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Suppose that G be a finite group, and let N(G) be the set of conjugacy class sizes of G.
By Thompson’s conjecture, if H is a finite non abelian simple group, G is a finite group

with a trivial center, and N (G) = N (H), then H and G are isomorphic. Chen et al.
contributed interestingly to Thompsons conjecture under a weak condition. In this article,
we investigate validity of Thompsons conjecture under a weak condition for the projective
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special unitary groups. This work implies that Thompsons conjecture holds for the PSU (3,
), where q is prime power.
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INTRODUCTION
All groups considered in this paper are finite, and simple

G
groups are non abelian. For convenience, we use { and
G
| g | to denote the conjugacy class of G containing J

G
and the size of ( , respectively. Denote by

G
N(G)={| 9" |: 9 €G}. suppose that 7(G) denote the
set of primes dividing the order of G . For a group G,

we construct the prime graph of G which is denoted by
I'(G) as follows: the vertex setis 7(G) and two distinct

primes P and ( are joined by an edge if and only if G
contains an element of order P . Let t(G) be the

number of connected components of T'(G) and let

013 7635-+ ) be the connected components of T°(G).

If 2e 7(G), then we always suppose that 2¢e 72'1(G),

|G| can be expressedas a product of co-prime positive

integers OCI ) I = 1, 2, .-.,t(G) where ﬂ-(OCI) = ﬂ'i ]

These OCi ’s are called the order components of G and
the set of order components of G will be denoted by

OC(G). Also wecall OCZ,---,OCt(G) the odd order

components of G . Let N be a positive integer and P

be a prime number. Then |n |p denotes the P - part of

n.
In 1987, John Thompson posted the following
conjecture concerning N(G).

Thompson’s conjecture (See [16], Question 12.38).
Let G be a group with trivial central. If H is a
simple group satisfying N(G)=N(H) , then G = H.
In [8], [9], Thompson’s conjecture is verified for a few
finite simple groups. In [11], Chen contributed to
Thompson’s conjecture under a week condition. The only
used order and one or two special conjugacy class sizes of
simple groups and characterized successfully sporadic
simple groups, A, PSL(4, 4), PSL(2, p), PSL(n, 2),
2Dn(2), 2Dn+1(2), Cn(2), alternating group of degree p, p
+ 1, p + 2 and symmetric group of degree p, where p is
prime number.

In this paper, we are going to characterize the projective
special unitary group PSU (3,q) by its order and one
special conjugacy class length,where q > 5 is a prime
power.

According to the classification theorem of finite simple
groups and [12], [15], [19], we can list the order
components of finite simple groups with disconnected
prime graphs as in Tables 1-4 in [9]. All further

4145 | Soleyman Askary, IIMCR Volume 12 Issue 04 April 2024



https://doi.org/10.47191/ijmcr/v12i4.05

“Characterization of PSU (3,q) by its order andone special conjugacy class size”

unexplainednotation is standard and we refer to [12], for
example.

1. First section
Definition 1. A Frobenius group is a transitive
permutation group in which the stabilizer of any two
points is trivial.

Definition 2. A group G is a 2-Frobenius group if there
exists a normal series 12 H2 K= G such that K and G/H

are Frobenius groups with kernels H and K/H,
respectively.
Lemma 1. [7] Let G be a Frobenius group of even order

with kernel K and complement H. Then t(G) = 2, the
prime graph components of G are n(H) and n(K) and
the following assertions hold:

(1) K is nilpotent;

(2) IK| =1 (mod [H).

Lemma 2. [7] Let G be a 2-Frobenius group, i.e., Gis a
finite group andhas a normal series 1= H2 K= G such that

K and G/H are Frobenius groups with kernels H and

K/H, respectively. Then:

(@) t(G) = 2, m1 = n(G/K) U n(H) and n; = n(K/H);
() G/K and K/H are cyclic,

|G/KI||K/H-1] and G/K < Aut(K/H).

Lemma 3. [19] If G is a finite group such that t(G)

> 2, then G hasone of the following structures:

(8) G isaFrobenius group or 2-Frobenius group;

G has a normal series 12 H2 K= G such that zn(H)U

n(G/K) € n1 and K/H is a nonabelian simple group.

In particular, H is nilpotent, G/K < Out(K/H) and the

odd order components of G are the odd order

components of K/H .

Lemma 4. [17] If n > 6 is a natural number, then there

are at least s(n)

prime numbers p;i such that (n + 1)/2 < p; < n. Here

s(n) =1, for 6 <n< 13;

s(n)=2, for 14<n <17,

s(n) =3, for 18 <n <37,

s(n) =4, for 38§ <n<4l;

s(n) =5, for42 <n <47,

s(n) =6, forn>48.

Lemma 5. [14] ] Let M =PSU(3,q), where g >5and 0C,
=920 yiith d = 3+ 1).

(i) If per;(M ) and p%| |M|, then p*—1 not congruent to 0
modulo 0C,.

(ii) If pem (M ), p%| [M], then p%+ 1= 0 (mod (0C,)) if and
only if p*= g3 or q =7 and p%= 27, for every positive integer
.

(iiii) If d = 3 and (0C,~1) | M|, then q = 8.

2. Second section

Main Theorem Let G be a group and q = p* is prime
power. ThenG = PSU(3,q) if and only if |G| = |PSU
(3,9)| and G has one conjugacy class size |PSU (3,q)|/r,
9?-q+1
B.a+1)
Proof. By [13], PSU (3, q) has one conjugacy class size
IGU (3, q)l/g® + 1.Since the necessity of the theorem is
easy, we only need to prove the sufficiency.

By hypothesis, there exists an element g of order r in
G such that

Cc(g) =< g > and Cg(g) is a Sylow r-subgroup of
G. By The Sylow theorem, we have that Cg(h) =< h
> for any element h in G of order r.So, {r} is a prime
graph component of G and t(G) > 2. Therefore, r is the
maximal prime divisor of |G| and an odd order component
of G.

Now, if t(G)=2, then OC(G) = OC(PSU (3, q)). By
[14],

G=PSU@S,Q).

If t(G) > 3, then we will show that there is no such group.
Since t(G) = 3, Lemma 1, and 2 show that G is neither a
Frobenius group nor a 2- Frobenius group. By Lemma
3, G has normal seriesls H2 K< G such that K/H is a
non abelian simple group and r is an odd order component
of K/H. Moreover, t(K/H) = 3.

According to the classification theorem of finite simple
groups and the results in Tables 1-4 in [9], K/H is an
alternating group, sporadic groupor simple group of Lie
type, which consider in the following.

where r=

be a prime number.

Step 1. K/H is not an sporadic simple group.

Proof. Suppose that K/H is an sporadic simple group.
Since q > 5,

r >19 and hence

r € {19, 23, 29, 31, 37,41, 43, 47,59, 67, 71}.

Now, ifr=19andd = 3, then q = 8, |PSU (3, 8)| =
2°.347.19 and K/H € {J1, J3,0n, TH, BN}, so 5 |
|[K/H|, which is a contradiction. Ifd = 1, then q(q — 1) =
18, which is impossible. By the same method, we can
consider the other possibilities for r.

Step 2. K/H can not be an alternating group Am, where
m > 5.

Proof. If K/H = An, then since r € n(K/H), m
>r. Also, sinceq > 5 is a prime power, r > 19. Thus
by Lemma 4, there exists a prime number s € z(Am)
such that (r + 1)/2 <s <r. Also, since |[K/H|||G|s |
r.g3(q + 1)2(q — 1), which is impossible.

Step 3. K/H is not a simple group of Lie type.

Proof. Assume that K/H is isomorphic to one of the finite
simple groups:

Case 1. Let t(K/H) = 3. Then r € {OC,(K/H),
OCs3(K/H)}:
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1.1.1f K/IH= Ai(q |) , where 4 | ¢', then the odd order
componentsof K/Hareq' + 1and q' — 1. If ¢’ + 1 = r, then

g’ —dq+1_1

a'=q@-1) or q

and hence, either

q':r—l:

':w:gq_z), which  are
impossible. If q'-1=r, then by Lemma 5, we get a

contradiction.

1.2.1f K/H EAl(q') ,where 4|q'+1,then q'=r or

qT_lzr. Now, if %:r, then q'-1=0(modr),
which is a contradiction by Lemma 5 (i). If q'=r and
d=1.then 0'=0"—0+1 and hence,
[K/HIFa(0"-q+D(@"-q+2)(q-D /2.

q°—q+2

Since |K/H| | |G| and not divides |G|, we get a

contradiction. If d =3, then (r—1)||G| and hence, by

Lemma 5(iii), we must have q = 8 and r =19. Hence q'=19.
But 5 | |PSL(2,19)| and 5 not divides [PSU(3,8)|, which is a
contradiction.

13.1f KIH=A(Q") , where 4|q'—1 . then q'=r or
q_+1 =r. Since the possibility q'=r is discussed in

former case, we suppose that qT“ler. Then

g'+1=0(modr) , By Lemma 5(ii), we can conclude that
q=7or q'=q3. Now, if g =7, then q':27.Since4
not divides 27 —1, we get a contradiction. If (' = q3 , then
|K/HHPSL2,q) =a°(a’ -2)(q’+D)/ 2.

On the other hand, [K/H| | |G|, thus q2 +0+1 must be
divide (q +1)2 , which is a contradiction.

14, 1f K/IHZ G,(q") where q':32“1>3, then

2 2
q'—\/ﬁ+1:—q _dq+1 orQ'+@+l=—q _dq+1

q°-q+1
d
and d =1, thus 3H1(3t+1)ZQ(q—1). Now, since

(3,9) =1, 3 dos not divide ( and hence |q—1|3:3“1.

. Let (3,q) =1. Assume that Q'—\/3T]'-|—l=

Thus |G|3:|q—1|3=3”1. On the other hand,

P 4K/ H LG |3=3t+1, which is a contradiction.
2-g+1
If d=3, then Q'+\/3Q'+1=% and hence,

3@ +)=(q+1)(@-2). Thus either 37](q+1)
and (q-2)]3(3 +1) or 3"1(q-2) and
(Q+D|33 +1). This forces (q+1)=3"and
(@-2)=3(3'+1) . This guarantees that |G |,=3"*.
Ao, 3O K /H|<|G|=3

, which is a

2
contradiction. If ql—\/?ql-l-l: q_Tq—l_l , then similar to
the above we get a contradiction. Assume that (3,q) = 1. So
d =1and q 'iﬁ+1= 0° +q+1, this forces ( = 3+
and -1= 3t t1 , Which is a contradiction.
1.5.1f K/H = D (3) , where s = 2! + 1 = 5, then

3+l g*-gq+l ¥+l g’-q+l
4 d 2 d =
3F+1

If

=1, then

3@ 0@+ [E -DIe @+ @
s _(3+D°

S 363
4096 and

On the other hand, r

s—2
325(5—1)—5 < 35(5—1) (35—1 _1)(35—1 +1)H(32i —l) | qS(q +1)2 (q —

i1

, which implies that 2s(s—1) <7sand hence, S<95,

3+l g°-q+l
2 d

similar to the above, we get a contradiction.

16.1f K/H 2 D,.,(2), where s=2"-1and n>2,

2_
VI ke O

which is a contradiction. If , then

28+1+1: qz _q+1

then If

2°+1= r, then 25 = q(q —1) or 2% = (q+1):§q—2) ’

which is impossible. The same reasoning rules out the case
when 2°" +1=r.
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17. 11 KIH=F,(q), where q'is even, then
2 2
q.4+1:q q+10rql4_q12+1:q q+1
d d
If g*+1=r, then 9*(q°— 1)*(q" — 1)*(9"* — q* +

1)1g%q+ 1)*(q—1). Also, r* = (@* + 1)°* < (9°)° =
g* and g*(q® —1)(q” —1)*(9* — g% +1) < ¢*(q +
D>(g — 1) < r® < g°°, whichis a contradiction. If
q v q |2_|_1 =r
contradiction. By the same method, we can prove that
K /H cannot be a simple group F4(q), where q'is odd.
18. 1f K/IH= E7(2), then r € {73,127}. Therefore,

r=73and g =09.
So |PSU (3, 9)| = 210.3%.52.73. On the other hand, 13 |

, then similar to the above, we get a

|[E7(2)], which isa contradiction. By the same method,
we can prove that K/H cannot be a simple group
E7(3).

1.9. If K/H = A(2), Az(4) or 2As(2), then since q = 5
is a prime power,
we get a contradiction.

1.10.1f K/ H 22 F.(Q) , where " = 221 = 2, then
r=q%x 29°+

g+ 2q’ +1. In both cases, we can see at once that
|[K/H| > |G|, which

is a contradiction.

Case 2. Let t(K/H) € {4,5}. Then
r € {OCyxK/H), OC3(K/H),
OCs5(K/H)},

as follows:

21.1f K/H2? Bz(q I),where q'= 224 and t>1, then

re{q-19't4/29"+1}.1f g'—1=r, then by Lemma

5(i), we get a contradiction. Assume that §'—+/20"'+1=Tr

OC4(K/H),

Then qlz—lE 0(modr). Therefore, Q =2 or

12

3 . .
J° =0 . Now, since 2’ is not a square, we get a

12 3
contradiction. If  ~ =0, thenqiseven. Let d =1.

Thus 22t — 2%1 = q(q — 1) and since (g, g — 1) = 1, we

t+1 19
conclude that q:2+ and I'<( which is a

contradiction. . If d = 3 and we assume that ( = 2"
then 2(3.22 — 3.2t + 1) = 2™(2™ — 1), which implies that
m=1.But q > 5 and hence, we get a contradiction. For
q +2q" + 1 =
contradiction.

r, similar to the above we get a

2.2.If K/Hz A2(4) then 6{5 7, 9} Since

q > 5is a prime power, we get a contradiction.

q+1

2 f—
23.1f K/ H =" E((2), then qTe{13,17,19}.

2—q+1
Let %=19and d =3, then q(q-1)=56, q =

8 and |PSU (3, 8)] = 2°.3%*7.19. On the other hand

2 I .
13” EG(Z) | which is a contradiction. For r € {13, 17},
similar to the above we get a contradiction.

2.4.1¢ K/H=E;(q), then

re{9®-q9"+9°-q*+q”*-q+1,q"+q"-q°-q"
q°-q°+9"-q%+1,9°-q"+1}.
If q|8_q|7+ql5_q|4+ql3_ql+1:rlthen r<q1910n

6 154 6
the other hand, " <" and |G |<I”. Since g2 | [K/H|

and |K/H| | |G|, we get a contradiction. For other cases,
similarly we get a contradiction.

3. Third section

Corollary 1. Let = P“ be a prime power. Then
Thompson’s conjecture holds for the simple groups

q°—q+1

, Where —————
PSU (3,q) , where 3.q+1)

is prime number.

Proof. Let G be a group with trivial center and
N(G) =N(PSU(3,q)). Then it is proved in [6], that
|G |5 PSU (3,q) |- Hence, the corollary follows from
the main theorem.
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