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1. INTRODUCTION
In the present investigation, we denote by A the class of functions of the form

f(2) =z + Xn=; anz", )

defined on the unit disk E = {z:z € C and |z| < 1} normalized by f(0) = 0,f'(0) — 1 = 0. The set S denotes the class of
univalent functions in A. A close observation of the series development of f suggests that finding bound for the coefficient an of
functions of the form is an important problem. As early as in 1916, Bieberbach conjectured that the nt" coefficient of an univalent
function is less than or equal to that of Koebe function. One of the important coefficient estimation is the Hankel determinants. The
Kt order Hankel determinants (k > 1) of f € A is defined by

an An+1 o0 Anig-1

An+1 An+z -0 Qnyk
Hg(n):= |, : :

An+k-1 An+k -+ Any2k-—2

where (n = 1,2,...andk = 1,2,...). For our discussion, in this paper we consider the second Hankel determinant. In recent years,
study of g-analogs of subclasses univalent function is adopted among function theonsb, the sequel , we obtain an upper bound to the
second Hankel determinant for A-q-spirallike functions.

Definition 1.1.[11] The g-analogue of f is given by

f(2)-f(q2) 2%0
0,f(2) =4 z0-a ’ ", where(0 <q<1) 2
£10),  z=0.

Equivalently (2), may be written as
0,f(2) =1+ X5, [n]ga,z™, z#0

where
1-q™
[, ={1_—q a7l
n, qg=1

Note thatas ¢ - 17, [n] —» n.

Definition 1.2. A function f € A is said to be A-g-spiral starlike (|4| < g), if and only if

i1 20qf (2)
9’1’{6 @ }ZO,ZGE. ?3)
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The class of A-spiral starlike functions defined and studied by Spacek [29] is denoted by SPST (4). In this paper we study the class
of A-g-spiral starlike functions and denoted by SPST (4, q). Itis observed when A = 0,SPST (0, q) = ST,.

Definition 1.3 A function f € A is said to be convex A-g-spiral, Where( <A< ) if it satisfies the condition
ER[ iA {1 + Zq‘:;g?}] >0,z €E. )
The class of convex A-spiral functions defined by Robertson (according to Goodman [9]) is denoted by CVSP(4). In this paper we
study the class of convex A-g-spiral functions and denoted by CVSP (4, q). It is observed when 1 = 0,CVSP(0,q) = CVj,.
Let P denote the class of functions
p(2) =14 ci1z+ 22+ c3z3+...= {1+ X5_, c,z"},Vz €E. (5)

Lemma 1.1.[4] If the function p € P is given by the series (1.3) then the following sharp estimate holds:
cn]l £2(n=12,...).

Lemma 1.2.[8] If the function p € P is given by the series (1.3), then
2c, =ct+x(4—c}), (6)

des=c3+2(4—cHox — (4 —cH)x?+2(4 — (1 — |x]|)z, )
for some x,z with |x| <1 and |z| < 1.

2. MAIN RESULTS

Theorem 2.1. If f given by (1) in the class C;(q)(JA] < %), and f Y (w) = w + X7, t,w™ near w = 0, is the inverse function
of f, then

{(2[2[4]4[2]11([Z]q—ZQ[3]q)+D])2+R}Coszl

tot, —t2] <

ltats = 5] < 4q2[4]4[312[214{a(31(5q[4]4[3]q +(213-5[41q[2])[4]q([2]q—24[3]¢)?}

_ 4[2[4]4[214([21q—2q[3]q)+D]YcosA (8)
4q2[4]¢[312[214{a[314(5[414[3] g +[212-5[4]4[2] ) [41¢ ([2]1q-24[3] )}

YZ
q%[41q[312[214{a (314 (5[41¢[3]q +[212-5[4]4[2] )~ [41¢ ([2]g—24([3])?}’
where
D= q{5[4] [2], - [212([2 +1)},
= 16( 141212)(a[314(5[414[31q + [2]4 — 5[4]q[2] ) — [414([2] — 24[319)?),
Y = {Z(Q[g]q[z q - [4 q[z]q) + [4' q[z]q - (Q[3] [2]3 2 )}

Proof. Since f(z) =z + Y5, a,z™ € CVSP(4,q), from the Definition 1.3, there exists an analytic function p € P in the unit
disc E with p(0) =1 and Rep(z) > 0 such that

| {1+ 20 = p(2) & [0, (2) + 4203 £ (2)} — isinad, £ ()] ©)

= cosM{,f(z) X p(2)}.
Replacing 0,1 (2),z9;f(z)) and p(z) with their equivalent series expressions in the relation (9), we have

[(em{l + Y=z [n]qanzn_l} + qZ{Z?{:z [n]q[n - 1]qanzn_2})
—isinA{1 + X5, [n]qanz"‘l}] = [cosA{1 + X5, [n]qanz”‘l} X {1+ 354 cz™]

Upon simplification, we obtain
e[[2]4a22 + [3]4[2]4a322 + [4]4[3],a42°+... ] = cosA[c;z + (¢, + [2]4¢1a2) 22

5 (10)
+(c3 + [2]gc2a, + [3]gc1a3)2 +]
On equating the coefficients of like powers of z,z2 and z3 respectively in (10), after simplifying, we get
ir —id .
[az = e—clcosl, as = e—{c + cZe""cosA}cosA,
[2 ] [3] (1

a, = {[2 lgcz + ( 2] + 1)61628 “eosd + cle coszl}cosl].

[4]q [3] [21q
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Let f(2) = Xpep a, 2™ € C3(q) (|14 < g), from the definition of inverse function of f, we have

w = f{f (@)} (12)
Using the expression f(z) the relation (12) is equivalent to
w = f{f (@)}
= [f"H(w) + Z7=z an{f (@I (@)} + ax{f T (@)} + as{f (@)} +...]. (13)

Using the expression f~1(w) in (13), we have
w={(w + t,w + tyw+...) + ay(w + t,w? + tzw3+...)? + az(w + t,w? + tzw3+...)3
+ay(w + tw? + tyw3+.. )+ )
Using simplification, we obtain
{ (ty + ax)w? + (t5 + 2a,t, + az)w3 + } _o
(ts + 2ayt5 + ayt? + 3ast, + ay)w*+... '
Equating the coefficients of like powers of w?, w3, and w* on both sides of (14) respectively, after simplifying, we get
{t; = —a,}, t; = {—a3 + 245}, t, = {~a, + 5a,a; — 5a3}. (15)
Using the values of a,, a; and a, in (11) along with (15) yields

(14)

_e—id

t, = 2 c1C0SA,
—id
_ —e _ 2 ,—id
t; = Bl02E {([2]qc2 + ([2 2q[ 3]q)c cos/l}cos/l, (16)
_e-id »
t, = W{ 23¢c; —{(5[4]41214 — [213([2]4 + 1))cicz Je " cosA + W hcosA,

where
W = (5q[4],4[3], + [2]3 — 5[4]4[2],)cie***cos?A.
Substituting the values of ¢,,t; and t, from (16) in the second Hankel function for the function f € C;(q), we have

|t2t4- - t%l = ﬁ?[z]‘* X |q[3]q[2]ZC1C3 - [D + 2[4]q[2]q([2]q - 2q2[3]q)1612C2COS/1 where
—[4]4[212¢3 + 41314 (5[414[3], + [213 — 5[41412]5) — [414([2]4 — 24%[3]¢)?]cfcos?Al, |
]q{5[4]q[2]q - [2]?1([2]q + 1)}
The above expression is equivalent to
Ityts — t2] < % X |dyc;cs + dyc2c, + dsc2 + dyct, 7
where
{dl = q[3]q[2]3' d, = _[D + 2[4]q[2]q([2]q - 2q2[3]q)](:05/1' (18)
d3 = —[[414[212), ds = [a[314(5[414[3]q + [2]Z — 5[4]q[2]¢) — [414([2]q — 24*[3]4)?*]cos?A},
where

D = q[3]4{5[41412], — [2]5([2], + D}.
Substituting the values of ¢, and c¢; from (6) and (7) respectively from Lemma 1.2, on the right-hand side of (17), we have

4|dicic3 + dyce, + dac? + dyct| < 1(dy + 2d, + ds + 4dy)ct
+[2dyc; + 2(dy + dy + ds)|x| — {(dy + d3)c? + 2d,c; — 4d3}|x|?]x (4 — c2)]. (29)

Using the value of d,,d,,d; and d, in the relation (18), upon simplification, we obtain

{(di+2d, +d; +4d,)
= {(4[a[314(5[414[31q + [215 = 5[4]4[2]) = [414([2]4 = 24°[3])*|cosA — (d; + d3))(cosA — 1)}, (20)
dy = 2q[3]4[213, (dy + d; + d3) = =[D + 2[4],[2]4([2] — 24*[3]g)cosA — (q[314[2]5 — [414[21D]}.
where
d; + ds = q[3]4[2]5 — [414[215,
D = {5[4]4[2], — [215([2]4 + D}
Using the fact |z| < 1,upon simplification, we get
—{(d; + d3)512 +2d,c; — 4d3} < _[2]3{(q[3]q[2]q [4'] ey + 2[4 )(Cl + 2)} (21)
Since ¢; € [0,2], using the result (¢; + a)(c; + b) = (¢; — a)(cy — b), where a, b 2 0, on the right-hand side of the above
inequality, we get
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—{(dy + d3)cf + 2dy¢; — 4ds} < —[213{(q[314[2]4 — [4]g)ex — 2[4]g) (e — 2)}- (22)
Substituting the calculated values from (21) and (22), on the right-hand side of (19), upon simplification, we get

4|ldycic3 + dyc? +dsc2 + dycf
< [{(cosA = 1)(4[q[314(5[414[3]q + [2]5 — 5[414[2]) — [414([2]4 — 24°[3]4)?]cosA — (d + da))}ci
+2q°[3]q[205¢1 + 2[2[4]4[214([2]4 — 26%[3]g) + DeosA — (q[314[215 — [414[21)]cE %]
—[215{(a[31q[2]q = [4lg)er — 2[4]) (e = DJIx|? X (4 =€),
where
D = q[3],{5[414[2], — [215([2] + D}.
Choosing c¢; = ¢ € [0,2], applying triangle inequality and replacing |x| by u on the right-hand side of the above inequality, we
obtain
4|ld;cic3 + dyc? +dyc2 + dycf
< |{(COSA - 1)(4[Q[3]q(5[4]q[3]q + [2](21 - 5[4]q[2]q) - [4]q([2]q - 2q2[3]q)2]COSA —(d, + d3))}c4
+2q7[3]4[2]5¢ + 2[2[4]4[2]4([2] — 24*[3]y) + Deos — (q[3]4[215 — [414[215)]c*u (24)
—[215{(a[31q[2]q = [41g)c — 2[4]4)(c — 2)}u? x (4 = c2)|,
=F(c,p),for0<u=|x| <1,
WhereD = q[3],{5[4],[2], — [2]2([2], + D}
Now the function F(c, ) is maximized on the closed square [0,2] x [0,1].
Differentiating F(c, 1) in (24) partially with respect to p, we get
= [2{2[4]4[2]4([2] — 24°[3]) + a[3]4DcosA — (q[3]4[2]5 — [414[2]5) }¢?

+2u{(1213(al314[2] — [41c — 2[4]4)(c — D] x (4 — ¢?),

(23)

(25)

where
D = {5[4]4[2], — [213([2] + 1}
For 0 < u < 1, for fixed ¢ with 0 < ¢ < 2 and for _4—” <A< % from (25), we observe that Z—Z > 0.Therefore,F(c,u) cannot
have maximum value at any point in the interior of the closed square[0,2] x [0,1]. Further, for fixed ¢ € [0,2], we have
Org?sxlF(c, w) =F(c,1) =G(c). (26)

Therefore, replacing u by 1 in F(c, u), upon simplification, we obtain
G(c) = {~4[a[314(5[414[3]4 + [2]5 — 5[414[2]¢) — [414([2]4 — 24°[3]4)*]cos?Ac

2 2 2 (27)
+4[2[2[4],4[2],([2], — 2¢?[3],) + D]cosA — Y]c? + 16([4],[2]2)},
where
D = q[3],{5[414[2], — [213([2], +1)}
Y= {Z(q[3] [213 — [4]141213) — [213(q[3]14[2]4 — [4]9) + [213[4]4})-
G'(c) = —16[q[3]4(5[4]4[3]4 +[2] — 5[4]4[2]¢) — [414([2]4 — 2¢%[3]4)?]cos?Ac® (28)
+8[2[2[4],[2],([2], — 2¢?[3],) + D]cosA —Y]c,
where
= q 3] {5[4 [2] ([2]; + D},
Y = {2(q[3]4l 21q [212) + [4]4[2]2 — (a[3]4[2]3 — [4]4[2]2)}.
G"(c) = {—48[q[3]4(5[4]4[3]q + [2]12 — 5[414[2]5) — [414([2]4 — 24?[3]¢)?]|cos?Ac 29)
+8[2[2[4],[2],([2], — 2¢*[3],) + D]cosA — Y]},
Where
D= {5[4] [2], — [213([2]4 + D},
Y = {2(q[3]4l 21q [212) + [4]4[2]2 — (a[3]4[2]3 — [4]4[2]2)}.
To obtain extreme values of G(c), consider G'(c) = 0 From (28), we get
—8¢[2{q[3]4(5[4]4[3]q + [2] — 5[4]4[2]¢) — [4]4([2]q — 24°[3]4)?}cos®Ac? 30)

—[2[2[4],[21,([2], — 24?[3],) + D]cosA — Y]] =0,
Where
q[314{5[41,4[214 — [212([2], + )},
v ={2(aB3lal 21q [414[213) + (41,1213 = (a[31,1215 - [41,[21)}
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Let us discuss the following cases:
Casel: If ¢ = 0, then, from (29), we obtain

G"(c) = [2[2[414[2]4([2]4 — 2¢*[3]4) + D]cosA — Y] 2 0, for [A] < %, (31)
Where
D = q[3],{5[4],[2], — [213([2]4 + D)},
Y = {2(q[3]4[21F — [414[213) + [414[2]5 — (a[314[2]5 — [414[21D)}:
From the second derivative test G(c¢) has minimum value at ¢ = 0.
Case2: If ¢ # 0, then, from (30), we get

2 _

{ [2[2[4]4[2]([2]g—2a2[3]¢)+D]cosA-Y] } (32)
2{q[3]4(5[414[314+[213-5[4]4[2]q) - [4]q([2]q—24?[3]4)?}cos?A)’
Where
D = q[3],{5[414[2]; — [215([2], + D)},
Y = {2(q[3]4[217 — [414[213) + [414[2]5 — (a[314[2]5 — [414[21D)}:
Using the value of ¢? obtained from (32) in (30), upon simplification,we obtain
G"(c) = —16[2[2[4],4[2]4([2], — 2¢*[3],) + D]cosA — Y] < 0, for |A] < %
(33)
Where
D = q[3],{5[414[2], — [215([2], + D)},
Y = {2(q[314[215 — [414[213) + [414[215 = (al314[2]5 — [414[215)}-
By the second derivative test G(c) has maximum value at ¢, where ¢? is given in (32). Substituting the value of ¢? in (27), after
simplifying, we get

{(2[2[41q[214 ([21g—2a%[319)+D])* +16([4]q[213)R }cos?A

maxG(c) =

0=c=2 {al31q(5[41q[31q+[213-5[41q[2]q)~[4]q([2]g—24?[3]q)*}cos?A
_ 4[2[4]4[2]4([21q—2a%[3]¢)+D]YcosA (34)
{a[314(5[414[3]q+(215-5[41q[2])[4]q([2]g—24?[3]¢)?}cos? A
y?2
+

{a[314(5[414[31q+[21%-5[4]4[2]) - [4]q([2]1q—24?[3]4)?}cos?2’
Where
D = q[3]4{5[4]4[2], - [215([2]4 + D},
R = (q[314(5[414[314 + [2]5 = 5[4]4[2]) — [4]4([2] — 24%[3]9)%),

v = {2(q[314[213 — [414[212) + [414[212 — (q[31[2]3 — [414[21D)} .
Considering the maximum value of G(c) only at c¢? , from (24) and (34), upon simplification, we obtain

{2[2[414[21q ([21q—2a%[319)+D])" +16([4]q[213)R}cos?A
4{q[314(5[41q[31q+[213-5[41¢[2] )~ [4]q([2]g—24?[3]q)?}cos?A
4[2[4]4[2]4([2]q—24?[3]q)+D]¥cosA (35)
4{a[314(5[414[31q+[2]3-5[41¢[2] )~ [4]q([2]g—2a?[3] q)?}cos22
YZ
4{a[314(5[41q[31q+[215-5[41q[2] )~ [4]4([21q—2d?[3]q)?}cos?A’

|dicics + dyc? + dac? +dyci| =

Where
D = q[3]4{5[4]4[2] — [215([2]4 + D},
R = (q[g]q(5[4]q[3]q + [2]5 - 5[4]q[2]q) - [4]q([2]q - 2q2[3]q)2)'
¥ = {2(q[314[213 — [414[213) + [414[21% — (43141213 — [414[219)} .
From (17) and (35), after simplifying, we get

{(2[2[41q[214([21q-24%[319)+D])" +16([4]q[213)R}cos?A

|t2t4- - t?%l < 2 2114 2 2 2
4q2[4]4[315[215{a[314(5[4]4[31q+[215-5[4]4[2]1 )~ [4]q([2]14—242[3]4)?}
_ 4[2[4]4[2]4([21q—24q?[3]¢)+D]YcosA (36)
4q?[4]¢[315[214{a[314(5[4]4[3]q+[215-5[4]4[2]¢) - [41q([2]1q—242[3]4)?}
YZ
+

4q2[4]4[315[214{2[314(5[4]4[3]q+[2]13-5[4]4[2]q) - [414([2]g—2a2[3]9)?}’
Where

D = q[3]4{5[414[2]4 — [213([2]4 + D},
R = (q[314(5[414[3]q + [2]2 — 5[4]412]¢) — [414([2]q — 2¢%[3])%),

2057 | Read. S. A. Qahtan’, IJMCR Volume 08 Issue 05 May 2020



“Bounds for The Second Hankel Determinant of A-q-Spirallike Functions”

v = (2(q[314[213 — [414[213) + [41[212 - (@[31[2]3 - [41,[212)}

As q — 17 in the above Theorem we obtain the following result proved by Krishna [17]
Corollary 2.1. If f given by (1) inthe class Cy, q) (JA] < %), and f Y (w) =w+ Y2, t,o" near w = 0, is the inverse function

of f, then

Asg-1

(57COSZA—SOCOSA+9]

2
— <
[taty — t5] < 288

@37)

~, and u = 0 in the above Theorem we obtain the following result proved by Krishna [17].

1
Remark 2.1.|t,t, — t§| < .
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