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1. Introduction

In 1995, Blair, Koufogiorgos and Papantoniou [6] introduced the notion of contact metric manifolds with
characteristic vector field ¢ belonging to the (k, ») -nullity distribution and such type of manifolds are called

(k, u) -contact metric manifolds. They obtained several results and examples of such a manifold. A full
classification of this manifold has been given by Boeckx [8]. A contact metric manifold (M ,¢,&,,,9) issaid to
be a generalized (k, «) -space if its curvature tensor tensor satisfies the condition

R(X,Y)E = k{7 (Y)X = (X)Y}+ u{n(¥)hX —n(X)hY }, (1.1)
for some smooth functions k and » on m independent choice of vector fields x and v .If k and . are
constant, the manifold is called a (k, ») -space. Ifa (k, «)-space m has constant , -sectional curvature ¢ and
dimension greater than 3, the curvature tensor of this (k, «) -space form is given by [13]

c+3 c-1 c+3 1
R = R, + R2+( —k)R3+R4+—R5+(1—,u)R6, (1.2)
4 4 L 4 ) 2
where R, R,, R,, R,, R,, R, arethe tensors defined by

R, (X,Y)Z =g(Y,Z)X —g(X,Z)Y,

R,(X,Y)Z = g(X,0Z)pY —g(Y,pZ)pX +29(X,0Y)pZ,

Ry (X Y)Z =n(X)n(Z)Y =n(Y)n(Z)X +g(X,Z)n(Y)E-9g(Y.Z)n(X)S,

R,(X,Y)Z =g(Y,Z)hX —g(X,Z)hY +g(hY,Z)X —g(hX ,2Z)Y,

R, (X,Y)Z = g(hY ,Z)hX — g(hX ,Z)hY + g(phX ,Z)phY - g(phY ,Z)phX ,

Re (X, Y)Z =n(X)n(Z)hY —n(Y)n(Z)hX +g(hX ,Z)n(Y)S - g(hY ,Z)n(X)S,
for all vector fields x,v,z on m ,where 2h = L o and L isthe usual Lie derivative.

The notion of generalized Sasakian-space-form was introduced and studied by P. Alegre, D. E. Blair and

A. Carrizo [1] with several examples. A generalized Sasakian-space-form is an almost contact metric manifold
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(M .o, &,1,9) Whose curvature tensor is given by
R(X,Y)Z = f,R, + f,R, + R, f,,

where R, R,, R, arethetensorsdefinedaboveand f,, f,, f, aredifferentiable functionson m . Insuch case
we will write the manifold as ™ (f,, f,, f,) . Generalized Sasakian-space-forms have been studied by several
authors, viz., ([2, 3, 4, 10, 11, 12, 14]).

By motivating the works on generalized Sasakian-space forms and (k, ») -space forms, A. Carriazo, V.
M. Molina and M. M. Tripathi [9] introduced the concept of generalized (k, ) -space forms. A generalized
(k, u) -space form is an almost contact metric manifold (m ,¢,£,7,9) Whose curvature tensor r is given by

R=fR,+ f,R,+ f,R, + f,R, + f,R, + f.R,, (1.3)

where R, R,,R,,R,,R,, R, arethetensorsdefinedaboveand f,f,, f,, f,, f., f, aredifferentiable functions on
m . Further, in [15], the authors had been studied the properties of 3-dimensional contact metric generalized
(k, u) -space forms. Also, the recurrent generalized (k, ») -space forms was studied in the paper [16].

In a 3-dimensional contact metric generalized (k,.) -space form ™ *(f,.. f,), the concircular

curvature tensor c is defined by
C(X,Y)Z:R(X,Y)Z—L[g(Y,Z)X—g(X,Z)Y], (1.4)
6

for all vector fields x,v,z e m , where rR is the Riemannian curvature tensor. In [7], authors classify
concircular curvature tensor on a N (k) -contact metric manifold. On the concircular curvature tensor of a (k, x)

-manifolds was studied by Tripathi et. al., in the paper [17].
The object of the paper is to study 3-dimensional contact metric generalized (k, ») -space forms with

concircular curvature tensor. The paper is organized as follows. Section 2 deals with some preliminaries on
contact metric manifolds and contact metric generalized (k, ») -space forms. The study of ¢ -cincircularly flat

and pseudo-concircularly flat 3-dimensional contact metric generalized (k, «) -space forms is carried out in

section 3 and section 4 respectively. In section 5, we characterized 3-dimensional contact metric generalized
(k, u) -space form satisfying the condition c(&,x)-s =o.

2. Contact metric generalized (x, ) -space forms

A contact manifold is a ¢” - (2n+1) manifold m equipped with a global 1-form 5, such that

nA(dn)' =0 everywhereon m .Givenacontact form 5 itiswell known that there exists a unique vector field
¢, called the characteristic vector field of ;,suchthat »(s)=1 and dn(x,&) =0 foreveryvectorfield x on
M . A Riemannian metric is said to be associated metric if there exists a tensor field o of type (1, 1) such that
dn(X.Y)=g(X.9Y) , 7(X)=g(X.,&) , @ X=-X+n(X)é , =0 , n(px)=0 and
g(pX ., oY) = g(X,Y)-n(X)n(), for all vector fields x,y on m . Then the structure (o,&,7,9) oOn M is
called a contact metric structure and then manifold m equipped with such a structure is called a contact metric
manifold [5].

Given a contact metric manifold (M ,¢.2.7,9) we define a (1, 1) tensor field h by 2h = L.y . Then
h 1S symmetric and satisfies the following relations

hé =0, he = —ph, trace (h) = trace (ph) =0, 7n-h = 0. (2.1)
Moreover, if v denotes the Riemannian connection of g , then the following relation holds:
V., &= —-pX - phX.

The vector field ¢ is a Killing vector with respect to g if and only if h =0. A contact metric manifold
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(M .p,&,n,9) for which ¢ is a Killing vector is said to be a k -contact manifold. Therefore, a generalized
(k, u) -space form with such a structure is actually a generalized Sasakian space form.

A generalized (k, ») -space form is an almost contact metric manifold (M ,¢,£,7,9) whose curvature
tensor R is given by

R(X,Y)Z = f{g(Y,Z)X —g(X,Z)Y}
+ 1,{0 (X, 0Z)pY —g(Y.,pZ)pX +29(X ,pY)pZ}
+ B, (X (Z)Y =n(Y)n(Z)X +9(X,Z)n(Y)¢
-g(Y,Z)n(X)E}+ f,{g(Y,Z)hX - g (X, Z)hY
+g(hY ,Z)X —g(hX ,Z)Y}+ f.{g(hY ,Z)hX —g(hX ,Z)hY
+ g(phX ,Z)phY — g(phY , Z)phX }+ f {n (X )n(Z)hY
—n (V)7 (Z)hX + g (hX ,Z)7(Y)E - g(hY ,Z)n(X )&, (2.2)
for all vector fields x,v,z on ™™ . Where f,f,,f,, f,, f., f, are differentiable functions on ™™ . In such
case we denote the manifold as ™ (f,... f,).
Next, by using the definitions of the tensors R ,R,,R,,R,,R., R, and properties (2.1) of the tensor h in
the formula (1.3), we obtain that the curvature tensor of a generalized (k, ») -space form satisfies
R(X,Y)E= (f = F,Xn (V)X —n(X)Y 3+ (f, = F 0 (Y)hX —n(X)hY }, (2.3)
for every vector field x .,y on ™ .
If m°(f,. f,) is a contact metric generalized (k, ) -space form, then its Ricci tensor s and the
scalar curvature r can be written as [10]:

S(X,Y)=@f +3f,— f)g(X.,Y) =@ f,+ f)n(X)m¥Y)+(f, - f)g(hx Y), (2.4)
r=23 f,+3f,-2f,). (2.5)
From (2.4), we have
S(X. &)y=2f, - f)n(X). (2.6)
Also, from (2.2) we obtain
R Y)Z =(f, - f,{a(Y.Z2)E-n(Z)Y}+ (f, - £, {a(hY ,Z)S -n(Z)hY }. (2.7)

Definition 1. A contact metric manifold m is said to be an 5 -Einstein manifold [5] if it satisfies
S=zag +bnp®n
for some smooth functions a and b . In particular, if b =0, then m is called an Einstein manifold.

3. & -concircularly flat 3-dimensional contact metric generalized (k, u)
-space forms

Definition 2. A 3 -dimensional contact metric generalized (k, ») -space form is said to be ¢
-concircularly flat if it satisfies
C(X,Y)& =0, (3.1)
for all vector fields x .,y on ™™ .
Let us assume that m °(f,.., f,) is ¢ -concircularly flat 3 -dimensional contact metric generalized

(k, 1) -space form. In view of (3.1) and (1.4), we get the following

IIMCR www.ijmcr.in| 4:5|May|2016|1404-1410 | EEIE



R(X,Y)f—é(n(Y)X—n(X)Y)=0- (3.2)
By virtue of (2.3) and (3.2), we get

[(fl— fg)—ﬂ(x —n(X)E) + (f, - f)hx =0 (3.3)
Changing x by hx in(3.3), we have
[(fl— g)-%hx +(f, - f)h’X = 0. (3.4)
6

Taking the trace of h on both sides of (3.4), we obtain
(f,— f,)trace (h*) =0 (3.5)
Since trace (h”) = 0, we conclude that f, - f, = 0 . Hence, this leads the following theorem:
Theorem 2. If a 3-dimensional contact metric generalized (k, ») -space formis ¢ -concircularly flat then
f, - f, =0 holds.
Putting f, - f, =0 in(3.3), we get

[(fl fs)ﬂ(Xn(xmw, (3.6)

which implies that [( f,— f,)- ﬂ = 0 orequivalently,

r=6(f, - f,) (3.7)
Comparing (3.7) with (2.5), we get
3f,+ 1, =0 (3.8)
Thus we have the following:
Theorem 3. Ina 3-dimensional ¢ -concircularly flat contact metric generalized (k, ») -space form with

f, - f, =0 satisfies 3f,+ f,=0.

4. Pseudo-concircularly flat 3-dimensional contact metric generalized
(k, u) -Space forms

Definition 3. A 3 -dimensional contact metric generalized (k, ») -space form is said to be
pseudo-concircularly flat if it satisfies

9(C(pX ,Y)Z, W) =0, 4.1)
for all vector fields x,vy,z,w on 1™ .
In view of (1.4) and (4.1), we have
g(R(PX,Y)Z oW ) = é[g(Y,Z)gwx oW ) = g(pX,Z)g (Y, oW )] (4.2)
Let {e,}, i =1, 2 3 beanorthonormal basis for tangent space at each point of the manifold. Putting v = z = e,

in (4.2) and taking the summation over i, we get
S(pX . oW) = g lpX oW ). (4.3)

Replacing x by ¢x and w by ow in(4.3)andusing ¢°Xx = -x +7(x)& and (2.6), we obtain
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s<x,W)=§g(x,W)+[2( fl—fs)—ﬂn(x)n(w)- (4.4)

Again putting x =w =e, in(4.4) and taking the summation over 1<i < 3, we get
r=6(f - f,) (4.5)
By virtue of (4.4) and (4.5), we get
S(X,W)=2f - f)g(X,w). (4.6)
Therefore, form (4.6) it is clear that m °(f,.., f,) isan Einstein manifold. Thus we state the following:
Theorem 4. A 3 -dimensional pseudo-concircularly flat contact metric generalized (k, ») -space form
M °(f,.. f,) Isan Einstein manifold.
Next, comparing (4.5) with (2.5), we have the following relation
3f,+ f,=0. 4.7
From (4.7) we can state the following:
Corollary 1. A 3-dimensional contact metric generalized (k, «) -space form m *(f,.., f,) is

pseudo-concircularly flat if 3¢, + f,=0.

5. 3-dimensional contact metric generalized (k, «) -space form satisfying
C(&,X)-S=0

Let m’(f.. f)) is a contact metric generalized (k,u) -space form satisfying the condition
C(&,X)-S=0.
Therefore, (c(&,x)-s)(y,w) =0 implies that
S(C(&,X)Y,W)+S(Y,C(&, X)W ) = 0. (5.1)
Putting x = ¢ in(1.4) and then using (2.7), we get

C(.Y)Z = [(fl— fQ—ﬂ[g(Y,Z)é—n(Z)Y] + (f, = fla(hy ,Z)E —n(Z)hY ]. (5.2)
In view of (5.1) and (5.2), we get
[(f1 fs)ﬂ[g(X,Y)S(W,éH g(X W)S(Y,¢&)

—S(X,Y)n (W) - S(X,W)np(Y)]
+(f, = fIlg(hX ,Y)SW , &)+ g (hX ,W)S(Y,<)

—S(hX ,Y)p (W) =S(hX ,W)z(Y)] = 0. (5.3)
Using (2.4), (2.5) and (2.6) in (5.3), we have
3f, + f
( 23+ 3}[(3 f,+ B {a (X Y)pW )+ g(X W)y (Y)-2n(X)n(Y)n W)}

+(f, = fOLg(hX Y ) (W) + g (hX W )7 (Y)}

—(f, = I8 f,+ F){g(hX ,Y)n(W )+ g(hX W )n(Y)}

+(f, = fLg(h* X, Y)n(W )+ g(h*X W )n (Y)}] =o. (5.4)
Taking w = ¢ in(5.4), we get

(3f2+ f,

L 3

J[(3 f,+ XX Y)=n(X)n (Y} + (f, - f)g(hX ,Y)]
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—(f, - fIB f,+ £,)g(hX ,Y)+ (f, - f)g(h’X,Y)] =0 (5.5)

Using h*x = (k -1) ¢ °X in (5.5) and simple computation leads the following

[@3f,+ ) , 1
———+(k-1(f, - f) J{Q(X.Y)—U(X)U(Y)}

20f, - f)3f, + f,)

g(hX .Y) =0, (5.6)

or equivalently,

[(3f,+ f,)° 2(f, - )@ f, + f,)

, |
+(k=-D(Ff, - f) [(X =n(X)S) -

hx = 0. (5.7)
L 3 ] 3
Replacing x by hx in(5.7), we get
(—(3 rf) | (k =1)( f, - fs)ﬂ\hx (AL BB A ) ey (5.8)
L 3 ] 3
Taking the trace of h on both sides of the relation (5.8), we get
20, - 1)+ 1) trace (h”) = 0. (5.9)

3

As trace (h®) =0, we conclude that either 3f,+ f, =0 or f, - f,=0. Hence we can state the following
theorem:

Theorem 5. Ifa 3-dimensional contact metric generalized (k, «) -space form wm °(f,,.. f,) satisfying

c(&,X)-s =0,theneither f,-f, =0 or 3f,+f,=0.
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From the above Theorem 5, we can state the following corollary:
Corollary 2. If a 3 -dimensional contact metric generalized N (k) -space form wm °(f,,.., f,) satisfying

,X)-s=o0,then 3f,+ f,=0.
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