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1.  Introduction 
 

In 1995, Blair, Koufogiorgos and Papantoniou [6] introduced the notion of contact metric manifolds with 

characteristic vector field   belonging to the ),( k -nullity distribution and such type of manifolds are called 

),( k -contact metric manifolds. They obtained several results and examples of such a manifold. A full 

classification of this manifold has been given by Boeckx [8]. A contact metric manifold ),,,,( gM   is said to 

be a generalized ),( k -space if its curvature tensor tensor satisfies the condition  

 },)()({})()({=),( hYXhXYYXXYkYXR      (1.1) 

 for some smooth functions k  and   on M  independent choice of vector fields X  and Y . If k  and   are 

constant, the manifold is called a ),( k -space. If a ),( k -space M  has constant  -sectional curvature c  and 

dimension greater than 3, the curvature tensor of this ),( k -space form is given by [13]  
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 where 
1

R , 
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R , 
3

R , 
4

R , 
5

R , 
6

R  are the tensors defined by  
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 ,)(),()(),()()()()(=),(
6

 XZhYgYZhXghXZYhYZXZYXR   

 for all vector fields ZYX ,,  on M , where 


Lh =2  and L  is the usual Lie derivative.  

 The notion of generalized Sasakian-space-form was introduced and studied by P. Alegre, D. E. Blair and 

A. Carrizo [1] with several examples. A generalized Sasakian-space-form is an almost contact metric manifold 
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),,,,( gM   whose curvature tensor is given by  

 ,=),(
332211

fRRfRfZYXR   

 where 
1

R , 
2

R , 
3

R  are the tensors defined above and 
321

,, fff  are differentiable functions on M . In such case 

we will write the manifold as ),,(
321

fffM . Generalized Sasakian-space-forms have been studied by several 

authors, viz., ([2, 3, 4, 10, 11, 12, 14]).  

 By motivating the works on generalized Sasakian-space forms and ),( k -space forms, A. Carriazo, V. 

M. Molina and M. M. Tripathi [9] introduced the concept of generalized ),( k -space forms. A generalized 

),( k -space form is an almost contact metric manifold ),,,,( gM   whose curvature tensor R  is given by  

 ,=
665544332211

RfRfRfRfRfRfR     (1.3) 

 where 
654321

,,,,, RRRRRR  are the tensors defined above and 
654321

,,,,, ffffff  are differentiable functions on 

M . Further, in [15], the authors had been studied the properties of 3-dimensional contact metric generalized 

),( k -space forms. Also, the recurrent generalized ),( k -space forms was studied in the paper [16].  

 In a 3-dimensional contact metric generalized ),( k -space form ),...,(
61

3
ffM , the concircular 

curvature tensor C  is defined by  

 ],),(),([
6

),(=),( YZXgXZYg
r

ZYXRZYX C                            (1.4) 

 for all vector fields MZYX ,, , where R  is the Riemannian curvature tensor. In [7], authors classify 

concircular curvature tensor on a )( kN -contact metric manifold. On the concircular curvature tensor of a ),( k

-manifolds was studied by Tripathi et. al., in the paper [17].  

 The object of the paper is to study 3-dimensional contact metric generalized ),( k -space forms with 

concircular curvature tensor. The paper is organized as follows. Section 2 deals with some preliminaries on 

contact metric manifolds and contact metric generalized ),( k -space forms. The study of  -cincircularly flat 

and pseudo-concircularly flat 3-dimensional contact metric generalized ),( k -space forms is carried out in 

section 3 and section 4 respectively. In section 5, we characterized 3-dimensional contact metric generalized 

),( k -space form satisfying the condition 0=),( SX C . 

  

2.  Contact metric generalized ),( k -space forms 
 

A contact manifold is a )12( 


nC  manifold M  equipped with a global 1-form   such that 

0)( 
n

d  everywhere on M . Given a contact form   it is well known that there exists a unique vector field 

 , called the characteristic vector field of  , such that 1=)(  and 0=),(  Xd  for every vector field X  on 

M . A Riemannian metric is said to be associated metric if there exists a tensor field   of type (1, 1) such that 

),(=),( YXgYXd  , ),(=)(  XgX ,  )(=
2

XXX  , 0= , 0=)( X  and 

)()(),(=),( YXYXgYXg   , for all vector fields YX ,  on M . Then the structure ),,,( g  on M  is 

called a contact metric structure and then manifold M  equipped with such a structure is called a contact metric 

manifold [5].  

 Given a contact metric manifold ),,,,( gM   we define a (1, 1) tensor field h  by 


Lh =2 . Then 

h  is symmetric and satisfies the following relations  

 0.=0,=)(=)(,=0,= hhtracehtracehhh       (2.1) 

 Moreover, if   denotes the Riemannian connection of g , then the following relation holds:  

 .= hXX
X

   

 The vector field   is a Killing vector with respect to g  if and only if 0=h . A contact metric manifold 
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),,,,( gM   for which   is a Killing vector is said to be a K -contact manifold. Therefore, a generalized 

),( k -space form with such a structure is actually a generalized Sasakian space form.  

 A generalized ),( k -space form is an almost contact metric manifold ),,,,( gM   whose curvature 

tensor R  is given by  
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5

  

         hYZXfhXZhYghYZhXg )()({}),(),(
6

   

        },)(),()(),()()(  XZhYgYZhXghXZY      (2.2) 

 for all vector fields ZYX ,,  on TM . Where 
654321

,,,,, ffffff  are differentiable functions on TM . In such 

case we denote the manifold as ),...,(
61

ffM . 

Next, by using the definitions of the tensors 
654321

,,,,, RRRRRR  and properties (2.1) of the tensor h  in 

the formula (1.3), we obtain that the curvature tensor of a generalized ),( k -space form satisfies  

 },)()(){(})()(){(=),(
6431

hYXhXYffYXXYffYXR     (2.3) 

 for every vector field YX , on TM . 

 If ),...,(
61

3
ffM  is a contact metric generalized ),( k -space form, then its Ricci tensor S  and the 

scalar curvature r  can be written as [10]:  

),()3(2=),(
321

YXgfffYXS  ),,()()()()(3
6432

YhXgffYXff  
               

(2.4) 

 ).232(3=
321

fffr                                            (2.5) 

 From (2.4), we have  

 )()2(=),(
31

XffXS   .                                        (2.6) 

 Also, from (2.2) we obtain  

 })(),(){(})(),(){(=),(
6431

hYZZhYgffYZZYgffZYR   .           (2.7) 

  

Definition 1. A contact metric manifold M  is said to be an  -Einstein manifold [5] if it satisfies  

   bagS =  

 for some smooth functions a  and b . In particular, if 0=b , then M  is called an Einstein manifold.  

 

3.   -concircularly flat 3-dimensional contact metric generalized ),( k  

    -space forms 
  

Definition 2. A 3 -dimensional contact metric generalized ),( k -space form is said to be 

-concircularly flat if it satisfies  

 0,=),( YXC                                           (3.1) 

 for all vector fields YX , on TM .  

 Let us assume that ),...,(
61

3
ffM  is  -concircularly flat 3 -dimensional contact metric generalized 

),( k -space form. In view of (3.1) and (1.4), we get the following  
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 0.=))()((
6

),( YXXY
r

YXR                                   (3.2) 

 By virtue of (2.3) and (3.2), we get  

 0.=)())((
6

)(
6431

hXffXX
r

ff 









                               (3.3) 

 Changing X  by hX  in (3.3), we have  

0.=)(
6

)(
2

6431
XhffhX

r
ff 










                                    (3.4) 

 Taking the trace of h  on both sides of (3.4), we obtain  

 0.=)()(
2

64
htraceff                                            (3.5) 

 Since 0)(
2

htrace , we conclude that 0=
64

ff  . Hence, this leads the following theorem:  

Theorem 2. If a 3-dimensional contact metric generalized ),( k -space form is  -concircularly flat then 

0=
64

ff   holds.  

 Putting 0=
64

ff   in (3.3), we get  

 0,=))((
6

)(
31

 XX
r

ff 









                                       (3.6) 

 which implies that 0=
6

)(
31 











r
ff  or equivalently,  

 ).6(=
64

ffr                                                  (3.7) 

 Comparing (3.7) with (2.5), we get  

 0.=3
32

ff                                                   (3.8) 

 Thus we have the following:  

Theorem 3. In a 3 -dimensional  -concircularly flat contact metric generalized ),( k -space form with 

0=
64

ff   satisfies 0=3
32

ff  .  

 

4.  Pseudo-concircularly flat 3-dimensional contact metric generalized  

   ),( k -space forms 
 

Definition 3. A 3 -dimensional contact metric generalized ),( k -space form is said to be 

pseudo-concircularly flat if it satisfies  

 0,=),),(( WZYXg C                                      (4.1) 
 for all vector fields WZYX ,,, on TM .    

 In view of (1.4) and (4.1), we have  

 )],(),(),(),([
6

=),),(( WYgZXgWXgZYg
r

WZYXRg    (4.2) 

 Let }{
i

e , 32,1,=i  be an orthonormal basis for tangent space at each point of the manifold. Putting 
i

eZY ==  

in (4.2) and taking the summation over i , we get  

 ).,(
3

=),( WXg
r

WXS 

                                     
(4.3) 

 Replacing X  by X  and W  by W  in (4.3) and using  )(=
2

XXX  and (2.6), we obtain  
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 ).()(
3

)2(),(
3

=),(
31

WX
r

ffWXg
r

WXS 









                        (4.4) 

 Again putting 
i

eWX ==  in (4.4) and taking the summation over 31  i , we get  

 ).6(=
31

ffr                                                (4.5) 

 By virtue of (4.4) and (4.5), we get  

 ).,()2(=),(
31

WXgffWXS                                   (4.6) 

 Therefore, form (4.6) it is clear that ),...,(
61

3
ffM  is an Einstein manifold. Thus we state the following:  

Theorem 4. A 3 -dimensional pseudo-concircularly flat contact metric generalized ),( k -space form 

),...,(
61

3
ffM  is an Einstein manifold.  

 Next, comparing (4.5) with (2.5), we have the following relation  

 0.=3
32

ff                                           (4.7) 

 From (4.7) we can state the following:  

Corollary 1. A 3 -dimensional contact metric generalized ),( k -space form ),...,(
61

3
ffM  is 

pseudo-concircularly flat if 0=3
32

ff  .  

 

5. 3-dimensional contact metric generalized ),( k -space form satisfying  

   0=),( SX C  
 

Let ),...,(
61

3
ffM  is a contact metric generalized ),( k -space form satisfying the condition 

0=),( SX C . 

Therefore, 0=),)(),(( WYSX C  implies that  

 0.=)),(,(),),(( WXYSWYXS  CC                             (5.1) 

Putting =X  in (1.4) and then using (2.7), we get 

   ])(),()[(])(),([
6

)(=),(
6431

hYZZhYgffYZZYg
r

ffZY  









C .         (5.2) 

In view of (5.1) and (5.2), we get  

 ),(),(),(),([
6

)(
31

 YSWXgWSYXg
r

ff 









  

 )](),()(),( YWXSWYXS    

 ),(),(),(),()[(
64

 YSWhXgWSYhXgff   

 0.=)](),()(),( YWhXSWYhXS       (5.3) 

Using (2.4), (2.5) and (2.6) in (5.3), we have  

         )}()()(2)(),()(),(){[(3
3

3

32

32
WYXYWXgWYXgff

ff
 







 
 

 )}](),()(),(){(
64

YWhXgWYhXgff    

 )}(),()(),(){)[(3(
3264

YWhXgWYhXgffff    

 0.=)}](),()(),(){(
22

64
YWXhgWYXhgff                                           (5.4) 

 Taking =W  in (5.4), we get  

 )],()()}()(),(){[(3
3

3

6432

32
YhXgffYXYXgff

ff
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



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 
  
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 0.=)],()(),())[(3(
2

643264
YXhgffYhXgffff      (5.5) 

 Using XkXh
22

1)(=   in (5.5) and simple computation leads the following  

 )}()(),({)1)((
3

)(3 2

64

2

32
YXYXgffk

ff













 

 0,=),(
3

))(32(
3264

YhXg
ffff 

   (5.6) 

 or equivalently,  

 0.=
3

))(32(
))(()1)((

3

)(3
32642

64

2

32
hX

ffff
XXffk

ff 













            (5.7) 

 Replacing X  by hX  in (5.7), we get  

 0.=
3

))(32(
)1)((

3

)(3
232642

64

2

32
Xh

ffff
hXffk

ff 













                (5.8) 

 Taking the trace of h  on both sides of the relation (5.8), we get  

 0.=)(
3

))(32( 23264
htrace

ffff 
                                   (5.9) 

 As 0)(
2

htrace , we conclude that either 0=3
32

ff   or 0=
64

ff  . Hence we can state the following 

theorem:  

Theorem 5.  If a 3 -dimensional contact metric generalized ),( k -space form ),...,(
61

3
ffM  satisfying 

0=),( SX C , then either 0=
64

ff   or 0=3
32

ff  .  

From the above Theorem 5, we can state the following corollary:  

Corollary 2. If a 3 -dimensional contact metric generalized )( kN -space form ),...,(
61

3
ffM  satisfying 

0=),( SX C , then 0=3
32

ff  .  
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