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ABSTRACT

This paper deals with fuzzy Laplace transform to obtain the solution of fuzzy fractional differential
equation (FFDEs) under Riemann Liouville H-differentiability .This is in contrast to conventional solution
that either require a quantity of fractional derivative of unknown solution at the initial point(Riemann
Liouville) or a solution with increasing length of their support (Hukuhara),using the fuzzy Laplace
transform to solve differential equation with fractional order (0 < <1).The best of our knowledge,there is
limited research devoted to the analytical method to solve the FFDEs under Riemann Liouville H-
differentiability. An analytical solution is presented to confirm the capability of proposed method.

Introduction:

Fractional calculus is a mathematical branch investigating the properties of derivatives and integrals of non-
integer orders.It applied in modeling of many physical and chemical processes and in engineering [4, 6, 9] .
Podlubny and Kkilbas[10,12,] gave the idea of fractional calculus and consider Riemann Liouville
differentiability to solve FFDEs. Agarwal [2] proposed the concept of solutions for fractional differential
equations with uncertainty.

Laplace transform is the one of the interesting transforms used for solving fuzzy differential equation
.Solving fuzzy fractional differential equation, fuzzy initial and boundary value problems we use fuzzy
laplace transform to reduce the problem. The advantage of fuzzy laplace transform is to solve the problem
directly without determining a general solution.

Here we have seen some basic definition and Riemann Liouville H- differentiabilityin section 2. In section 3,
fuzzy Laplace transforms are introduced and we discuss the properties .The solutions of FFDEs are
determined by fuzzy laplace transform under Riemann Liouville H- differentiability and solve the example
in section 4. In section 5, conclusion is drawn.

2.Definition:2.1[8]

Fuzzy number is a mapping u:R—[0,1] with the following properties:

1. u is upper semi continuous,

2. u is fuzzy convex ,i.e., u(Ax + (1 — 1)y) = min{u(x), u(y)} forall x,y €R, r€[0,1],
3.uisnormal,i.e., 3 x, €R for which u(x,) =1,

4.suppu = {x € R/u(x) > 0} is the support of the u,and its closure cl(supp w) is compact.
Definition:2.2[13,14]

A fuzzy number u in parametric form is a pair (g, ﬂ) of functions u(r),u(r),0 < r < 1,which satisfy the
following requirements:

1.u(r) is a bounded non- decreasing left continuous function in (0,1],and right continuous at 0,
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2.u(r)is a bounded non-increasing left continuous function in (0,1],and right continuous at0, 3.u(r) <
u(r),0<r<1.
Definition:2.3(Zadeh’s extension principle)
Addition operation on E is defined by
(u +v)(x) = 52 minfu(y), v(x - y)}x € R

and scalar multiplication of a fuzzy number is given by
x
(kOu)(x) = u( ~/k) » k>0
0 , k=0
Where 0eE

Please note that the function f:A - E , ACR so called fuzzy valued function .However an arbitrary
function f, where f: A — R, ACR so called real valued function. The r- cut representation of fuzzy valued

function f can be expressed byf (x;r) = []_f(x; ), f(x; r)] and0<r<1

Theorem:2.1[15] Let f be fuzzy valued function on[a,o) represented by (i(x; ), f(x; r)).For any fixed
ref[0,1], assume ]_f (x; r)and?(x; r) are Riemann- integrable on [a,b] for every b>a, and assume there are two
positive functions M(r),M(r) such thatf; | i(x; r)| dx < M(r) andf;|7(x; r)|dx < M(r) for every b>
a.Then f(x) is improper fuzzy Riemann integrable on [a,c0)and the improper fuzzy Riemann integral is a
fuzzy number. Further more, we have [ * f(x; 1) dx = [faoo fGrydx, [ f(x; r)dx)]

Definition:2.4 Let x,y € E. If there exists z€ E such that x = y + z, then z is called the H- difference of x
and y,and it is denoted by x © y.

Riemann Liouville H- differentiability:[7]

CF[a,b] as the space of all continuous fuzzy valued function on [a,b]. Also we denote the space of all
Lebesque integrable fuzzy valued function on [a,b] by L7 [a, b] .

Definition:2.5 Let f € CF[a,b]n LF[a, b]x, in (a,0) and @ (x) = ml_m N é;(?g; \We say that f is Riemann

Liouville H- differentiable about order 0< 8 < 1 at x,, if there exists an eIement(RLDf+f)(x0) € E such
that for h>0 sufficiently small

(i) (RLDf+f)(x0): lim ®(xo+h)O®(xg) _ 1im @(x0)©®(xo—h)

h—0% h ~ h-ot h
(or)
.. i D (S]% +h [ D -h)B®
(") (RLDf+f)(x0):hZT;+ (%0) _h(xo ) — hg’;ﬂ (%0 _)h (x0)
(or)
_ lim @Xxoth)OP(xg) _ lim P(xo—h)OP(xo)
(iii) (REDJf ) (ko) = Uty TSR = M 2SR
(or)

. _ ol P(x0)OP(xo+h) _ 1i P(x0)OP(xo—h)
(V) (DG f ) (o) = gy T = 1, SRR

We say that the fuzzy valued function f is (RL(i) — B ) differentiable if it is differentiable as in the
definition2.5 case(i), and f is(RL(ii) — B ) differentiable if it is differentiable as in the definition 2.5 of case
(i) and so on for other cases.

Theorem:2.2[17]
Let f € CF[a,b]n LF[a, b],x, in (a,b) and 0 < B <1.Then
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(i)Let us consider f is (RL(i) — B) differentiable fuzzy valued function, then (RLD ) (xe;7) =
| LD f ) Ceoi ), (FEDEF ) (ki) | 0< 7 < 1

(i) Let wus consider f s (RL(ii) B ) differentiable fuzzy wvalued function, then
(D2 f ) Cxoi ) = [ (FEDE £ ) Groi ), (REDEF ) Gxoim) | 0 < 1

1 ft;r)dt

Where(RLD +f Yxos7) = [m ~B) dx f(f (x— t)ﬁ] @
RL _ x f(t;r)dt

( D f)(xo'r) [r(l 3) dx Ja (x— t)B] Xo @

3.Fuzzy Laplace transforms

Definition:3.1[16]

Let f be continuous fuzzy valued function. Suppose that f (x)©e™P* is improper fuzzy Riemann integrable
on [0,c0), then f0°° f(x)Oe™P*dx is called fuzzy Laplace transforms and denoted by LIf(x)] =

J,” f(x)©e~P* dx (p>0 and integer) (3)
Using Theorem2.1 we have 0< r < 1;

J,” £ m)0e7P* dx :[ [ F G m)@e P dx |, [ F(x;7)0e V¥ dx ]

Using the classical Laplace transform,
l []_”(x; r)] = fooo]_‘(x; reP*dx and [ f(x;7)] = fooo]_’(x; r)e P* dx
Then we get LIf(x;m)] =

[1 ViCRIRINE? r)]]

Definition :3.2 hypergeom (n,d, z) is the generalized hypergeometric function F(n,d, z), also known as
Barnes extended hypergeometric function .For scalar a ,b and c, hypergeom([a,b],c,z) is a Gauss
hypergeometric function 2F;(a, b; c; z). The Gauss hypergeometric function 2F;(a, b; c; z) is defined in the
unit disc as the sum of the hypergeometric series

2F (a,b;c;2) = Y5y (a)(';)(k)ki—! lzl <1

Definition:3.3 The pochhammer symbol (a), is defined by
(@)o=1,
(@p=al@a+1)......(a+n—-1)neNnN
Definition :3.4 A two parameters function of Mittag -Leffler type is defined by the series expansion

Equp(z) = Z?’:om (0,3>0)
. . . _ 2 © 42
An error function is defined by erfc(x) = \/—Efx et dt.

Theorem:3.1 [16]

Let f &g are continuous fuzzy wvalued functions.Suppose that c¢; &c, are constants.
L[(c;00f (x)) ® (009 (x))] = (1O OL[f (x)]) @ (c:© OL[g(x)])
Lemma:3.2[16]

Let fbe continuous  fuzzy  valued function on  [0,0) and AER  then
L[AOOf (x)] = AQOL[f (x)]

Derivative theorem:3.2
Suppose that f € CF[0,00) N LF[0, ). Then
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L| DL f )y |=sPLIF ] © *EDE (), (4)
if £ is (RL(i) — B) differentiable, and

L| D f )@ == D2 ) (0) © - (sPLIF(0)]) (5)

if £ is (RE(ii) — B ) differentiable.

4.Fuzzy fractional differential equations under Riemann Liouville H- differentiability:

Letf € CF[a,b]n LF[a, b] and consider the fuzzy fractional differential equation of order 0 < B <1

with the initial condition and x, € (a, b).

®DEy)x) = flxy@],

(LDE Y ) ) = Ry ¥ V) € E

Determining the solutions:

(6)

Here we use fuzzy Laplace transform and its inverse to derive the solution .By taking Laplace transform on
both sides ,we get

LIREDE )] = LLf (e y()], (1)
Based on the Riemann Liouville H- differentiability, we have the following cases:

Case(i) Let us consider y(x) is a (RE(i) — B ) differentiable function then the equation (7) is extended based
on the its lower and upper functions as follows

P y G| = (DB y) () = L y()in)| 0sr<1
sPUF 6] = REDETY)(057) = [ F e y(x);m)] 07 <1 (8)
Where £ (x, y(x);7) = min{f (x,w)/u € | (67, 7067 [}

F 6y (;m) = max{ £, w)/u € |y ),y )3

To solve the linear system(8) ,we assume that H; (p; ), k,(p;r) are the solutions
yesn)|=m@n
Y )] =ki(p;7)

By using inverse Laplace transform;_/(x;r)& y(x;r) are computed as follows,
y(er) =1 H ;1) ]

yeor) =1 k@) | 9)

Case(ii)

Let us consider y(x) is a (RL(ii) — B ) differentiable function then the equation(7)can be written as follows
=40y )(O0m) = (=P yC D) = L fCoy@in)|
~(®LDETY)(0;7) = (=sPU V() = I F o y @)
Where £ (x,y(0;7) = min{f (x,u)/u € | y (s ), 7@ )|}
Foy@)im) = max{ f(xw)/u € [ yGor), 7))

To solve the linear system(10) ,we assume that H,(p; ), k,(p;r) are the solutions
L yesm)| = Hai7)
y(x;r)] = ka(p;1)

<1 (10)

IIMCR www.ijmer.in| 4:3March[2016]1276-1282|



By using inverse Laplace transform X(x;r)& y(x;r) are computed as  follows,
y(;r) =1 Hy(ps7) ]

yr) =1 k(1) ] (11)
Example:1
Let us consider the following fuzzy fractional differential equation

(BDEy)(x) = 20y(x) +e*, 0<p, x<1
(RLDE 1y )(0) = (Fly,BD) e E (12)

Solution:

Case(i): Suppose A€ R* = (0, +o0) , then applying Laplace transform on both sides
LI(**DLy )(0)] = L[AOy (x) + e*], (13)
L[(*-Dgry ) ()] = L[ A0y ()] + L[e*],

Using(RL (i) — B ) differentiability,we get
sPl [X(x; r)] - (RLfolz)(O; r) = Al [X(X; r)] + Til 1)
SPUF (T = CEDET YY) = AT+

= (sF-2)1 [X(xi T)] = (RLijlz)(O; r) +ﬁ

(5P = D L[] = CDETY)(07) + =

at

.o rLAB-1 ) 1 L
l[z(x, T)]—( Da+ X)(O'r) (sB-2) + (5-1) (sB-1)

S —-1— 1 1
G 1= O G + 5o i (15)

Applying inverse transform on bothsides,

. \=(RLB~1 e | -1
yGsr)=(""Dgs 'y )(0;7)1 [(sﬁ—)t)]-l_l [(5—1) (sB—)L)]

Fear)=CEDL O g + 1 [ o) (16)

(sP-2)
Tl ST A=A
=IT s A A+ As7B + (As7F )2+ (As7F )3 + )]
= s 7P B o(As7F )]

=X A I s AR

=Z?°=0 AT

1% term in equation(16) 171[

xBr+B—1

r(gr+p)

_ -1y _AxB)
X Lr=0T (g g,

:.X‘B_l EB,B(Axﬁ)
Convolution theorem in laplace transform we have 2™ term in eq(16)

(x — )"V Eg p(A(x — t)P) etdt

tn—l tn—l

[ T s™] =

]

(n+1)!  rm)

-1 1 _ X

[(5—1) (sB—A)]_fo
(16)=

y(x; 1) =(Rby F=0)0xF 1 Eg g (AxP)+ [ (x — ) F~V Eg g (A(x — 1)) e'dt

Y06 1)=(3, ¥ )0 g s (AxF) + [ (x = ) Eg p(A(x — £)F) etdt (17)
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Case(ii) Suppose A€ R~ = (—,0) ,then using(RL(ii) — p) differentiability the solution will obtain
similar to equ(17).
For the special case , let us consider p=0.5 , A=1and (R*D;>*y )(0;7) = [1 + ,3 — r]in case(i)

y(o;r)=[1+71,3 - r]Ox_% Ell(x%)+ fox(x - t)(_%) Ei1(x — t)%) etdt

—_ 2’2 2’2

Y r)=[1+71r,3—r1] Ox~2 E;l(x%)+ f;c(x - t)(_%) Ei1(x — t)%) etdt (18)
2’2 2’2

Now consider 1% term in eq (18)

_%E % _ —% Zoo (xz) x!
X %%(X )—X k=0T k+1 ['() r(1) F( ) T

x; .o
Jﬁ r(l) re '

k

D
Zk 0 K, (v _\/ﬁ E1 (xz)

ré+

= \/%+e("7)2 erfc (-x?)

1
=—+eerfc (-Vx)
2" term in eq(18)

k

Jy =00 Erie— 02 etde = [ (x - ) D ¥, (’“kﬂj etdt

1
x (x— t) 2 t X (x t) t X (X t) t X (x—t)1 t
=/, () efdt + [ -etdt+ [ o dt + Js Ty e dt+

x(x t)z t x(x t) t ...
N Pred efdt + [ ~—=— Gy ¢ dt+

1

() hypergeom(l 15x)+( + + + )

3

() hypergeom(1,2.5,x)+ (—+ + + )

( I hypergeom(l 3.5,x)+ (— + + + )

=y 0( +) hypergeom(l n+— X) ATy —

(18)=

y(x r)=[1+r3- r]@(F+ eXerfc (\/_)) + Yo 0((+ ) hypergeom(1, n + ,X) +2;;°=1%

5 Oor) =[1+73—1] o(\/_+ ererfc (+Vx))+ N 0( - ) hypergeom(l n + Z,x) ey n!n
- (19)
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(n+

1

) n
y(xr) =[1+ r](\/%+ e*erfc (-Vx)) + Z;‘{;OE‘”T;) hypergeom(1,n + %,x) Y

By

n:
_ (n+3) n
Y (51)=[3 = 1] (=+ e¥erfc (-Vx)+ z;';;oz‘an)! hypergeom(1,n +2,x) +35, - (20)
5.Conclusion:

In this paper ,solving FFDEs of order 0< g <lusing fuzzy laplace transforms under Riemann
Liouville —H differentiability.We solved example problem involving exponential term.
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