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ABSTRACT: In this paper we introduce new types of spaces , (r*g*)* closure and (r*g*)* interior and study some
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1.INTRODUCTION

N Levine [ 7 ] introduced the class of g closed sets. Many authors introduced several generalized closed sets. The
Authors [ 10 ] have already introduced (r*g*)* closed sets and investigated some of their properties. Applying these sets, some
New Spaces Like (r*g*)*Ty, (r*g*)* T, and (r*g*)* T, " spaces are introduced and some of their properties are investigated.
Also (r*g*)* closure and (r*g*)*interior and their basic properties are investigated.
2. PRELIMINARIES:

2.1: A subset A of aspace X iscalled
(1) apreopen setif A < int (cl(A)) and a pre closed set if cl(int(A)) & A.
(2) asemi-opensetif A & cl(int(A)) and a semi-closed set if (int(cl(A) & A.
(3) Asemi-preopen set (S open) if AC cl(int(cl(A))) and a semi- preclosed set (B _closed) if int (cl(int(A))) C A

Definition:2.2: A subset A of a space X is called

1. A generalized closed (g closed) [7] set if cl(A) & U whenever A& U and U is open.

2. Asemi generalized closed ( briefly sg - closed) [5] if scl(A) = U whenever (A) & U and U is semiopen in X.
3. A generalized semi closed ( briefly gs - closed) [2] if scI(A) = U whenever A= U and U is open in X.

4. Ag*closed [11] if cl(A) S U whenever A& Uand U is g-open.

5. Ag# closed [12] if cI(A) & U whenever A& Uand Uis « g open.

6. Arg*closed set [9] if rcl(A) & U whenever A& U and U is g- open.
Definition 2.3: A Topologiccal space (x,t ) is said to be

1. A Ty, space [11] if every g closed set in it is closed.
2. Asemi Ty, [ 5] if every sg closed set in it is semi closed.

3. Asemi pre Ty, [1] pace if every gsp closed set in it is semi pre closed.
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4. ATy* space[11] if every g* closed set in it is closed.

5. A* Ty, space[11] if every g closed set in it is g* closed.

6. Ty,space [2] if every gs closed set in it is closed.
7. T [11] space if every gs closed set in it is g* closed.

8. Tyt [12] space if every #g closed set initis closed.

©

T [13] space if every g closed set in it is “g closed.
Definition 2.4: A Space (X,t) is called (r*g*)*T., space if every (r*g*)* closed setin it is closed.
Example 2.5: Let X={a,b,c} 1={¢, X,{a}.{b}.{a,b}}
Here (r*g*)* C (X, 1) =C (X, 1)
Hence (X, t) isa (r*g*)* Ty, space.
Example 2.6 :Let X={a,b,c} © ={o, X,{a}.{a.c}}
Here {a} is {r*g*)* closed set but not closed.
Hence (X, t1)isnot a (r*g*)* Ty, space.
Theorem 2.7: If (X, t) isa (r*g*)* Ty, space then every singleton set of X is either r*g* closed or open.

Proof: Let x€ X and suppose that {x} is not a r*g* closed set of (X, 7). Then X —{x} isnota r*g* open set of (X ,1)
.Therefore

X is the only r*g* open set of (X, 1) containing X —{x} and hence X —{x} is(r*g*)* closed set of (X, 7). Since
(X, t)isa(r*g*)* Ty, Space every (r*g*)* closed set is closed. Hence X -{x} isclosed hence {x} is open.

Theorem 2.8: Every (r*g*)* Ty, Space is Ty,*.

Let X be (r*g*)* Ty». Let A€ (X ,1) be g*closed. By 3.5 [10] every g* closed set is (r*g*)* closed. But in (X ,t) , Every
(r*g*)* closed set is closed. Which  implies A is closed. Hence (X ,t)is Ty,*.

The Converse need not be true. Every Ty, * space need not be (r*g*)* Ty..
Example 2.9: Let X={a,b,c} and t ={¢.X,{a}}
Closed sets are ¢,X,{b,c}. (r*g*)*closed sets are ¢, X,{b},{c}.{b, c}.{a,c}.{a,b}

g*closed sets are ¢,X,{b,c}. Here every g*closed set closed. Therefore (X ,t)isa T1/2* space. But {a,c} is (r*g*)*closed but
not closed. Therefore (X ,t) is nota (r*g*)*T1/2 space.

Theorem 2.10 : If (X, 1) is both * Ty, and (r*g*)* Ty, then (X, 1) isa Ty, space.
Proof:  Let A bea g closed set. Since (X, t)is *Ty, , Ais ag* closed set. But by 3.5[10]

Alisa (r*g*)* closed set. Since ina (r*g*)*T,, Space Every (r*g*)* closed set is closed , hence A is closed. Hence (X, t)isa
Ty Space.

Now we show that (r*g*)*Ty,, ness is independent of semi Ty, ness.

Result 2.11 : (r*g*) Ty, ness is independent of semi T/, ness as it can be seen from the next examples.

IJIMCR www.ijmcr.in| 4:5|May|2016|1333-1338 | [EEEL!



Example 2.12: X={ab,c}t ={ ¢0,X,{a,b},{b}} closed sets are { ¢,X,{c},{a,c}}

Semi open sets are ¢ ,X,{b},{a,b},{b,c} .Semi closed ¢,X,{a,c},{{c} {a}

(r*g*)* closed sets ¢ ,X,{c}.{b,c}.{a,c} Sg closed sets { ¢,X,{a},{c}.{a,c}}

Here (X, t) is not a (r*g*) Ty, space.But Every sg closed set is semi closed. Hence (X, t) is semi Ty, space.
Example 2.13: X={ab,c} and =={ ¢, X,{a}.{b}.{a,b}.{b.c}}

Closed sets are { ¢,X, {a},{c}.{a.c},{b.c}. Semi closed setsare ¢, X,{a},{b}.{b.c}

Sg closed sets are ¢ ,X,{a},{b}.{c}.{a,b}.{b,c}. (r*g*)* closed sets are ¢ , X,{a},{c}.{a,c},{b,c}. Here(X, t)is (r*g*)Ty, but
not semiTy, .

Hence (r*g*)*Ty,, ness is independent of semi Ty, ness.
Definition 2.14 : A space is called (r*g*)* T, space if every (r*g*)* closed set in it is g* closed.
Example: X = {a,b,c} ©={¢,X{ab}{b}}

Here (r*g*)* C (X ,1)=g* C(X ,7)

(X ,1) is (r*g*)* T, space.
Theorem 2.15 : Every (r*g*)* Ty, space is (r*g*)*T. space.
Proof: Let X be (r*g*)* Ty, space. Let A be a (r*g*)* closed set then it is closed.

But every closed set is g* closed. Hence X is (r*g*)*T. space.

Theorem 2.16: If Xisboth Ty, and (r*g*)* Tc then (X ,1)ia*Typ,

Proof: Let (X ,t) be both Ty, and (r*g*)* Tc. Let A (X ,t) be g closed. Since Xis Ty, Alisclosed , Ais (r*g*)* closed.
Since

Xis also (r*g*)* Tc, Ais g*closed => (X ,t) is *Typ.

Theorem2.17 : If (X, 1) is (r*g*)* Ty, and Tc then the Space then (X, 1) is (r*g*)* T,

Let A be (r*g*)* closed in X. Then A is closed. But every closed set is gs closed and since the space is T, A is g* closed. Hence
Xis

(reg*)* Te
Theorem 2.18: If Xis (r*g*)* T, and Ty, then X is (r*g*)*Ty, .
Let A be (r*g*)* closed. Then Ais g* closed But every g* closed set is gs closed

Since X is T, A‘is closed. Hence Xis (r*g*)*Ty.

Definition 2.19: A space (X, 1) is called (r*g*)* Ty, " space if every (r*g*)* closed set in it is g* closed .
p

Theorem 2.20: If X is Ty, and (rxg*)* Tiu,” Then X is (r*g*)* Typ.
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Proof: Let A be (r*g*)* closed. Since X is (r*g*)* Ty, * .Ais ¢’ closed. But every g” closed set is * g closed. Since X is Ty, * A
is closed. Hence X is (r*g*)* Ty,

3. (R*G*)* CLOSURE AND (R*G*)* INTERIOR.

Definition 3.1: Let X be a Topological space. Let A be asubset of X. (r*g*)* closure of A is defined as the intersection of
all (r*g*)* closed sets containing A. That is

(r*g®)* cl (A) = N {F/Fis (r*g*)* closed A& F}

Theorem:3.2

If A and B are subsets of X, then

1)
2)
3)
4)
5)

Proof:

1)
2)
3)

4)

5)

(i) (reg*)* cl (X) = X, (ii) (rg*)*cl(¢) = ¢

A < (r*g*)*cl (A)

If B is any (r*g*)* closed set containing A then (r*g*)*cl (A) < B
If A B then (r*g*)* cl (A) < (r*g*)*cl (B)

(r*g*)* cl ((r*g*)*) cl (A)) = (r*g*)*cl (A)

(i) X isthe only (r*g*)* closed set containing X => (r*g*)* cl (X) = X.

(ii ) (r*g*)* cl (¢) = intersection of all (r*g*)*sets containing ¢ = ¢ N (r*g*)*closed sets containing ¢ = ¢

Follows from the definition of (r*g*)* closure of A.

Let B be any (r*g*)* closed set containing A. Since (r*g*)* cl (A) is the intersection of all (r*g*)* closed sets containing
A

(r*g*)* cl (A) is contained in every (r*g*)* closed set containing A. Hence (r*g*)* cl (A) < B

Let A < B. Now (r*g*)* cl (B) =N {F: Fis(r*g*)* closedand B — F}.If B < Fthenby (3) (r*g*)*cl (B) — F,
Where F is (r*g*)* closed. ButA < B cF=> (r*g*)*cl(A) < F. Now (r*g*)*cl (A) < N {F:Fis(r*g*)* closed
B c F} = (r*g*)cl(B).

Hence (r*g*)* cl (A) < (r*g*)* cl (B).

Let A — X By definition, (r*g*)*cl (A) = N {F: Fis (r*g*)* closed and A  F}
We know that (r*g*)* cl (A) &= Fwhen A — F

Since F is (r*g*)* closed containing (r*g*)* cl (A),  (r*g*)* cl ((r*g*)*cl(A)) < F
Hence (r*g*)* cl ((r*g*)* cl (A)) < N {F:Fis (r*g*)*closed A < F}= (r*g*)*cl (A).

Theorem 3.3: Let A < X. If Alis (r*g*)* closed then (r*g*)* cl (A) = A

Proof: Let A be (r*g*)* closed. Since A is (r*g*)* closed by (3), (r*g*)* cl (A) < A. Butalways A < (r*g*)* cl (A)

Hence (r*g*)*cl(A) = A

Theorem 3.4 : If Aand B are subsets of X then

(rg®)* cl( AUB) = (r*g*)*cl(A) U (r*g*)*cl (B)

Proof: A AU Band Bc AU B==>(rs*g*)*cl (A) < (r*g*)*cl (AU B) and

(rg)*cl (B) < (rg)*cl (AU B)
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(rg9*cl(A) U (rg9*c(®) < (g)*cl(AU B) 1)
Further A < (r*g*)*cl (A), B < (r*g*)* cl (B)

AU B c (rrg®)*cl(A) U (r*g*)* cl (B). The right hand side being a union of two (r*g*)*closed sets is
(r*g*)*closed and contains Al B.

But (r*g*)* cl (AU B) is the smallest (r*g*)* closed set containing AlJ B

(rg*)* el (AU B) < (g®)*cl(A) U (rg*)*cl (B) )

From (1) & (2)
(*g*)* cl (AU B) = (rg®)*cl (A) U (r*g*)*cl (B)
Theorem 3.5:
If A and B are subsets of X then (r*g*)*cl (AN B) < (r*g*)*cl (A) N (r*g*)*cl (B)
Prooff: AN BcCA, ANBCB

(r*g®)*cl (AN B) < (rxg*)*cl (A)

(r*}g*)*cl (AN B) < (r*g*)*cl (B)

=  (r*g*)*cl (ANB) < (rYg*)*cl (A) N (r*g*)*cl (B)

Theorem 3.6: Letx € X. X € (r*g*)* cl (A) iff every (r*g*)* open set containing intersects A .
Proof: Letx € (r*g*)* cl (A). LetV bea (r*g*)* open set containing x.
TPTVNA # ¢
fVNA=¢ thenA < X-V
Since V is (r*g*)* open X -V (r*g*)*closed. Since x € (r*g*)* cl (A)
x € X-V ==>x¢V which is a contradiction.
Conversely suppose V NA # ¢
TST x € (r*g*)* cl (A) . If not there exists a (r*g*)* closed set F containing A such that
X & F. Now X —Fis(r*g*)* open and (X-F) N A = ¢ Which is a contradiction. Therefore x € (r*g*)* cl (A).
Theorem 3.7: IfA < X then (r*g*)*cl (A) < cl (A).

Proof: cl (A)= N{F/Fisclosed A — F}
But every closed set is (r*g*)* closed . <% F is (r*g*)* closed => (r*g*)* cl (A) — F
S (r*g*)*cl (A) < N{F/Fisclosed A < F}=cl (A).

(r*g*)*cl (A) < cl (A).
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Definition 3.8: Let X be a Topological space. Let A be asubset of X. (r*g*)* interior of A is defined as the union of all
(r*g*)* open sets contained in A.

Theorem 3.9: Let A and B be subsets of X.
Then 1) (r*g*)* int (¢) = ¢, (r*g*)* int(X) = X

2) If B isany (r*g*)* open set contained in Athen B < (r*g*)* int (A)

3) IfA < Bthen (r*g*)*int (A) < (r*g*)*int (B)

4) (rg*)* int ((r*g*)* int(A)) = (r*g*)* int (A)
Theorem 3.11: Ifasubset A of X is (r*g*)* openthen (r*g*)*int (A) = A
Theorem 3.12: If A and B are subsets of X then
(rg)*int(A) U (rg)*int(B) < (*g*)*int(AU B)
Theorem 3.11 If A & B are subsets of X
Then (r*g*)* int (AN B) < (r*g*)*int (A) N (r*g*)*int (B)
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