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Existence, Uniqueness and Asymptotic Behaviour of Solutions for
a class of Parabolic Systems involving (p1(x), po(z))—Laplacian

Hamid El Ouardi

Abstract

This paper presents the existence and uniqueness of the initial and boundary value problem
to a system of evolution (p1(z), p2(x))—Laplacian systems

{ Uie — div(|Vu1|p1(”3)_2Vu1) +a1(x) |u1|pl(gc)_2 up = fi(z, t,ur, us),

Ut — div(|Vug[P2@ =2V uy) + ay(2) [ua]P2 ™) "2 uy = fola, t,uq, us).

With general assumptions on a;, f; and the exponent p;(z), (i = 1,2), we prove the existence
and the uniqueness in propre spaces. The asymptotic behaviour of solutions is also discussed.

The results are proved by using a method to construct a sequence of approximations solutions
and use a standard limiting process.

Keywords : p(x)-laplacian operator; Existence; Uniqueness; Variable exponents; Parabolic
System; Asymptotic Behaviour.
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1 Introduction

Let Q be a bounded domain of RY (N > 1) with Lipshitz continuons boundary 9. We consider
the following (p1(x), p2(x)) — laplacian systems :

( OJuy

B — Ap (U1 + a1() lug PP 20y = fi(z,t, ug, u), in Qx (0,7),

P2 — N pyaytiz + ag(@) [ua]? D P uy = fo(w, tur,up), i 2x (0,7, .
1.1
up =uz =0, in 00 x (0,7),
\ (“1(-70)7U2(-70)) = (801,902), on .

where p;(x) € C(Q) is a function, (i = 1,2). The operator —A,yw = —div (]Vw|p($)_2 Vw)
is called p(z) — Laplacian, which will be reduced to the p — Laplacian when p(x) = p a constant.
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The (p1(x), p2(x))—laplacian systems (1.1) can be viewed as a generalization of (p, ¢) —laplacian
system

% - Apu = f(z,u,v), in Qr,

g — Aqu = g(z,u,v) in Qr, (1.2)
Uw=v=0 on 99 x (0,7),

(u(-,0),v(.,0)) = (¢1,2) in Q.

For the case p;(z) = p; > 2,1 = 1,2, systems (1.2) models as non-Newtonian fluids [27, 2] and
nonlinear filtration [2], etc. In the non-Newtonian fluids theory, (p1,p2) is a characteristic quantity
of the fluids, there have been many results about the existence, uniqueness of the solutions. We
refer the readers to the bibliography given in [11, 13, 8, 9, 12, 14, 26] and the references therein.

In recent years, the research of nonlinear problems with variable exponent growth conditions
has been an interesting topic. p(-)-growth problems can be regarded as a kind of nonstandard
growth problems and these problems possess very complicated nonlinearities, for instance, the
p(z)-Laplacian operator — div(|Vu[P(®)=2Vu) is inhomogeneous. And these problems have many
important applications in nonlinear elastic, electrorheological fluids and image restoration. The
reader can find in ([22, 31]) several models in mathematical physics where this class of problem
appears.

The case of a single equation of the type (1.1) has been studied in [5, 6, 7, 25] and the authors
established the existence and uniqueness results, in [25], the authors use the difference scheme to
transform the parabolic problem to a sequence of elliptic problems and then obtain the existence
of solutions with less constraint to p;(z).

The more intersting question concerning parabolic systems of (pi(x), p2(x))-Laplacian type is
to understand the asymptotic behavior of solutions when time gows to infinity. The study of the
asymptotic behaviour of the system is giving us relevant information about the structure of the
phenomenon described in the model.

Concerning the elliptic systems with variable exponents, the results about existence and non-
existence are proved in [10, 30, 33, 18].

In this paper, we consider the existence and uniqueness for the system of the type (1.1) under
some assumptions. The proof consists of two steps. First, we prove that the approximating problem
admits a global solution; then we do some uniform estimates for these solutions. We mainly use
skills of inequality estimation and the method of approximation solutions. By a standard limiting
process, we obtain the existence to system of the type (1.1).

The outline of this paper is the following: In Section 2, we introduce some basic Lebesgue and
Sobolev spaces and state our main theorems. In Section 3, we give the existence and uniqueness of
weak solutions. The asymptotic behaviour of solution is established in Section 4.

2 Basic spaces and the main results

To consider problems with variable exponents, one needs the basic theory of spaces LT(m)(Q) and
WLr(@)(Q). For the convenience of readers, let us review them briefly here. The détails and more
properties of variable-exponent Lebesgue-Sobolev spaces can be found in [19, 20].
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Denote
r~ :=min 7(z), r" =max r(x),
Q Q

Let 7(x) € C(Q). When 7~ > 1, one can introduce the variable-exponent Lebesgue space
L'®@(Q) = {w :  — R; wu is measurable and / lw|"® da < oo} ,
Q
endowed with the Luxemburg norm.

w |r(z)
R —— {)\>0 /Q e < }

Thanks to results in [19], the following inequality holds :

+

min { il ol } < /Q " da < max { w7 w7}

Moreover, let r;(z) € C(2), with ;7 > 1,7 = 1,2. Then, if r1(x) < ro(x) for any = € Q, the

imbedding L"®)(Q) < L™(*)(Q) is continuous, the norm of the imbedding does not exceed |Q|+1.

As r~— > 1, and the space is reflexive Banach space with dual L’"*(I)(Q), where % + % = 1.

Beside, for any v € L™ (#)(Q), we have the following Holder-type inequality :

1 1
[wtas < (24 2 )l ol

For positive integer k, the generalized Lebesgue-Sobolev space is defined as

Wh(©) = {ue r0(@): Doue O@), o] <k }.

endowed with the norm

[ullyrrer @) = D 1Dl -
a<k

Such spaces are separable and reflexive Banach spaces.
Besides, r(z) is log-Holder continuous, i.e., there exists a constant C' such that

C 1
< ———— forany z,y € Q with |z —y| < -. (2.1)
log |z — y| 2

Under assumption (2.1), the smooth functions are dense in Sobolev spaces with variable expo-
nents, and we can define W(f’r(x)(Q) as the completion of C°(Q) in W*7(#)(Q) with respect to the
norm |||y p) () ; See [20]. For u € WOI’T(‘T)(Q), the Poincaré-type inequality holds, i.e.

[ully @) < ClIVullyay (2.2)

where the positive constant C' depend on r and €. So [[Vul|,, is an equivalent norm in Wol’r(x)(Q).
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Proposition 2.1 (/20)) If we denote

p(w) = / 0@ da, Y € @),
Q

then

(1) |l <1 (=15>1) e p(w) <1 (=1;>1);

. - + +

(i) [w], () > 1= wlypy < pw) < Jwligy s (W] <1 = |wlig) < plw) < |wl

(i) 1],y — 0 plw) — 0; ], (py — 00 & plw) — ox.

Problem (1.1) does not admit classical solutions in general. So, we introduce weak solutions in
the following sence.

T,
r(z)

Definition 2.2 A function u = (u1,u2) is said to be a weak solution of system (1.1), if u satisfies
the following: u; € L*(0,T; Wol’p"(x)) N LPA®)(Qr) such that :

ui € L2(Qr) and for ¢; € C§°(Qr)
T

T
/ / (wirdi + | VUi 2V, Ve + ai(@) |ui PO 2 iy = / / fi(z, u)pidxdt
0 Q Q

0

and u;(0,.) = ¢; a.e in Q.

In the study of the global existence of solutions, we need the following hypotheses (H):

(H1) The exponents p;(x) satisfies the local logarithmic Holder continuity condition (2.1) and
pi(x) < pa(x) with 2 < py < pi(z) < pf < 400 and 2 < p; < pa(x) < py < +00.

(H2) (o1, 2) € (L(Q) N W™ (@) x (L) 0 W™ 7().

(H3) 3 K; € R such that 0 < K; < a;(z) € L*°(R2), i =1,2.

(H4) H(x,t,s1,52) € C*(Q x [0,T] x R?)

3 Main results

Our main existence result is the following:

Theorem 3.1 Assume that hypothesis (H1)-(H4) are satisfied. Then system (1.1) admits a unique
solution w = (u1,us) € (C([O,T);LQ(Q)))Q. Moreover, the mapping (p1,p2) — (ui(t), us(t)) is
continuous in (L2(Q))2.

Proof of the main results.

a) Existence.
The proof of Theorem 3.1 is based on a priori estimates.
Starting from a suitable initial iteration

(W (@, 1), uy’ (2, 1)) = (p1(2), p2(z)),
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[e.e]
we construct a sequence {(ugn) (x), ugn) (a:)} ) from the iteration process
n—=

( ) _ div <‘Vu(n) P Vuz(n)> + a;(x) |ui|pi(z - = fi(x,t, u(n 1) gnil)),in Qr,
u(”) =0, on 09 x (0,7), D
ul?(@.0) = (o1(2). o2(2),
where ¢ = 1,2. It is clear that for each n = 1,2, ...., the above systems consists of two uncoupled

(n)

initial boundary-value problems. By resuls (see, [5]) for fixed n the probem has a solution u;
L>*(Qr) N L*>(0,T; Wol’pi(x)). In the following, we prove that ugn) — u;, asn — oo, (i = 1,2).

S

Remark 3.2 In this paper, we shall denote by c, C; differents constants, depending on p;(x),T, 2,
but not on n, which may vary from line to line. Sometimes we shall refer to a constant depending
on specific parameters C;(T), etc.

(i) Multiplying the first equation in (3.1) by |u( )|k
and f; , we deduce that

) and using the growth condition on a;

1 n n
k+2dt/y (M) h+24 4 K, / ™ [P gy < o, / ™ (3.2)

Setting yy, 1 (t) = Hugn) | Lx-+2(q2) and using Holder’s inequality on both sides of (3.2), there exist two
constants ¢ > 0 and ¢ > 0 (independent of k and n) such that

d t -
yr;ltc( ) _’_cyztk l(t) SCI;

which implies from Ghidaglia’s lemma [32] that

Cl

Yn k(1) < ( c+ — YVt >r,r >0, (3.3)
[(p; —2)t]»~ =

as k — +oo, and for all ¢ > r > 0, we have

C/

ud™ || oy < (e + — Vt>rr > 0. (3.4)
[(pi7 —2)t] =2

(ii) Multiplying the first equation in (3.1) by ugn)

and integrating over Qr,

1 n)|2 n) |Pi(2) n)|p; n— n— n
,i ul™ d:r—{—/ ’Vu( )| d$+/ai(:v)|u( )|p’(w)d$:/fi(x,t,ug D,ug 1))u(- ) d.
2 dt (2 Q (2 Q 7 Q (2
(3.5)
If we take assumption (H3), we have
i ()
/ai(:v)|ul(-n)\pi(x)dm > K,/ )ugn) " . (3.6)
Q Q
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By Young’s inequality and the Poincaré inequality, we obtain

/Q!uﬁ”’ <cf, 14

/ fi(z,t ul , gn U)ugn)dm < ci/
Q

Taking the inequality above into (3.4), we obtain :

pi(z)
dx + C;, (37)

pz x)
do+C < = /‘Vu

2 2
fi(m,ugn_l),ugn_l))) dzr + k:@/ ’ul(n)‘ de+C;.  (3.8)
Q

L Ol /‘w d;v—i—Ki/ ]ug )| C; (3.9)

dt Q
iii) Now, multiplying the first equation in (3.1) by ugl ) , we get

(n)|2 p d ’ )[Pi(@) p d a;(z) (n) pi(z)
/ U, x—l—dt o (@) Vu x—l—dt o pulo) Vi

/ fi(z, t, u(n b, ( ))ug”)dx. (3.10)

By Young’s inequaltiy, we deduce
pi(x)

pi(x) (gj,T)dzc—i—Ci/ ‘uz(n)
Q

(z,T))dz < Ci(T). (3.11)

T 9 T 1
/ / ugl)‘ dm—}-/ /‘Vuz(-n)
0 Ja o Japi(z)
(n) (

By (3.4) and (3.11), there exists a subsequence of u;
function wu; such that as n — +o00:

denoted again by itself, i = 1,2) and a

u(.")ﬁui, weak in Lpi(“”)(O,T;WOl’pi(x)(Q)) and in  LP®)(Qr),

7

ugl)—>uit, in LQ(QT),

pz(x) 2 pl(a:)
V™ vul™ Uk i LR (Qr),
By the same argument as that in [35] , we have that x; = |[Vu|? i()—2 Vu;. To conclude that
u = (u1,ug) is a weak solution of system (S) it is enough to observe that fz(x,t,u(n 1), g ))

converges to f;(z,t,u1,us) strongly in L'(Q7) and in L*(0,T;L*(2)) for all s > 1, thanks to
Vitali’s theorem.

b) Uniqueness.

Assume that u = (u1,u2) and v = (v1,v2) are two solutions of (1.1).

Let w; = u; — v;,4 = 1,2, then we have
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¢
// —ui(w)e) + | Vus PO 2 Y, Vo + ag(z)|u gn)|pi(x)wi dxdt
0 Q

+ /ui(:v,t)wi(m,t) — /uiowi(:v, 0)dz
Q Q
t

—

/fi(x,t, uy, ug)widzdt, a.e. t € (0,T).
00

t

// —vi(wi)e) + |V VoV + ai(z))| gn)]pi(x)wi dxdt
Q

[e=]

+ / vi(a, t)w;(z,t) — / viow;(x, 0)da

Q Q

—//fi<$,t,1}1,?)2>wid.%‘dt, a.e. te(0,7).

0 Q

Subtracing the 2 equations, we get
/( —v;)?dx + // [V [P@) 2 Ty — |V |Pi (@)~ 2Vv1) V(u; — v;)dxdt

// (n)‘pi(z) _ ’vz(") |pi($)) (u; — v;)dzdt

= // (filz,t,ur,ua) — fi(z,t,v1,v2)) (u; — v;)dzdt.
00

Applying the folowing basic inequality, for any y, z € RY

(172 = 12 D72 2) (g = 2) 2 22y — 2, i r(a) > 2
Note that
(|Vui|pi(m)72 Vu,; — |V |[Pi®)—2 Vvi) Vu—v;) >0, i=1,2.

Using the previous inequality and the Lipschitz condition, a simple calculation shows that

¢
/(|u1 — 1)1|2 + |ug — UQ\Q)dx < c/ /(|u1 — v1]2 + |ug — v2|2)dazdt,
0
Q Q
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Set

T
= / /(\ul — 1)1|2 + |ug — v2|2)d$dt,
0
Q

then the above inequality can be written as
H'(T) < cH(T).

A standard argument shows that H(T") = 0 since H(0) = 0, and hence u; = v;, i = 1, 2.
Thus the solution is unique. The continuity of the the mapping (¢1,¢2) — (ui(t),u2(t)) can
be obtained similarly. [

4 ASYPMTOTIC BEHAVIOUR

This section is devoted to the asymptotic behaviour of solutions. In order to prove the asymptotic
behaviour, we assume
(H5) f1($7 t,u1, ’LL2)U1 + f2(17, t,u1, u2)u2 <0

Theorem 4.1 The weak solution u = (uq(t),us(t)) obtained in Theorem 3.1, satifies :
Jo |y (z, )2 dz+ [, lug (2, )| da < (021527103)@, where C; > 0 (i=1,2,3), a = %,,@ =p; or py orp,.

Proof. Let u; be solution of (1.1)
Multiplying the first equation in (1.1) by u; and integrating over Qr,

th/ |u1\ dm+/ | Vg [P x)dx—i—/ /a1 )|uq [P I)d:c/ /f1 x,ur,uz)urde,  (4.1)

Multiplying the second equation in (1.1) by ue and integrating over Qp,

2dt/ |ug|? dm—i—l/ |Vug|P? x)da:—i—/ /ag )| ug|P2(®) dw—/ /fgas uy, ug)ugdr.  (4.2)

Summing up (4.0) and (4.1), we have from hypothes (H5) that

th/ Jug [” dx+2dt/ |ug|? dm—/ [V [P da:+/ (VP2 dz < 0. (4.3)

By u; € VVO1 P i(x)(Q), using Poincaré inequality, we obtain

luill72 < el Vuill72 < e[ Va3, - (4.4)
If |Vual,, ;) > 1 and [Vusgl, ) > 1, by Proposition 2.1,
IVur ]!y < /Q V[P0 da and - |[Vuo[2 ) < /Q |Vug|P2® da. (4.5)

According to the assumption that p1(z) < pa(z), Then 2 <p; < p] <p;, <p5.

Hence, we get from (4.2) that
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= =
U dm—|— / ug|” dx+C (/ U dm) +C </ U 2dm> <0, ae, t>0. (4.6
53 |l o5 g [ uafdorcy ([ ol (] e (4.6)

By the formula (‘ITH’) <a*+0b%, Va,b >0, a>1, we have

P_ p_ P
<1/ Du1|2d:c+ |u2|2} da:) ’ <C </ |V [Pr®) dx) ’ + (/ Vg [P2®@ dx) ’ , (4.7)
2 Ja Q 9

this implies that

-
2

U1 da:+ /UQ da:—l—Cg(/ up | dz + |ug|? dx) <0, ae,t>0 (4.8

3 [l 55 [ el [l o+ usf’] )

where C3 = min(C1, Cq).
Denote

H(t) = /Q [lua? d + Jusf?] di

Then, we obtain from (4.8) that

H'(t)+ CH(t)'= <0. (4.9)

If |Vu | <1and [Vug < 1, by Proposition 2.1,

p1(x) p2(x)

|Vu1|p (@) / |Vu1|p1 dx and |Vu2|p (@) /Q|Vu2|172(z)

Then we get (4.4) that

2dt/\ i dx—i—zdt/]ug] dz + Cy </ s dx)

That is

3 3
2 2

+ Cy </ ]u2|2dx> <0, a.e, t>0.
Q

(4.10)

Py

2
U d:lc—i— / us|” dx + Cs (/ ulzdsc—k uz2 d:c> <0, a.e,t >0. 4.11
5 [lufdo+ 55 [ [ [husf? d+ fuap (411)

Again we have
+
H'(t)+ CH)F <.

Similarly, if [Vui|,, ,) > 1 and |[Vug|,, ) <1, or [Vuil, ) <1and [Vug|,,,y > 1, we can
also obtain the similar results

+ _
H'(t)+CH{t)F <0, or H'(t)+CH(t)% <0
Hence
/[|u1\2dx+\uQ|2 deL a:i B=p] or pg orpy, C;>0, i=1,23.
Q (Czt-i—Cg)a’ -2’ 1 2 20 ’ T
The proof is complete. [
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