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1. INTRODUCTION

In this paper we study the solution of first order differential
inequalities in Banach algebra using some mixed generalized
Lipschitz and Caratheodory conditions. Being the most
striking field of research, the functional differential equations
come forth rigorously. There are Hale[10], Henderson[11]
and the references for consideration.. But the study of
functional differential equations in Banach algebra is very
rare in the literature. Very recently the study in favor of this
line has been initiated via fixed point theorems. see Dhage
and Regan[6] and the references therein.

1.1. Statement of the Problem
Let R denote  the real line and let
I, =[r.0]and | =[0,a] be two closed and bounded

intervalsin R. Let J =[-r,0]U[0,a], then J is a closed
and bounded interval in R .Let C denote the Banach space

of all continuous real valued functions @on I, with the

supremum norm H . H ¢ defined by
[ ¢ c=suplet)]
€lo

Clearly C is a Banach algebra with respect to this norm and
the multiplication “.” defined by

(xy)(®) =x@O)y(0), tel,.
Consider the first order functional differential equation
(FOFDE)

E(LJ: g(t,x,) a.e tel

dt\ f(t, x(ex(t))) (1.2)
x(t) =o(t) tel,,

Where f :1 xR — R—{0}is continuous,

g:1xC—>R, a:l —>land the function

X, (0) : 1, = Cis defined by

X, (0) =x(at+0) foralldel,.
By a solution of FOFDE 1.1) we mean a function
xeC(J,R)NAC(I,R)NC(l,,R) that satisfies the
equation in (1.1), where AC(I,R)is the space of all

absolutely continuous real - valued functions on J.

The FOFDE (1.1) is new way of thinking to the literature
and the study of this problem will definitely contribute a lot
to the area of functional differential equations.

2. AUXILIARY RESULTS
Let X be a Banach algebra with norm ” . ” A mapping

A: X — Xis called D-Lipschitzian if there exists a

continuous  nondecreasing  function  y:R" —> R”

satisfying

[a-al<w(x-vl) e
for all x, y e X withy(0)=0.In the special case when
y(r)=mr (m>0), A is called a Lipchitzian with a

Lipschitz constant 1]. In particular, if 1 <1,A is called a
contraction with a contraction constant 1. Further, if
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y()<r forall r>0, then A is called a nonlinear
contraction on X. Sometimes we call the function y a D-
function for convenience.

An operator T : X — X is called compact if m is a
compact subset of X. Similarly, T : X — X is called

totally bounded if T maps a bounded subset of X into the

relatively compact subset of X. Finally, T: X — X is
called completely continuous operator if it is continuous and
totally bounded operator on X. It is very obvious that every
compact operator is completely bounded, but the converse
may not be true. The nonlinear alternative of Schaefer type
recently proved by Dhage[5] is embodied in the following
theorem.

Theorem 2.1 ([5]) Let X be a Banach algebra and let
A, B: X — X be two operators satisfying

(@) Ais a D-Lipschitzian with a D-function v,

(b) B is compact and continuous, and

(©) Mwy(r)<r whenever r >0 where

M = [BOC)] =sup{BOX)]: x & X }

Then either
(i) The equation xAKEJ Bx = x has a solution
A

for ), =1,0r
(if) Theset

e={ue X AAU/A)Bx=u,0<A <1} is

unbounded.
We are aware of that theorem 2.1which is beneficial for
proving the existence theorems for the integral equations of
mixed type. See Bellale [3] and the references therein. The
method is commonly known as priori bound method for the
nonlinear equations. See, for example, Dugunji and Granas
[7],Zeidler[12] and the references therein.

An interesting corollary to Theorem 2.1 in its applicable

formis

Corollary 2.1 Let X be a Banach algebra and let
A, B: X — X betwo operators satisfying

(@) A'is Lipschitzian with a Lipschitz constant 1,

(b) B is compact and continuous, and

(©

nM <1, where M =|[B(X)||:=sup{[B(X)|: x & X}

then either

(i) The equation xA[ij Bx=x has a solution for
A

A =1,or
(i) Theset ¢={ue X :AA(U/L)Bx=u,0<A <1}is
unbounded.

3. EXISTENCE THEORY

Let M(J,R) and B(J,R) respectively denote the spaces of
measurable and bounded real-valued functions on J.

We shall seek the existence of a solution of FOFDE (1.1) in
the space C(J,R), of all absolutely continuous real — valued

functions on J. Define a norm || || in C(J,R) by

[ = sup[x(®)]
ted
Clearly C(J,R) becomes a Banach algebra with this norm.
Note that C(J,R) = AC(J,R) -
We take assistance of the following definition in the sequel.
Definition 3.1([7]) A mapping B:1xC — R is said to

satisfy the condition of le* Caratheodory or simply said to

be le* Caratheodory if
(i) t—PB(t,Xx) is measurable for each x € C
(i) X — B(t, x) is a continuous almost everywhere for
tel,and
(iii) there exists a function h e L*(1, R) such that
B(t,x)[<h(t), ae tel

forall XeR.
For convenience, the function h is referred to as a bound

function of 3
We will need the following hypothesis in the sequel.
(Hy): The function f : | x R — R is continuous and there

exists a functionk B(I,R) such that

k(t)>0, ae.tel and
[ft.x)—f(t,y)|<k@®)|x—y|, ae tel

for all X,yeR .

(H2): f(0,4(0)) =1.

(Hs) : The function g(t, Xx) is le* Caratheodory with

the bound function h.
(Hy) : There exists a continuous and nondecreasing function

3:[0,00) — (0,0) and a function p € L*(I,R)
such that p(t) >0, a.e. tel
and |la(t, )| Sp(t)S(”X”C), ae. tel,
forall XxeC.

Theorem 3.1 Assume that the hypothesis (H;)-(H,) hold.
Suppose that

e

3(s)
Where,

F o] L
C= S G o el(lel +lnl. <2
1l (ol +Mbl ) 2kl [, ( )
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F =max|f(t,0), and |k|=max|k(t)]. Then  the
ted ted

FOFDE (1.1) has a solution on J.
Proof: Now the FOFDE (1.1) is equivalent to the functional
integral equation (in short FIE)

x(t) =[ f (t, X(a(t)))][(p(O) +jg(s, xas)ds} iftel

3.2)
and x(t) = plt). if tel, (3.3)
Define the two mappings A and B on C(J,R) by
f(t,x(t)), iftel,
axry=| F(EXM). ifte (3.4)
1 , iftel,
and
t
0)+|g(s,x,)ds, iftel,
ex(t) -1 7O j 9(5: %,s) - -
o(t) , iftel,
Obviously A and B define the operators

AB:C(J,R) >C(J,R).then the FOFDE (1.1) is
equivalent to the operator equation

X(t) = AX()Bx(t), ted (3.6)
Our motive is to show the operators A and B satisfy all the

hypothesis of corollary 2.1
We initially show that A is Lipschitzian on C(J,R).

Let X,y € C(J,R).then by (Hy),
| AX(t) — Bx(t)| = | f (t, x(() - f (&, y(a(t)|

<k(t) [x(a(®) - y(a@®))
<k@®[x-y]

for all t € J .Taking the supremum over t, we have
Stlij|AX(t) - Bx(t)| < stlejjp[k(t)”x - y||:|
thus we obtain
[Ax—Ay] <[] [x—y]
for all X,y €C(J,R).So A is a Lipschitzian on C(J,R)

with a Lipschitz constant ||k||

Next we will project that B is completely continuous on
C(J,R).Using the standard arguments as in Granas et
al.[11],it is shown that B is a continuous operator on C(J,R).

Let S be a bounded set in C(J,R). We shall show
that B (C(J,R)) is a uniformly bounded and equicontinuous

set in C(J,R).Since g(t, x) is L x- Caratheodory ,
we have

|Bx(t)| =

o(t)+ [ 9(s, %, )ds

< |go(t)|+

t
[a(s.x,,)ds
0

t
<llol + [los. x| as
0

- Bt <, +[I

Ll

Taking the  supremum  over t, we  obtain
||BX”SM for all xeS where

M =g c+[h...
This shows that B(C(J,R)) is uniformly bounded set in

C(J,R).
Now we show that B(C(J,R)) is an equicontinuous set.

t,t, € l. Thenforany x € C(J,R) we have by (3.5),

[BX(t) - Bx(t,)| =

0(0)+ [ 9(5.x,.)ds —p(0) [ g s ,.)ds

t t,
= Ig(s, X,s)ds —J'g(s,xas)ds
0 0

t 0
= jg(s, X, )ds +_|. g(s,x,)ds
0

t

- fg(s,xas)ds

t

'
£I|g(s,xas)|ds
)

< Jl'|h(s)|ds <|p(t,) - p(t,)|

t
where p(t) = [ h(s)ds.
0

Therefore
Bﬂ@—&@ﬂﬁomgﬁg

Againlet t, € I,t, €|, then we obtain
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|Bx(t1) - BX(t2)| =

p(0)+ [ 9(5.%,.)d5- (1)

=¢mrﬂm»+fg@mﬁms+jMaxﬁws

as

Ig@xwms

2

s@ug—¢wn+ﬂg@mmms+ﬂg@mmms

S|¢7(tz)_¢7(0)|+| p(t2)|+|p(t1)_ p(t2)|
where the function p is defined above. Similarly, if
t,t, €|, then we get

|Bx(t,) — Bx(t,)| =|e(t,) — oo(t,)].
therefore in all above three cases
|Bx(t,) - Bx(t,)| > 0ast, —>t, vt t,eJ.

Hence B(C(J,R)) is an equicontinuous set and consequently
B(C(J,R)) is relatively compact by Arzela-Ascoli theorem.
As a result B is a compact and continuous operator on
C(J,R)).Thus all the conditions of theorem 2.1 are to the
requirements and a direct application of it yields that either
the conclusion (i) or the conclusion (ii) holds.

We express here that the conclusion (ii) is not possible.

Let Xe X be any solution to FOFDE (1.1). Then we

have, forany A4 €(0,1),
x(t) = /”LA( j(t) Bx(t)
x(a(t))

{f(t)

A1) o(1)
for teJ. Thusif t € | then
[x(®)] < |4/ )
<[A]suple(t)
(O] <l
Againif t € | , then we have

} {¢(0)+jg(s, as)ds] tel

, tel,

xol=p( &“j@ﬂ{é@h{g@mwmﬂ
<Al (s, @HW(ON + jg(s, X,.)ds }

< zﬂ s, X(";(t)) ~£(1,0)

+|f (t,O)|H||(p||C +Ig(s, xas)ds}
X(aft)) ‘ H"q," j q(s, xas)ds}
jg (s, xas)ds}

0

{k(t)

<[00} ]l
< k(t)|x(a(t))|{||(0||c +[g(s, Xas)d5}+ F {"(0"0

0

+j'g(s, xas)ds}

<[]l

ds

at

t
(el +l: 1+ Flil, + F ] ots)- 3
0

(3.7)

put u(t) = sup |x(s)|, forted.

se[-r,t]
Then we have

x(®)|<u(t) vtedand|x,|. <u(t), vtel
and so, there is a point t* e [—r,t] such that

u(t) =

From (3.7) it follows that

ut) =[xt

s||k|”x(t+

(RN (RPN

0
t

+ j p()3(u(s)) dsj

0

<[jfucd (k. +[l)+F (II@IIC

1
<C,+C, j p(s)3(u(s)) ds (5.3.9)

0

where
F e 1

C,= c C,=

1~ [kl +[nl.: ] 1-[k[[llel. +[hll. ]
Let

a(t) =C, +C, [ p(s)- I(u(s)) ds

then u(t) <q(t) and a direct differentiation of q(t) yields

q'(t)= Czp(t)S(Q(t))}

(3.9)
Q(O) = Cl

that is
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a'(s) t
j [ ds<C, l p(s) ds <C, | o],

A change of variables in the above integral mentions that

q(t) ds
s(S)

Now an applicatlon of mean value theorem yields that there
is a constant M>0 such that

g(t)<M forallteJ.
This further implies that |X(t)| <u()<qt)<Mm,

forallteJ.
Thus, the conclusion (ii) of corollary 2.1 does not hold.

Therefore, the operator equation AXBXx=X and
consequently the FOFDE (1.1) has a solution on J.

j 2 3(s)

4. EXISTENCE OF EXTREMAL SOLUTIONS
A non-empty closed set K in a Banach Algebra X is called a
cone if

(i) K+K cK,

i) | KI Kforl 1,13 0and

(iii) { K}C K = 0, where 0 is the zero element of X .

A cone K is called to be positive if

(v) KoKI K,where "0" is a multiplication
composition in X.

We introduce an order relation £ in K as follows:

Let X,y X,then x£ yif and onlyif y- xI K.

A cone is said to be normal if the norm || g|| is monotone

increasing on K. It is known that if the cone K is normal in
X, then every order-bounded set in X is norm-bound. The
details of cones and their properties appear in Guo and
Lakshmikantham [9].

We equip the space C(J,j ) with the order relation £
with the help of the cone defined by

K={xI C(J,;):x(t)* o,"tl J}. (4.1)
It is well known that the cone K is positive and normal in
C(J,; ) .As a result of positivity of the cone K in
C(J,; ) we have:
Lemma 4.1 ([14]) Let U, U,,V,,V,1 K be such that
u £ v, and u, £ v,.Then U, U, £ v, V,.
For any a,bl X = C(J,; ),af£ b,the order interval
[a, b] isasetin X given by

[a,b]={xI X:af x£ b}

We make use of the following fixed point theorem, for

proving the existing of extremal solutions of the FOFDE
(1.1) under certain monotonicity conditions.

Theorem 4.1 ([6]) Let K be a cone in a Banach algebra X
and let a,b1 X.Suppose that A, B: [a,b] > K are two

operators such that
(a) A is Lipschitzian with a Lipschitz constant o ,

(b) B is completely continuous,
© Ax Bx €[a, b] for each x €[a, b], and

(d) A and B are nondecreasing.

Further if the cone K is positive and normal, then
the operator equation AX BX=X has a maximal and a

minimal  positive solution in [a,b], whenever
nM <1, where

M = H B([a,b]) H =sup{|Bx|: xe[a,b]}.
We need the following definitions in the sequel.
Definition 4.1 ([14]) A function ul C(J, i )is called a

lower solution of the FOFDE (1.1) on Jif

u(y A
dt f(t U(a(t) :—£ g(t,uat), ae tl |

u(t)<e(t) forall tel,.
Again a function vi C(J, i )is called an upper solution
of the BVP (4.1) on J if

de  v(t) &

Eéf(t,v(a ONF
v(t) > p(t) forall tel,.

Definition 4.2 ([4]) A solution X, of the FOFDE (1.1) is

said to be maximal if for any other solution X to FOFDE

(1.1) one has X(t) < x,, (t), VteJ. Again asolution X,

of the FOFDE (1.1) is said to be minimal if

X, (t) < X(t), VteJ,where X is any solution of the

FOFDE (1.1)on J .
We consider the following set of assumptions:

By f:J" ;7 -{0}, g:J°C® ; " and
»(0) > 0.
(By) gQis le, Caretheodory.

and

a(t,v,,), ae ti I

and

(B,) The function f (t,x) and g(t, y)are nondecreasing

in X and y almost everywhere for t € J.
(B3) The FOFDE (1.1) has a lower solution U and an upper
solution V. on J withu <v.

Remark 4.1 Assume that (B,) - (Bs) hold. Define a function
h:J® ; *

h<t) 9t )+ gty ), "t 1.
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Then his Lebesgue integrable and
9(t, %, )| £ ht), ae tI 1, "xI [u,v].

Theorem 4.2 Suppose that the assumptions (H;) — (Hz) and
(By) to (Bs) hold. Further if ||k||(||go||c +||h||L1)<1, and

his given in Remark 4.1, then FOFDE (1.1) has a minimal

and a maximal positive solution on J .
Proof: Now FOFDE (1.1) is equivalent to FIE (3.2)-(3.3) on

J.Let X=C(J,;).

Define two operators Aand B on X by (3.4) and (3.5)
respectively. Then FIE (1.1) transformed into an operator
equation AX(t)Bx(t) = x(t) in a Banach Algebra X .
Notice that (B,) implies A, B :[u,v]® K. Since the cone

Kin Xis normal, [u,Vv] is a norm bounded set in X .
Now it is forwarded as in the proof of Theorem (3.1) , that

A’is a Lipschitzian with a Lipschitz constant ||h|| and Bis

completely continuous operator on [u,V].Again the
hypothesis (B,) implies that Aand B are nondecreasing
on[u,v] . To see this, let X,yI [u,v] be such that
X£ Y.Thenby (B,),
Ax(t)= f(t.x@M)£ f(ty@®)= Ay@) ,"tT 1,
and

AX(t) = 1= Ay(t),
Similarly

BX() =p(0) + [ 9(5.%,.) ds

for all tI I,

<p(0)+[9(s.y,) ds

=Ay(t), vtel,
and Bx(t) = (t) =By(t) for all tel,.
So Aand Bare nondecreasing operators on [u, V] .Again
Lemma 4.1 and hypothesis (B3) implies that

u®) < [ftu(a®)] [(0(0) +[g(s,u,) dSJ

IN

IN

[t x(a®))] [(0(0) +[a(s,%,) ds]
< [Tt v(a®))] ((P(O) +[9(s,v,) dS]

< [ftu(a®)] ((0(0) +[9(s,u,) dS]

u(t) < Ax(t)Bx(t) <v(t), vVt e J and x €[u,Vv].
Hence, AXBX €[u,Vv], VX €[u,V].

Again

M

B (tu. D)
= sup{||Bx|: x e [u,v]}

IN

t
sup {Il(pllC +stUJpj|g(s, X,.)|ds:x e [u,v]}
<o

< Jlell, + [ h(s) ds
0

= | +[h
Since nM S||k||(||(p||c+||h||l_1)<l,we apply Theorem

(.

4.1 to the operator equation AX(t)Bx(t) = X to yield that
the FOFDE (1.1) has a minimal and a maximal positive
solution on J .This completes the proof.
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