary technique leads to increasing of the possibility of solving various problems in
different research fields. Fixed point theorems for contractive, non-expansive, contractive type and non-
expansive type mappings provide techniques for solving a variety of applied problems in mathematical and
engineering sciences. It is one of the reason that many authors have studied various classes of contractive
type or non-expansive type mappings. Let (X, d) be a metric space. If T is such that for all x,y in X
d(Tx, Ty) < Ad(x,y) (1.2)
where 0 < A < 1, then T is said to be a contraction mapping. If T satisfies (1.1) with A = 1, then T is called
a non-expansive mapping. If T satisfies any conditions of type
d(Tx,Ty) < a1d(x,y) + a,d(x,Tx) + azd(y,Ty) + a,d(x,Ty) + asd(y,Tx) (1.2)
where a; (i = 1,2,3,4,5) are nonnegative real numbers such that a; + a, + az + a, + a5 < 1, then T is said
to be a contractive type mapping. If T satisfies (1.2) witha; + a, + a3 + a4, + as = 1, then T is said to be a
non-expansive type mapping.
Bogin [4] proved the following result:
Theorem 1.1 Let X be a nonempty complete metric space and T: X — X a mapping satisfying
d(Tx,Ty) < ad(x,y) + b[d(x,Tx) +d(y,Ty)] + c[d(x,Ty) + d(y,Tx)] (1.3)
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wherea > 0,b > 0,c > 0 and
a+2b+2c=1 (1.4)
Then T has a unique fixed point.
This result was generalized by Rhoades [22], Ciric [7, 9]. Iseki [15] studied a family of commuting
mappings Ty, Ty, ... T, which satisfy (1.3) witha > 0,b > 0,c = 0 and a + 2b + 2¢ = 1. For Banach spaces
the famous is Gregus’s Fixed Point Theorem [11] for non-expansive type single-valued mappings, which
satisfy (1.3) withc = 0,a < 1.
Gregus [11] proved the following result:
Theorem 1.2 Let C be a nonempty closed convex subset of a Banach space B and T : C — C a mapping that
satisfies:
ITx — Tyll < allx — yll + blllx — Tx|| + |ly — Tyll] (1.5)
where a > 0,b > 0 and
a+2b=1 (1.6)
Then T has a unique fixed point.

The class of mappings T satisfying the following non-expansive type condition:
d(Tx,Ty) < a(x,y)max {d(x,y), d(x, Tx), d(y, Ty), =222

2
+b(x, y)max{d(x,Tx),d(y,Ty) + c(x,y)[d(x,Ty) + d(y,Tx)] (1.7)
for all x,y € X, where a, b, c are nonnegative real numbers such that b > 0,c > 0and a + b + 2c = 1, was
introduced and investigated by Ciric [9]. Ciric proved that in a complete metric space such mappings have a
unique fixed point. This result was generalized by Jhade et al.[13-14]. Ciric [7] introduced and investigated
a new class of self-mappings T on X which satisfy an inequality of type (1.3) with b = 0 and still have a
fixed point. Also proved that by an example if the mapping T satisfies (1.3) with b = 0 and if a and c are
such that (1.4) holds, then T need not have a fixed point. Therefore, a contractive condition for T, which
shall guarantee a fixed point of T in the case b = 0 and a + 2¢ = 1, must be stricter then (1.3). Chandra et
al [4] consider the following generalization of (1.7), let T, f: X — X satisfying:
d(Tx,Ty) < a(x,y)d(fx, fy) + b(x,y)max{d(fx,Tx),d(fy,Ty)}
+ @,y d(fx, Ty) + d(fy, Tx)] (1.8)
where
a(x,y) 20, B =infyyexb(x,y) >0, y = infyyex c(x,y) >0
with
supx'yex(a(x, y) + b(x,y) + 2c(x, y)) =1.
In 1982, Sessa [24] introduced the weak commutativity condition for a pair of single valued maps. Jungck

[16] generalized the concept of weak commutativity condition by introducing compatibility of maps. Two

self-mappings f and g of a metric space (X,d) are said to be compatible (see Jungck [16]) If,
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lim_, . d(fgx,, gfx,) = 0, whenever {x,} is a sequence such that lim,_,,. fx, = lim,_,, gx, =t € X.
It is easy to see that compatible mappings commute at their coincidence points. The study of non-
compatibilty was initiated by Pant [20] by introducing point wise R-weakly commutativity of maps. Al-
Thagafi and Shahzad [1] introduced the notion of occasionally weakly compatible maps and employed the
new notion to prove fixed point theorem under new condition. Here it seems important to mention that weak
commutativity implies compatibility but the converse is not true. Weak commutativity implies R-weakly
commutativity but R-weakly commutativity implies weak commutativity only when R < 1. Self-mappings f
and g of a metric space (X,d) are called R-weakly commuting of type-(Ag) [21] if there exists some
positive real number R such that d(ffx, gfx) < Rd(fx, gx) for all x in X. Similarly, two self-mappings f
and g of a metric space (X, d) are called R-weakly commuting of type- (Af) [21] if there exists some
positive real number R such that d(fgx, ggx) < Rd(fx, gx) for all x in X . It is to be noted that pointwise
R-weakly commuting maps commute at their coincidence points and pointwise R-weak commutativity is
equivalent to commutativity at coincidence points. Compatible and non-compatible maps can be R-weakly
commuting of type-(4,) or (A¢) In 1998, Pant [19] introduced reciprocal continuity for the pair of single-
valued maps which states that maps f and g are reciprocal continuity if and only if lim,,_,,, gfx, = gt and
lim,_ ., fgx, = ft whenever {x,} is a sequence in X such that lim,,_, ., fx,, = lim,_,,, gx, =t for some
t in X. They also established some common fixed point theorems for reciprocally continuous maps. It is also
proved that a pair of maps which is reciprocally continuous need not to be continuous even on their common
fixed point.
In this paper, we shall introduce and investigate following:
(1) a new class of self-mappings T, f on X which satisfy the following non-expansive type conditions:
d(Tx,Ty) < a(x,y)max{d(fx, fy),d(fx,Tx),d(fy,Ty)

= [MCx, ) +mGx )]

+c(x, y)[M(x, y) + hm(x,y)] (1.9)
for all x,y € X, where

M(x,y) = max{d(fx,Ty),d(fy,Tx)
m(x,y) = min{d(fx,Ty),d(fy,Tx)

and0 < h <1,
with a(x,y) =0, B =inf{c(x,y):x,y €X} >0 (1.10)

supx,yex(a(x, y) + 2c(x, y)) =1. (1.11)

(2) aclass of self-mappings T, f on X which satisfy the following non-expansive type conditions:
d(Tx,Ty) < a(x,y)d(fx, fy) + b(x,y)max{d(fx,Tx),d(fy,Ty)}
+ c(x, y)ymax{d(fx, fy), d(fx,Tx),d(fy, Ty)}
+e(x, yymax{d(fx, fy), d(fx,Tx),d(fy, Ty) d(fx,Ty)}

IIMCR www.ijmer.in| 4:1)an2016[1253-1270)



+ h(x, y)max{d(fx, fy), d(fx,Tx),d(fy,Ty),d(fx,Ty),d(fy, Tx)}

(1.12)
where
a(x,y),b(x,y),c(x,y),e(x,y),h(x,y) = 0,
B = infyyex(e(x,y) + h(x,y)) > 0
¥ = infyyex(b(x,y) + e(x,y) + h(x,y)) > 0 (1.13)
with

supyyex(a(x,y) + b(x,y) + c(x,y) + 2e(x,y) + 2h(x,y)) = 1. (1.14)

We also establish two common fixed point theorems for non-expansive type single valued mappings
satisfying inequities (1.9) and (1.12), respectively, which include both continuous and discontinuous

mappings by relaxing the condition of continuity by weak reciprocally continuous mapping.
2. Main Results

Now, we give our first main results.
Theorem 2.1 Let T and f be two weakly reciprocally continuous self maps of a complete metric space
(X, d) satisfying (1.9) with T(X) < f(X), where a and c satisfying (1.10) and (1.11), then T and f have a
common fixed point in X if either (a) T and f are compatible or (b) T and f are R-weakly commuting of
type—(As ) or (c) T and f are R-weakly commuting of type-(Ar).
Proof. Pick x, € X. We construct two sequences {x,} and {y,,} as follows: Since T(X) < f(X), choose x;
sothaty; = fx; = Tx,. In general, choose x,,,; sothat y,,1 = fxni1 = Tx,.
Applying (1.8), we have
d(Txn, Txns1) < amax{d(fxn, fxni1), d(f2n, Txn), d(fXni1, TXp41)
5 [M (s Xna1) + MG, X )]}
+c[M(xn, Xng1) + hm(xn, xp41)]
= amax{d(fxy, Txn), d(fxn, TXy), d(fXn4+1, TXn11)
[M(xp, Xn41) + mQep, xn41)1}
+b [M(xy, Xp41) + hm(xp, Xn11)] (2.1)
where a and b are evaluated at (x,,, x,41). Since m(x,, x,+1) = 0and M (x,, Xp41) = d(fxy, Txpyq). If We

suppose that for some n, d(fxp11, Txpny1) > d(fx,, Txy). Then M(xp,, xp41) < 2d(fxp41, TXnyeq1) and the
inequality (2.1) gives

N |-

)

d(fxpi1, Txne1) < (a+2b)d(fxpi1, TXn41)
a contradiction. Therefore, for all n we have

d(fxnt1, Txne1) < d(fx, Txy). (2.2)
Again from (1.9), we have
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dWn-1,Txn) = d(Txn_3, Txpn)
< amax{d(fxn—z, fxn), d(fXn—z, TXn_2), d(fxn, Txp)
5 M=z, ) + M (s, x)]}
+b[M (xp—2,%n) + hm(xn_2, X,)]
= a max{d(fxn-2, fxn), d(f X2, Txn-2), d(foxn, Txp)
5 [M G g, %0) + Mz, %]}
+b[M (xp—2,%n) + hm(xn_2, X,)] (2.3)
where a and b are evaluated at (x,,_,, x;,).
Since
d(fxn_2 fxn) < d(fxp 2 fxn_1) + d(fxn_1, fX3)
=d(fxn_2 Txp_3) + d(fxp_1, Txpn_1)
< 2d(fxp-2Txn-2)
d(fxn-2,Txp) < d(fXn-2, fXn-1) + d(fXp—1,TXy)
< d(fxn-2, fxn-1) + d(fxXn-1, fx) + d(f X, Tx)
= d(fxn-2, Txn—2) + d(fxp—1,Txn_1) + d(fxn, Txp)
< 3d(fxp_2 Txn_2)
and
Ad(fxn, Txp—2) = d(Txn-1, fXn-1) < d(fXn_2,TXp_7)
Hence
m(xXn—2,%p) = min{d(f xn_2, Txp), d(f %, TXn—2)}
< min{3d(fxn_2, Txp_2), d(fxn_2 Txn_3)}
=d(fxn_2 Txn_2)
and
M (xp—z,xn) = max{d(fxn—2, Txy), d(f %, Txn_2)}
< max{3d(fxp_2, Txpn_2), d(fxpn_2 Txn_»)}
=3d(fxn-2Txn—2)
Using (2.2), the inequality (2.3) gives
d(Txp_ Txn) < 2ad(fxp_3, Txn_) + b[3d(fxn_2 TXn_2) + hd(fxn_z, Txp_5)]
= [2a + b(3+ h)]d(fxp—2, Txp_3)
=[2=b(1 —M)]d(fxn_2 Txn_2) (2.4)
Again from (1.9), we have
AW Yn+1) = d(Txp-1,TXy)
< amax{d(fxp-1, fxn), d(f X1, TXn_1), d(fxn, Txp)

[M(xn—1, %) + M(xn_1, %) ]}

)

N |-
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+b[M (xp—1, Xn) + hm(x,_1, X,)]
= amax{d(fxn-1, Txn-1), d(fxn_1, TXp—1), d(fxn, Txn)
5 Mg, ) + M0y, 2)13
+b[M (xp—1,%n) + hm(xn_1, X,)] (2.5)
where a and b are evaluated at (x,,_1, x;,).
Since m(x,—1,x,) = 0 and M(x,,_5, X)) = d(Tx,_,, Tx,). Using (2.2) and (2.4), the inequality (2.5) gives
AW Yn+1) < ad(fxn—z, Txn_2) + bd(Txn_5, TXy)
<ad(fxp_2,Txn_3) +b[2—b(1 —h)]|d(fxp_2 Txp_3)
=[1-b%(1 — W]d(fxn_2 TXn_2)
Hence

AWV Ynt1) < [1— 21 = W]IdVn-2) Yn-1)
Proceeding in this manner we obtain

AT 1, Tx) < (1= 201 = 1)y 30) @8
where E] stands for the greatest integer not exceeding g Since B = inf{b(x,y) : x,y € X} > 0 and

h € (0,1), {y,}is Cauchy, hence converges to a point p in X and then fx,, » pand Tx,, > p asn - +oo,
Now, we have the following three cases:
Case (a): Let f and T are compatible.
Since f and T are weakly reciprocally continuous, hence either lim,_, o Tfx, = Tp Or limy,_ ;o fTx, =
fr . Let limy .o fTx, = fp . Compatibility of f and T implies that lim, ,.Tfx, = fp and
limy oo TfXpir =limy 0 TTx, = fp.
Appling (1.9), we obtain
d(Tp, TTx,) < amax{d(fp, fTx,),d(fpv,Tp), d(fTx,, TTx,)

> [M(p, Tx,) +m(p, Tx,)]}

+c[M(p, Txn) + hm(p, Txy,)]
Since M(p, Tx,) — d(Tp, fp) and m(p, Tx,) — 0. On taking limit as n — +oo, in the above inequality, we
get

d(Tp, fp) < sup (a+c)d(Tp, fp)

x,yEX
Implies that Tp = fp. Hence there is a point x, € X such that fp = Tp = x, Here, p is a coincidence point
of f and T. Compatibility of f and T implies commutativity at coincidence point, hence fTp =Tfp =
TTp = ffp = fx. =Tx..
Appling (1.9) again, we obtain
d(x,,Tx,) = d(Tp,TTp)
< amax{d(fp, fTp),d(fp,Tp),d(fTp,TTp)

IIMCR www.ijmer.in| 4:1)an2016[1253-1270)



5 [M(p, Tp) +m(p, Tp)]}
+c [M(p, Tp) + hm(p, Tp)]
Since M(p, Tp) = d(x,,Tx,) = m(p, Tp). From above inequality, we have
d(x,,Tx,) <[a+c(1+ h)]d(x,, Tx,)
<[1-pQ1-mldx,Tx.)
Since B = inf{b(x,y) : x,y € X} > 0and h € (0,1). Hence d(x,,Tx,) = 0and so x, = Tx, = fx,.
Next, we assume that lim,,_, o Tfx, = Tp. Since T(X) < f(X) implies that Tp = fz for some z € X and
limy,_+00 Tfx, = fz. Compatibility of f and T implies that lim,,_; fTx, = fz and lim,_, ;o TfXp41 =
lim, 10 TTx, = fz.
From (1.9), we have
d(Tz,TTx,) < amax{d(fz, fTx,),d(fz,Tz),d(fTx,, TTx,)
5 [M(2,Tx,) +m(z, Tx,)]}
+c [M(z,Tx,) + hm(z,Tx,)]
Since M(z,Tx,) = d(Tz, fz) and m(z,Tx,) = 0 asn — +oo.
On taking limit as n — +oo, we get
d(Tz, fz) < supyyex(a+c)d(Tz fz)
This implies that d(Tz, fz) = 0 and so Tz = fz. Hence there is a point x* € X such that fz =Tz = x~
Here, z is a coincidence point of f and T. Compatibility of f and T implies commutativity at coincidence
point, hence fTz =Tfz =TTz = ffz = fx* = Tx".Using (1.9), we obtain
d(x,,Tx,) = d(Tp,TTp)
< amax{d(fp, fTp),d(fp,Tp),d(fTp,TTp)
5 [M(p, Tp) + m(p, Tp)1}
+c [M(p, Tp) + hm(p, Tp)]
Since M(p, Tp) = d(x,,Tx,) = m(p, Tp). From above inequality, we have
d(x,,Tx,) < [a+c(1+ h)]d(x,, Tx,)
<[1-p1-n]ld(x.,Tx.)
Since B = inf{b(x,y) : x,y € X} > 0and h € (0,1). Hence d(x,,Tx,) = 0 and so x, = Tx, = fx..
Case (b): Now suppose that T and f are R-weakly commuting of type-(4).
Since f and T are weakly reciprocally continuous, hence either lim,,_, ;o Tfx, = Tp Or lim,_ ;00 fTX,, =
fp . Let lim,_ o fTx, = fp . R-weakly commutativity of type- (4;) of f and T implies that
d(TTx,, fTx,) < Rd(Tx,, fx,) and then lim,,_, .., TTx,, = fp for some p € X.
Appling (1.9), we obtain
d(Tp,TTxy) < a max{d(fp, fTxy), d(fp,Tp), d(fTxy, TTxy)
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5 [M(p, Tx,) +m(p, Tx,)]}
+c[M(p, Tx,) + hm(p, Tx,,)]
Since M(z,Tx,) = d(Tz, fz) and m(z,Tx,) - 0asn - +oo.
On taking limit as n — +oo, we get
d(Tp, fp) < sup (a+c)d(Tp, fp)

x,yEX

This implies that Tp = fp. Hence there is a point x, € X such that fp = Tp = x, Here, p is a coincidence
point of f and T. Again by R-weakly commutativity of type-(Af) of fand T, d(TTp, fTp) < Rd(Tp, fp) =
0. ThisgivesfTp =Tfp =TTp = ffp = fx, = Tx,.
Appling (1.9) again, we obtain
d(x.,Tx,) = d(Tp, TTp)
< amax{d(fp, fTp),d(fp,Tp),d(fTp,TTp)
5 [M(p, Tp) +m(p, Tp)]}
+c[M(p, Tp) + hm(p, Tp)]
< supyyex(a + o) d(x,, Tx,)
Hence d(x,,Tx,) = 0 and so x, = Tx, = fx,, i. €. x, isa common fixed point of f and T.
Next, we assume that lim,,_, . Tfx, = Tp. Since T(X) < f(X) implies that Tp = fz for some z € X and
limy i Tfx,=fz and lim,;0TfXns1 = limyoi0 TTx, = fz. Then R-weakly commutativity of
type-(As) of £ and T implies that d(TTx,, fTx,) < Rd(Tx,, fx,) and then lim, o fTx, = fz for some
p € X.
From (1.9), we have
d(Tz, TTx,) < amax{d(fz, fTx,),d(fz,Tz),d(fTx,, TTx,)
2 Mz, Txy) + m(z, Tx)]}
+c[M(z,Tx,) + hm(z,Tx,)]
On taking limit as n — +oo, we get
d(Tz, fz) < supyyex(a+c)d(Tz, fz)
This implies that d(Tz, fz) = 0 and so Tz = fz. Hence there is a point x* € X such that fz =Tz = x~
Here, z is a coincidence point of f and T.Again by R-weakly commutativity of type-(4;) of f and T implies
that d(TTz, fTz) < Rd(Tz fz) =0andthen fTz=Tfz=TTz = ffz = fx" =Tx".
Again from (1.9), we have
d(x*,Tx*) =d(Tz TTz)
< amax{d(fz fTz),d(fz,Tz),d(fTz,TTz)

N |-

[M(z,Tz) + m(z,Tz)]}

)

+c[M(z,Tz) + hm(z,Tz)]

IIMCR www.ijmer.in| 4:1)Jan2016/1253-1270)|



Implies that

d(x*,Tx*) < supx,yex(a +c(1+h)d(x",Tx")

< Supx,yex(l - B - h)) d(x*,Tx*)
Hence d(d(x*,Tx*)) = 0and x* = Tx* = fx*, i.e. x* is common fixed point of f and T.
Case (c): Now suppose that T and f are R-weakly commuting of type-(4r).
Since f and T are weakly reciprocally continuous, hence either
limy ;0 Tfx, =Tp or lim,_i0 fTx, = fp.
Let lim,_ 40 fTx, = fp. Then lim,_ o fTx, = lim,_ ;0 ffXns1 = fp. R-weakly commutativity of
type-(A¢) of f and T implies that
d(Tfxn, ffxn) < RA(Txp, fxn)
and then lim,,_,,, Tfx, = fp forsome p € X.
Also limy, 00 TfXpiq = limy_ 40 TTxy, = fD.
Appling (1.9), we obtain
d(Tp, TTx,) < a max{d(fp, fTxy), d(fp, Tp), d(fTxn, TTx,)

[M(p, Txa) +m(p, Tx,)]}

+C [M(p' Txn) + hm(p: Txn)]
Since M(p, Tx,) — d(Tp, fp) and m(p,Tx,) - 0asn — +oo.

N |-

)

On taking limit as n — +oo, we get
d(Tp, fp) < subcyex(a+ ) d(Tp, fp)
Hence d(Tp, fp) = 0 and so Tp = fp. Hence there is a point x, € X such that fp = Tp = x, Here,pis a
coincidence point of f and T. Again by R-weakly commutativity of type-(A;) of fand T, d(Tfp, ffp) <
Rd(Tp,fp) = 0. This gives Tfp = ffp =TTp = fTp = fx, = Tx, and then Applying (1.9) again, we
obtain d(x,,Tx,) = 0 and so x, = Tx, = fx,, i. €. x, isa common fixed point of f and T
Next, we assume that lim,,_, o Tfx,, = Tp. Since T(X) < f(X) implies that Tp = fz for some z € X and
limy i Tfx,=fz and lim,;0TfXns1 = liMyoi0 TTx, = fz. Then R-weakly commutativity of
type-(Ar) of f and T implies that d(Tfx,, ffx,) < Rd(Tx,, fx,) and then lim,,_,, ffx, = fz for some
p €EX.AIS0 im0 ffXne1 =limy_ioo fTX, = f2.
From (1.9), we have
d(Tz,TTx,) < amax{d(fz, fTx,),d(fz,Tz),d(fTx,, TTx,)

5 M(2,Tx,) +m(z, Txo)]}

+c [M(z,Tx,) + hm(z,Tx,)]
Since M(z,Tx,) = d(Tz, fz) and m(p,Tx,) - 0asn — +oo,

On taking limit as n — +oo, we get
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d(Tz, fz) < supyyex(a+c)d(Tz fz)
This implies that d(Tz, fz) = 0 and so Tz = fz. Hence there is a point x* € X such that fz =Tz = x~
Here, z is a coincidence point of f and T.Again by R-weakly commutativity of type-(A;) of f and T implies
that d(fTz, ffz) < Rd(Tz fz) =0and then fTz = ffz =TTz =Tfz = fx* = Tx".Again from (1.4), we

have d(x*,Tx*) = 0and x* = Tx* = fx*, i.e. x* is common fixed point of f and T.

Our next result is:
Theorem 2.2 Let T and f be two weakly reciprocally continuous self maps of a complete metric space
(X, d) satisfying (1.12) where a, b, c,e and h with T(X) < f(X), then T and f have a common fixed point
in X if either () T and f are compatible or (b) T and f are R-weakly commuting of type—(A; ) or (c) T and
f are R-weakly commuting of type-(A).
Proof. Pick x, € X. We construct two sequences {x,} and {y,} as follows: Since T(X) < f(X), choose x,
so that y; = fx; = Tx,. In general, choose x,,,1 S0 that y,;1 = fx,41 = Txy.
Applying (1.12), we have
d(Wn+1, Yna2) = A(Txy, Txpiq)
< ad(fxp, fXp41) + b max{d(fxn, Txn), d(f Xns1, TXp41)}
+ e max{d(fxn, fXn+1), d(fXn, Txp), A(f Xn 41, TXn 1)}
+ e max{d(fxn, fXni1), A(f%n, Txn), A(fXns1, TXns1) A(fXn, TXn41)}
+hmax{d(fxn, fxn1), d(f 20, Txn), d(fXni1, TXn41), d(f X, T 11)
» (fxni1, Txn)}
< ad(fxy, Txn) + b max{d(fxn, Txy), d(fxns1, TXn4+1)}
+ ¢ max{d(fxn, Txn), d(f Xn+1, TXn+1)}
+ (e + h) max{d(fxn, Txn), d(fXpn+1, TXn41)
» A(fxn, Txn) + d(fXni1, TXni1)}
where a, b, ¢, e and h are evaluated at (x,, X,+1)-
Suppose that for some n,
d(fxn1, Txny1) > d(fxn, Txy).
Then substituting in the above inequality, we have
A(fxps1, Txner) < (a +b+c+2(e+ h)) d(fx,, Txy,)
a contradiction. Therefore, for all n we have
d(fxn+1, Txni1) < d(fxn, TXy) 2.7)
Again from (1.12), (2.7) and triangle inequality we have
d(Yn-1,Txn) = d(Txn_3, Txy)
< ad(fxp-z fXxn) + b max{d(fxn—z Txn_2), d(fxn, Txy)}
+ cmax{d(fxn—_2, fXn), d(fXn—2, TXn—2), d(f Xn, TXn)}
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+ e max{d(fxn_z, fxn), d(fxn_2, Txpn_2), d(f2xn, Txy)
»d(fXn—2,Txn)}
+ hmax{d(fxn_z, fxn), d(fXpn_2, Txn_3), d(fxn, Txy)
yA(fxn—2, Txp), d(f Xy, Txn—2)}
where a, b, c, e and h are evaluated at (x,,_,, x,,). Since
d(fxn—2 fxn) < d(fxpn_2, Txn_3) + d(Txp_3, f2p)
= d(fxn_2, Txpn_3) + d(fxn_1,Txpn_1)
< 2d(fxp—2, Txn_3)
Hence the last inequality gives
d(Yn-1,Txp) < 2a d(fxn_2,Txp_2) + b d(fxn_3, Txn_3) + 2¢(fXp_2, TXpn_7)
+ e max{2d(fxn_3 Txn_2), d(fxXn_2, Txn_3) + d(fxpn_1, Txy)}
+ hmax{2d(fxp—2, Txn—2), d(fxn-2, Txn-2) + d(fxn-1,Txp)
» (fn, Tn—2)}
< 2ad(fxp_z Txp_2) + b d(fxn_3 Txn_3) + 2¢(fxn_3, Txn_3)
+ e max{2d(fxn_3 Txn_2), d(fxn_2, Txp_2) + d(fxn_1, TXp_1)
+d(f x5, TXp)}
+ hmax{2d(fx,_2, Txpn_2), d(fxn_2 Txn_3) + d(fxpn_1, Txp_4)
+d(f %0, TXp), (Txn—1, fXn-1)}
< 2ad(fxp_z Txp_2) + b d(fxn_3 Txn_3) + 2¢(fxn_3, Txn_3)
+3ed(fxp_2Txn_) + 3hd(fx,_2 Tx,_3)
This implies that
Ad(Yn-1,Txp) < (2a+b+ 2c+3e+3h)d(fx,_z Txn_s)
<@2-b—e—h)d(fx,_5 Tx,_3) (2.8)
Using (1.12), (2.7) and (2.8), we have
AW Txy) = d(Txp_q, Txy)
< ad(fxn-1, fxn) + b max{d(fxn—1, Txn-1), d(fxn, Txn)}
+ cmax{d(fxn_1, fxn), d(fXp—1,Txn-1), d(fxn, Txn)}
+ e max{d(fx,-1, fxn), d(fXn-1, TXn-1), d(f 2, TXy)
»d(fXn-1,Txn)}
+ hmax{d(fxn—1, fxn), d(fxn—1, Txn-1), d(fxn, Txpn)
yA(fxn_1, Tx), d(fXn, Txn_1)}
where a, b, ¢, e and h are evaluated at (x,_1, x,). Hence
AW Txn) < ad(fxn_2,Txp_2) + b d(fXn_2, Txn_3) + c d(fxp_3, Txp_7)
+(e+h)22—b—e—h)d(fx,_3, Tx,_3)
< (a +b+c+(e+h)(2—-b—e— h))d(fxn_z,Txn_z)
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<(1-(e+h) (b+e+h)d(fxn_s Txn_3)
< (1 - ﬁy)d(fxn—ZrTxn—Z)
=1 - pY)dYn-1,Yn-2)

< (1 - py)lago, o) (29)
where
B = infryex(e(x,y) + h(x,y)) > 0
v = infeyex(b(x,y) +e(x,y) + h(x,y)) > 0
where [%] stands for the greatest integer not exceeding g.From (2.9), {yn} is Cauchy, hence converges to
some pointp in X and lim,_ e fXpt1 = limy_ 40 Tx, = p € X.
Now, we have the following three cases:
Case (a): Let f and T are compatible.
Since f and T are weakly reciprocally continuous, hence either lim,_, o Tfx, = Tp Or lim,_ o fTx, =
fr . Let limy .o fTx, = fp . Compatibility of f and T implies that lim, ,.Tfx, = fp and
limy oo Tfxpir =limy_y0 TTx, = fp.
Appling (1.12), we obtain
d(Tp,TTx,) < ad(fp, fTx,) + b max{d(fp,Tp),d(fTx,, TTx,)}
+ c max{d(fp, fTxn), d(fp,Tp), d(fTxn, TTXy)}
+emax{d(fp, fTxyn), d(fp, Tp), d(fTxy, TTXy) d(fp, TTxn)}
+ hmax{d(fp, fTxn), d(fp,Tp), d(fTxy, TTxy), d(fp, TTxy)
,d(fTxy, Tp)}
On taking limit as n — +oo, we get
d(Tp,fp) < sup(b+c+e+h)d(Tp, fp)

X,yEX
Since y = infyyex(b+e+h) >0 and sup,yex(a+b+c+2e+2h) =1 implies that sup,yex(b +
c+e+h) <1. Henced(Tp, fp) = 0and so Tp = fp. Hence there is a point x, € X such that fp =Tp =
x, Here, p is a coincidence point of f and T. Compatibility of f and T implies commutativity at
coincidence point, hence fTp =Tfp =TTp = ffp = fx, = Tx.,.
Appling (1.12) again, we obtain
d(x,,Tx,) = d(Tp,TTp)

< ad(fp, fTp) + b max{d(fp,Tp),d(fTp,TTp)}

+ cmax{d(fp, fTp),d(fp,Tp),d(fTp,TTp)}

+ e max{d(fp, fTp),d(fp,Tp),d(fTp,TTp) d(fp,Ty)}

+ hmax{d(fp, fTp),d(fp,Tp), d(fTp,TTp),d(fp,TTp),d(fTp, Tp)}
< supx,yex(a +c+e+h)d(x,Tx,)
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Since B = infyyex(b+e) >0, y =infyyex(b+e+h) >0 and sup,yex(a+b+c+2e+2h)=1
implies that sup, yex(a +c+e+h) <1. Hence d(x,,Tx,) =0 and so x, =Tx, = fx,, i. €. x, is a
common fixed point of f and T.
Next, we assume that lim,_, . Tfx, = Tp. Since T(X) € f(X) implies that Tp = fz for some z € X and
lim,_ 40 Tfx, = fz. Compatibility of f and T implies that lim,_, ;. fTx, = fz and lim,_ ;00 TfXp41 =
limy i TTx, = f2z.
From (1.12), we have
d(Tz, TTx,) < ad(fz, fTx,) + b max{d(fz,Tz),d(fTx,, TTx,)}

+ cmax{d(fz, fTx,),d(fz,Tz),d(fTx,, TTx,)}

+emax{d(fz fTx,),d(fz,Tz),d(fTx,, TTx,) d(fz,TTx,)}

+ hmax{d(fz, fTx,),d(fz,Tz),d(fTx,, TTx,),d(fz, TTx,)

yA(fTxn, T2)}
On taking limit as n — +oo, we get

d(Tz fz) < supyyex(b+c+e+h)d(Tzfz)
This implies that d(Tz, fz) = 0 and so Tz = fz. Hence there is a point x* € X such that fz =Tz = x*
Here, z is a coincidence point of f and T. Compatibility of f and T implies commutativity at coincidence
point, hence fTz =Tfz =TTz = ffz = fx* =Tx".
Again from (1.12), we have
d(x*,Tx*) =d(Tz TTz)

<ad(fz fTz) + bmax{d(fz,Tz),d(fTz TTz)}

+cmax{d(fz fTz),d(fz,Tz),d(fTz TTz)}

+emax{d(fz fTz),d(fz,Tz),d(fTz,TTz) d(fz, TTz)}

+ hmax{d(fz fTz),d(fz,Tz),d(fTz TTz),d(fz,TTz),d(fTz Tz)}
Implies that

d(x*, Tx") < supyyex(at+c+e+h)d(x",Tx")
Hence d(d(x*,Tx*)) = 0and x* = Tx" = fx*, i.e. x* is common fixed point of f and T.
Case (b): Now suppose that T and f are R-weakly commuting of type-(Af).
Since f and T are weakly reciprocally continuous, hence either lim,_ o Tfx, = Tp Or lim,_ ;o fTx, =
fp . Let lim, o fTx, = fp . R-weakly commutativity of type- (4;) of f and T implies that
d(TTx,, fTx,) < Rd(Tx,, fx,) and then lim,,_, .., TTx,, = fp forsome p € X.
Appling (1.12), we obtain
d(Tp,TTx,) < ad(fp, fTx,) + b max{d(fp,Tp),d(fTx,, TTx,)}
+ c max{d(fp, fTxn), d(fp,Tp), d(fTxn, TTxy)}
+ emax{d(fp, fTxy), d(fp,Tp), d(fTxn, TTxy) d(fp, TTxp)}
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+ hmax{d(fp, fTx,), d(fp,Tp), d(fTxn, TTxy), d(fp, TTxy,)
,d(fTx,, Tp)}
On taking limit as n — +oo, we get
d(Tp, fp) < sup (b+c+ e+ h)d(Tp, fp)

X,yEX
Hence d(Tp, fp) = 0 and so Tp = fp. Hence there is a point x, € X such that fp = Tp = x, Here,pisa
coincidence point of f and T. Again by R-weakly commutativity of type-(Af) of fand T, d(TTp, fTp) <
Rd(Tp, fr) = 0. ThisgivesfTp =Tfp =TTp = ffp = fx, = Tx,.
Appling (1.12) again, we obtain
d(x,,Tx,) = d(Tp,TTp)
< ad(fp, fTp) + b max{d(fp,Tp),d(fTp, TTp)}
+ cmax{d(fp, fTp),d(fp,Tp),d(fTp,TTp)}
+ e max{d(fp, fTp),d(fp,Tp),d(fTp,TTp) d(fp,Ty)}
+ hmax{d(fp, fTp),d(fp,Tp),d(fTp,TTp),d(fp, TTp)
,d(fTp,Tp)}
< supyyex(a+c+e+h)d(x,Tx,)
Hence d(x,,Tx,) = 0 and so x, = Tx, = fx,, i. e. x, isa common fixed point of f and T.
Next, we assume that lim,_, . Tfx, = Tp. Since T(X) < f(X) implies that Tp = fz for some z € X and
limy s Tfx,=fz and lim,_ o0 TfXpe1 = limy10 TTx, = fz. Then R-weakly commutativity of
type-(As) of £ and T implies that d(TTx,, fTx,) < Rd(Tx,, fx,) and then lim,_ o, fTx, = fz for some
p € X.
From (1.12), we have
d(Tz,TTx,) < ad(fz fTx,) + bmax{d(fz Tz),d(fTx,, TTx,)}
+ cmax{d(fz fTx,),d(fz,Tz),d(fTx,, TTxy,)}
+emax{d(fz fTxy,),d(fz,Tz),d(fTx,, TTx,) d(fz,TTx,)}
+ hmax{d(fz fTx,),d(fz,Tz),d(fTx,, TTxy,),d(fz, TTx,)
yA(fTxn, T2)}
On taking limit as n — +oo, we get
d(Tz,fz) < supyyex(b+c+e+h)d(Tzfz)
This implies that d(Tz, fz) = 0 and so Tz = fz. Hence there is a point x* € X such that fz =Tz = x*
Here, z is a coincidence point of f and T.Again by R-weakly commutativity of type-(Af) of f and T implies
that d(TTz, fTz) < Rd(Tz fz) =0andthen fTz=Tfz=TTz = ffz = fx" =Tx".
Again from (1.12), we have
d(x*,Tx*) =d(Tz TTz)
<ad(fz fTz) + bmax{d(fz,Tz),d(fTz,TTz)}
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+cmax{d(fz fTz),d(fz Tz),d(fTz,TTz)}

+emax{d(fz fTz),d(fz,Tz),d(fTz,TTz) d(fz,TTz)}

+ hmax{d(fz fTz),d(fz,Tz),d(fTz, TTz),d(fz,TTz),d(fTz Tz)}
Implies that

d(x*, Tx") < supyyex(at+c+e+h)d(x",Tx")
Hence d(d(x*,Tx*)) = 0and x* = Tx* = fx*, i.e. x* is common fixed point of f and T.
Case (c): Now suppose that T and f are R-weakly commuting of type-(47).
Since f and T are weakly reciprocally continuous, hence either
lim,o 0o Tfx, =Tp or lim, .0 fTx, = fp.
Let limyoy0 fTx, = fp. Then lim, .0 fTx, = liMy_i00 ffXne1 = fp. R-weakly commutativity of
type-(Ar) of f and T implies that
d(Tfxn, ffxn) < RA(Txn, fX5)
and then lim,, ;o Tfx, = fp forsome p € X.
Also limy, 00 TfXpeq = limy_ 40 TTx, = fD.
Appling (1.12), we obtain
d(Tp,TTx,) < ad(fp, fTx,) + b max{d(fp,Tp),d(fTx,, TTx,)}

+ c max{d(fp, fTxn), d(fp,Tp), d(fTxn, TTxy)}

+ emax{d(fp, fTxy), d(fp, Tp), d(fTxy, TTXy) d(fp, TTx,)}

+ hmax{d(fp, fTxn), d(fp,Tp), d(fTx, TTxy), d(fp, TTxy)

,d(fTxn, Tp)}
On taking limit as n — +oo, we get

d(Tp,fp) < sup(b+c+e+h)d(Tp, fp)

X,yEX
Hence d(Tp, fp) = 0 and so Tp = fp. Hence there is a point x, € X such that fp = Tp = x, Here,pis a
coincidence point of f and T. Again by R-weakly commutativity of type-(A;) of fand T, d(Tfp, ffp) <
Rd(Tp,fp) = 0. ThisgivesTfp = ffp =TTp = fTp = fx, = Tx,.
Appling (1.12) again, we obtain
d(x,,Tx,) = d(Tp,TTp)
< ad(fp, fTp) + b max{d(fp,Tp),d(fTp,TTp)}
+ cmax{d(fp, fTp),d(fp,Tp),d(fTp,TTp)}
+ e max{d(fp, fTp),d(fp,Tp),d(fTp,TTp) d(fp,Ty)}
+ hmax{d(fp, fTp),d(fp,Tp),d(fTp, TTp),d(fp,TTp)
,d(fTp,Tp)}
< supyyex(a+c+e+h)d(x,Tx,)

Hence d(x,,Tx,) = 0 and so x, = Tx, = fx,, i. e. x, isa common fixed point of f and T.
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Next, we assume that lim,,_, o Tfx, = Tp. Since T(X) < f(X) implies that Tp = fz for some z € X and
limyi0Tfx,=fz and lim,i0TfXns1 =limyoi0 TTx, = fz. Then R-weakly commutativity of
type-(Ar) of f and T implies that d(Tfx,, ffx,) < Rd(Tx,, fx,) and then lim,,_,, ffx, = fz for some
p €EX.AISO limy_y00 ffXne1 =limyio fTX, = f2.
From (1.12), we have
d(Tz,TTx,) <ad(fz fTx,) + bmax{d(fz,Tz),d(fTx,, TTx,)}
+ c max{d(fz, fTxy),d(fz, Tz),d(fTx,, TTx,)}
+ e max{d(fz, fTxy),d(fz, Tz),d(fTx, TTx,) d(fz, TTx,)}
+ hmax{d(fz fTx,),d(fz,Tz),d(fTx,, TTx,),d(fz, TTx,)
»d(fTxy, T2)}
On taking limit as n — +oo, we get
d(Tz, fz) < supyyex(bt+c+e+h)d(Tzfz)
This implies that d(Tz, fz) = 0 and so Tz = fz. Hence there is a point x* € X such that fz =Tz = x~
Here, z is a coincidence point of f and T.Again by R-weakly commutativity of type-(A;) of f and T implies
that d(fTz ffz) < Rd(Tz fz) =0andthen fTz=ffz=TTz=Tfz=fx" =Tx".
Again from (1.12), we have
d(x*,Tx*) =d(Tz,TTz)
<ad(fz fTz) + bmax{d(fz,Tz),d(fTz TTz)}
+cmax{d(fz fTz),d(fz,Tz),d(fTz TTz)}
+emax{d(fz fTz),d(fz,Tz),d(fTz,TTz) d(fz,TTz)}
+ hmax{d(fz fTz),d(fz,Tz),d(fTz, TTz),d(fz,TTz),d(fTz Tz)}
Implies that
d(x*,Tx") < supyyex(at+c+e+h)d(x",Tx")
Hence d(d(x*,Tx*)) =0and x* =Tx" = fx*, i.e. x™ is common fixed point of f and T.
References
[1] Al-Thagafi, M.A., Shahzad, N., Generalized I-nonexpansive self maps and invariant approximations,
Acta Math. Sin., 24 (2004) 867-876.
[2] Banach, S., Sur les operations dans les ensemles abstraits et leur application aux equations integrales,
Fund. Math., 3(1922), 133-181.
[3] Belluce, L. P., Kirk, W. A., Nonexpansive mappings and fixed points in Banach space. 111. J. Math.
11 (1967), 474-479.
[4] Bogin, J., A generalization of a fixed point theorem og Gebel, Kirk and Shimi, Canad. Math. Bull.,
19(1976), 7-12.
[5] Browder, F. E., Nonexpansive nonlinear operators in a Banach space. Proc. Nat. Acad. Sci. U.S.A.
54 (1965), 1041-1044.

IIMCR www.ijmer.in| 4:1)an2016[1253-1270)



[6] Chandra, M., Mishra, S., Singh, S., Rhoades, B.E., Coincidence and fixed points of nonexpansive
type multi-valued and single-valued maps, Indian J. Pure Appl. Math.,26(5):393-401,1995.

[7] Ciric, Lj. B., A new class of nonexpansive type mappings and fixed points, Czechoslovak
Mathematical Journal, VVol. 49 (1999), No. 4, 891—899.

[8] Ciric, Lj. B., Fixed points for generalized multi-valued contractions, Mat. Vesnik , 9:265- 272,1972.

[9] Ciric, Lj., On some nonexpansive type mappings and fixed points, Indian J. Pure Appl. Math.,
24(3):145-149,1993.

[10] Gairola, A., Joshi, R.U., Joshi, M.C., Common fixed points for nonexpansive type single valued
maps, Advances in Fixed Point Theory, 3 (2013) 306-314.

[11] Gregus, M., A fixed point theorem in Banach spaces, Boll. Un. Mat. Ital.. A, 5 (1980), 193-198.

[12] Iseki, K., On common fixed point theorems of mappings. Proc. Japan Acad. Ser. A Math. Sci. 50
(1974), 408-409.

[13] Jhade, P.K., Saluja, A. S., Kushwah, R., Coincidence & Fixed Points of Nonexpansive Type Multi-
Valued & Single Valued Maps, European Journal of Pure And Applied Mathematics Vol. 4, No. 4,
2011, 330-339.

[14] Jhade, P.K., Saluja, A.S., Common fixed point theorem for nonexpansive type single valued
mappings, Int. J. Nonlinear Anal. Appl. 7 (2016) No. 1, 45-51

[15] Jungck, G., Commuting mappings and fixed points. Amer. Math. Monthly, 83(1976), 261-263.

[16] Jungck, G., Compatible mappings and common fixed point, Intern. J. Math. Math. Sci., 9 (1986)
771-779.

[17] Jungck, G., On a fixed point theorem of Fisher and Sessa. Internat. J. Math. Sci. 13(1990), 497
500.

[18] Pant, R.P., Bisht, R.K., Arora, D., Weak reciprocal continuity and fixed point theorems, Ann. Univ.
Ferrara, 57 (2011) 181-190.

[19] Pant, R.P., Common fixed points for contractive maps, J. Math. Anal. Appl., 1226 (1998) 251-258.

[20] Pant, R.P., Common fixed points of non-commuting mappings, J. Math. Anal. Appl., 188 (1994)
436-440.

[21] Pathak, H.K., Cho, Y.J., Kang, S.M., Remark on R-weak commuting mappings and common fixed
point theorems, Bull. Korean Math. Soc., 34 (1997) 247-257.

[22] Rhoades, B. E., A generalization of a fixed point theorem of Bogin. Math. Sem. Notes, Kobe Univ.
6 (1978), 1-7.

[23] Rhoades, B.E.,. Singh, S., Kulshrestha, C., Coincidence theorems for some multi-valued mappings,
Int. J. Math. & Math. Sci.,7:429-434,1984.

[24] Sessa, S., On a weak commutativity condition of mappings in fixed point consideration, Publ. Inst.
Math., 32 (1982) 129-153.

IIMCR www.ijmer.in| 4:1)an2016[1253-1270)



IIMCR www.ijmer.in| 4:1)Jan2016/1253-1270)|



