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1. INTRODUCTION 

Metric spaces have undergone numerous generalizations over 

time. One such generalization is the Menger space, 

introduced by Menger in 1942 [12], where distribution 

functions replace nonnegative real numbers as metric values. 

Schweizer and Sklar [22] further explored this concept, and 

significant developments in Menger space theory were later 

contributed by Sehgal and Bharucha-Reid [18]. 

Sessa [19] introduced the concept of weakly commuting 

maps in metric spaces, which was later extended by Jungck 

[8] to include compatible maps. Mishra [13] further expanded 

this idea in Menger spaces by incorporating the notions of 

weak compatibility and compatibility of self-maps. 

In this paper, we establish a common fixed point theorem for 

expansion mappings involving six mappings in Menger 

spaces, considering the conditions of weak compatibility and 

semi-compatibility. 

 

2. PRELIMINARY  

Definition 2.1- A triangular norm * (shortly t -norm) is a 

binary operation on the unit interval [ ]0,1
 
such that for all 

 1,0,,, dcba
 
the following conditions are satisfied. 

( )
( )
( )
( ) ( ) ( ) cbacbad

dbcadcbac

abbab

aaa

****   

  &     whenever**   

**   

1*   

=



=

=

 

Examples of t -norm are { }max 1,0a b a b* = + -
  

and 

{ }min ,a b a b* = . 

Definition 2.2- A distribution function is a function 

[ ] [ ]: , 0,1F - ¥ ¥ ®  which is left continuous on R , 

non- decreasing and ( ) ( )0, 1F F- ¥ = ¥ = . 

We will denote by D  the family of all distribution functions 

on [ ],- ¥ ¥ . H is special element of  D  defined by  

                                    
( ) {

0 0

1 0

if t

if t
H t

£

>
=

 

If X is nonempty set, :F X X´ ® D is called a 

probabilistic distance on X and ( ),F x y
 
is usually denoted 

by
xyF . 

Definition 2.3 (Schweizer and Sklar [16])-The ordered pair 

( ),X F
 
is called a probabilistic metric space (shortly PM 

space) if X  is nonempty set and F is a probabilistic distance 

satisfying the following conditions: for all Xzyx ,,  and 

, 0t s > , 

(FM0)  ( ) 1=tFxy  iff yx =  

(FM1)  ( ) 00 =xyF  

(FM2)  ( ) )(tFtF yxxy =  

(FM3)   ( ) ( ) ( ) 11,1 =+== stFsFtF xyzyxz  

The ordered triplet ( ), ,X F *
 
is called Menger space if 

( ),X F
 
is a PM-space,*  is a t -norm and the following 

condition is also satisfies: for all Xzyx ,,  and , 0t s > ,

( ) ( ) ( )( 4) xy xz zyFM F t s F t F s+ ³ * . 
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Proposition 2.4 (Sehgal and Bharucha-Reid [13]) - Let 

( ),X d
 
be a metric space. Then the metric d  induced a 

distribution function F  defined by 

( ) ( )( ),xyF t H t d x y= -
 

for all Xyx ,  and 0t > . If t -norm * is 

{ }min ,a b a b* =
 
for all  1 , 0, ba  then ( ), ,X F *

 

is a Menger space. Further, ( ), ,X F *  is complete Menger 

space if ( ),X d
 
is complete. 

Definition 2.5 (Mishra [14]) -Let ( ), ,X F *
 
be a Menger 

space and * be a continuous t -norm. 

(a) A sequence { }nx
 
in X is said to be convergent to some 

point x in X iff for every 0e >  and ( )1 , 0l
 
there exist 

an integer ( )0 0 ,n n e l= such that ( ) 1
nx xF e l> -  for all

0n n³ . 

(b) A sequence { }nx
 
in X is said to be Cauchy sequence if 

for 0e >  and ( )1,0l There exist an integer 

( )0 0 ,n n e l=
 

such that ( ) 1
n n px xF e l

+
> - for all 

0n n³
 
and 0p > . 

(c) A Menger space in which every Cauchy sequence is 

convergent is said to be complete. 

Remark 2.6- If * is continuous t -norm, it follows from (FM 

4) that the limit of sequence in  

Menger space is uniquely determined. 

Definition 2.7 (Singh and Jain [21]) - Self maps A  and B  

of Menger space ( ), ,X F * are said to be weakly compatible 

if they commute at their coincidence points, that is  

If BAxABxBxAx == for some  Xx . 

Definition 2.8 (Mishra [14]) - Self maps A  and B  of 

Menger space ( ), ,X F *
 

are said to be compatible if 

( ) 1
n nABx BAxF t ®  for all 0t > ,whenever { }nx is a 

sequence in X such that ,n nAx Bx x®  for some x in X  

as n® ¥ . 

Definition 2.9- Self maps A  and B  of Menger space 

( ), ,X F *
 

are said to be a semi compatible if 

( )lim 1
nABx Bx

n
F t

® ¥
®  for all 0t > ,whenever { }nx

 
is a 

sequence in X such that 

lim ,limn nAx x Bx x as n® ® ® ¥  for some x in 

X  . 

Lemma 2.10- Let { }nx
 
be a sequence in a Menger space 

( ), ,X F *  with continuous t -norm *  and t t t* £ . If there 

exist a constant 1k > such that  ( ) ( )
1 1n n n nx x x xF kt F t

- +
£  

For all 0t >  an 1,2,...n = , then { }nx
 

is a Cauchy 

sequence in X . 

Lemma 2.11- Let ( ), ,X F *  be a Menger space. If there 

exist 1k >  such that ( ) ( )xy xyF kt F t£  

For all Xyx , and 0t > , then yx = . 

 

3. MAIN RESULTS 

Theorem 3.1- Let , , , ,A B S T L  and M be self maps on a 

complete Menger space ( ), ,X F *
 
with  tt * £ t for all 

 1 , 0t   satisfying, 

(a) ( ) ( ) ( ) ( )XMXABXLXST    ,   

(b)  For all Xyx ,  and 0t >  there exist a constant 

1k > such that 

           ( )ktF LxMy
2

£

( ) ( ) ( )

( ) ( ) 











2/*2/

*2/*2/
max

ktFktF

tFtFtF

MySTyLxSTy

MySTyLxSTyABxLx
 

(c)  Either AB  or L  is continuous. 

(d) BLLBTSSTBAAB === ,,  and MT TM= . 

(e)  Pair ( ),L AB
 
is semi compatible and ( ),M ST is weak 

compatible. 

Then , , , ,A B S T L  and M  have unique common fixed 

point in X . 

Proof: - Let Xx 0  is any arbitrary point. As 

( ) ( ) ( ) ( )XMXABXLXST     and    , there exist 

Xx 1  , Xx 2  such that 110 yLxSTx ==  and 

221 yMxABx == , inductively we have 

nnn yLxSTx 2212 ==−  and 12122 ++ == nnn yMxABx for 

,.........3 , 2 , 1=n  

Step (1) –Using (b) with nxx 2=  and 12 += nxy  

( )ktF
nnMxLx 122

2
+

£

( ) ( ) ( )

( ) ( ) 











+++

+++

2/*2/

*2/*2/
max

1212122

121212222

ktFktF

tFtFtF

nnnn

nnnnnn

STxMxSTxLx

STxMxSTxLxLxABx
 

( )ktF
nn yy 122

2
+ £

( ) ( ) ( )

( ) ( ) 











+++

++++

2/*2/

*2/*2/
max

2212222

2212222212

ktFktF

tFtFtF

nnnn

nnnnnn

yyyy

yyyyyy
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( )ktF
nn yy 122

2
+ £ ( ) ( )ktFtF

nnnn yyyy 1222212
.

+++
 

( )ktF
nn yy 122 +

£ ( )tF
nn yy 2212 ++

 

Similarly it can be found that  

( )ktF
nn yy 2212 ++

£ ( )tF
nn yy 3222 ++

 

Therefore for all n  even or odd we have ( )ktF
nn yy 1+

£

21 ++ nn yyF . Thus  ny  is a Cauchy sequence . Since X is 

complete then  ny  converges to some point z in X . Or all 

subsequence      12212  ,  , +− nnn MxLxSTx  and  nABx2  

also converges to z . 

Case (a) – When map AB is continuous . 

Step (2)– Since zLx n
n

=2
®¥

lim  and zABx n
n

=2
®¥

lim . Since 

AB is continuous map then ABzABLx n
n

=2
®¥

lim  and 

ABzABABx n
n

=2
®¥

lim  

Also ( )LAB,  is semi compatible map then if 

zLxABx n
n

n
n

== 2
®¥

2
®¥

 lim lim  

Therefore  ABzLABx n
n

=2
®¥

lim . 

Using (b) with nABxx 2= , 12 += nxy  

( )ktF
nnMxLABx 122

2
+

£max

( ) ( ) ( )

( ) ( ) 











+++

+++

2/*2/

*2/*2/

1212122

121212222

ktFktF

tFtFtF

nnnn

nnnnnn

STxMxSTxLABx

STMxSTxLABxLABxABABx
 

Limiting ®¥n We have 

( )ktF zABz
2

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

zzzABz

zzzABzABzABz
 

( )ktF zABz
2

£ ( ) ( )2/.2/ ktFtF zABzzABz  

( )ktF zABz
2

£ ( ) ( )ktFtF zABzzABz .  

( )ktFzABz £ ( )tFzABz  

zABz =  

Step (3)- Using (b) with 12  ,  +== nxyzx  

( )ktF
nLzMx 12

2
+

£max

( ) ( ) ( )

( ) ( ) 











+++

+++

2/*2/

*2/*2/

121212

121212

ktFktF

tFtFtF

nnn

nnn

STxMxLzSTx

STxMxLzSTxABzLz
 

Now limiting ®¥n we have  

( )ktF zLz
2

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

zzzLz

zzzLzzLz
 

( )ktF zLz
2

£ ( ) ( )2/.2/ ktFtF zLzzLz  

( )ktF zLz
2

£ ( ) ( )ktFtF zLzzLz .  

( )ktFzLz £ ( )tFzLz zLz =  

Step (4) - Since BLLB =  then  BzBLzLBz ==  

Also BzBABzABBzBAAB ===  

By using ( )b  with 12, +== nxyBzx  

( )ktF
nLBzMx 12

2
+

£max

( ) ( ) ( )

( ) ( ) 











+++

+++

2/*2/

*2/*2/

121212

121212

ktFktF

tFtFtF

nnn

nnn

STxMxLBzSTx

STMxLBzSTxABBzLBz
 

( )ktF
nLBzMx 12

2
+

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

zzzBz

zzzBzBzBz
 

( )ktF zBz
2

£ ( ) ( )2/.2/ ktFtF zBzzBz  

( )ktF zBz
2

£ ( ) ( )ktFtF zBzzBz .  

( )ktFzBz £ ( )tFzBz zBz =  

Step (5) - Since zLz =  and  ( ) ( )XLXST   

Then there exists a point Xw  such that  STwLz =   

By using (b) with wyxx n ==   ,  2           

( )ktF MwLx n2

2
£max

( ) ( ) ( )

( ) ( ) 











2/*2/

*2/*2/

2

222

ktFktF

tFtFtF

MwSTwSTwLx

MwSTwSTwLxLxABx

n

nnn

            

Now limiting ®¥n we have   

( )ktF zMw
2

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

MwLzzLz

MwLzzLzzz
 

( )ktF zMw
2

£ ( ) ( )2/. ktFtF zMwzMw  

( )ktF zMw
2

£ ( ) ( )ktFtF zMwzMw .  

( )ktFzMz £ ( )tFzMw zMw =  

Therefore MwSTw ==  

Since ( )MST ,  is weak compatible, then MSTwSTMw =   

MzSTz =  

Step (6) – Using (b) with zyxx n ==   ,  2  

( )ktF MzLx n2

2
£max

( ) ( ) ( )

( ) ( ) 











2/*2/

*2/*2/

2

222

ktFktF

tFtFtF

MzSTzSTzLx

MzSTzSTzLxLxABx

n

nnn

 

( )ktF zMz
2

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

MzMzzMz

MzMzzMzzz
 

( )ktF zMz
2

£ ( ) ( )2/.2/ ktFtF zMzzMz  

( )ktF zMz
2

£ ( ) ( )ktFtF zMzzMz .  

( )ktFzMz £ ( )tFzMz  zMz = . 

Step (7) – Since TMMT =  therefore TzTMzMTz ==  

Again Since TSST =  therefore  TzTSTzSTTz ==  

Now using (b) with Tzyxx n ==  , 2  
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( )ktF MTzLx n2

2
£max

( ) ( ) ( )

( ) ( ) 











2/*2/

*2/*2/

2

222

ktFktF

tFtFtF

MTzSTTzSTTzLx

MTzSTTzSTTzLxLxABx

n

nnn

 

Now limiting ®¥n we have  

( )ktF zTz
2

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

TzTzzTz

TzTzzTzzz

 

( )ktF 2
£ ( ) ( )2/.2/ ktFtF zTzzTz  

( )ktF zTz
2

£ ( ) ( )ktFtF zTzzTz .  

( )ktFzTz £ ( )tFzTz zTz =  

Since zSzzSTz ==  

Therefore zMzLzTzSzBzAz ====== , that is z

is the common fixed point of the six maps. 

Case (b) –When map L  is continuous. 

Step (8) – Since zLxABx n
n

n
n

== 2
®¥

2
®¥

limlim  and 

LzLLxLABLx n
n

n
n

== 2
®¥

2
®¥

limlim   

Also pair ( )LAB,  is semi compatible pair since 

zLxABx n
n

n
n

== 2
®¥

2
®¥

limlim
 

LzABLx n
n

=2
®¥

lim
 

By using (b) with 122 , +== nn xyLxx  

( )ktF
nnMxLLx 122

2
+

£max

( ) ( ) ( )

( ) ( ) 











+++

+++

2/*2/

*2/*2/

1212122

121212222

ktFktF

tFtFtF

nnnn

nnnnnn

STxMxSTxLLx

STxMxSTxLLxLLxABLx
 

Now limiting ®¥n we have  

( )ktF zLz
2

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

zzzLz

zzzLzLzLz
 

( )ktF zLz
2

£ ( ) ( )2/.2/ ktFtF zLzzLz  

( )ktF zLz
2

£ ( ) ( )ktFtF zLzzLz .  

( )ktFzLz £ ( )tFzLz zLz = . 

Step (9) - Again using (b) with 12, +== nxyzx  

( )ktF
nLzMx 12

2
+

£max

( ) ( ) ( )

( ) ( ) 











+++

+++

2/*2/

*2/*2/

121212

121212

ktFktF

tFtFtF

nnn

nnn

STxMxLzSTx

STxMxLzSTxABzLz
 

Now limiting ®¥n we have  

( )ktF zz
2

£max
( ) ( ) ( )

( ) ( ) 







2/*2/

*2/*2/

ktFktF

tFtFtF

zzzLz

zzzzzABz
 

( )ktF zz
2

£ ( ) ( )2/.2/ ktFtF zLzzABz  

( )ktF zz
2

£ ( ) ( )ktFtF zLzzABz .  

( )ktFzz £ ( )tFzABz  

1 £ ( ) zABztFzABz =  

zAzABz == . 

Rest proof is same as step-4 onward. 

Uniqueness: - Let u be another common fixed point of 

LTSBA ,,,, and M then 

uMuLuTuSuBuAu ====== . 

By using (b) with 12, +== nxyux  

( )ktF
nLuMx 12

2
+

£max

( ) ( ) ( )

( ) ( ) 











+++

+++

2/*2/

*2/*2/

121212

121212

ktFktF

tFtFtF

nnn

nnn

STxMxLuSTx

STxMxLuSTxABuLu
 

Now limiting ®¥n we have  

( )ktF uz
2

£max
( ) ( )

( ) ( ) 







2/*2/

)(*2/*2/

ktFktF

tFtFtF

zzuz

zzuzuu
 

( )ktF uz
2

£ ( ) ( )2/.2/ ktFtF uzuz  

( )ktF uz
2

£ ( ) ( )ktFtF uzuz .  

( )ktFuz £ ( ) zutFuz = . This completes the proof of the 

theorem. 

Example 3.2: - Let  1,0x  with the metric d  defined by 

( ) yxyxd −=,  and defines ( ) ( )( )yxdtHtFxy ,−=  

for all 0,,  tXyx . Clearly ( ),*, FX  is a complete 

Menger space where t-norm * is defined by 

 baba ,min* =  for all  1,0, ba  . Let LTSBA ,,,,

and M  be maps from X  into itself defined as 

( ) ( ) ( ) ( ) ( ) 3/ ,  , 2/ ,  , 3/ xxLxxTxxSxxBxxA =====  

( ) 4/xxM = for all Xx . Then 

( )     ( )XSTXL == 2/1 , 03/1 , 0  and 

( )     ( )XABXM == 1/3 , 04/1 , 0 . Clearly 

BLLBTSSTTMMTBAAB ==== ,, , and LAB,  

are continuous. Moreover  nx  is a sequence such that
®¥

lim
n

  0=nx . Since 0limlim
®¥®¥

== n
n

n
n

LxABx  for X0 , 

then n
n

n
n

LABxABLx
®¥®¥

limlim = . Therefore ( )LAB,  is 

compatible . Also M  and ST are weakly compatible at 0. 

Condition (b) of main theorem satisfy equal condition for  

3/1 , 2 == tk  and 2/1,1 == yx  where   X1/2 , 1  

and less than condition for 20/1  , 2 == tk  and 

2/1 , 0 == yx  where   X2/1 , 0 . Thus all the 

condition of main theorem satisfied and 0 is the unique 

common fixed point of  LTSBA ,,,, and M . 
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Corollary: - Let TSBA ,,,  be self maps on a complete 

Menger space ( ),*, FX  with tt * £ t for all  1 , 0t   

satisfying, 

(a) ( ) ( )XTXA  , ( ) ( )XSXB   

(b) For all Xyx , and 0t  there exist a constant  

1k  such that  

( )ktF AxBy
2

£max

( ) ( ) ( )

( ) ( ) 











2/*2/

*2/*2/

ktFktF

tFtFtF

ByTyAxTy

ByTyAxTySxAx
 

      (c) Either A  or  S  is continuous . 

      (d) Pair ( )SA,  is semi compatible and ( )TB,  is weak 

compatible . 

                 Then TSBA &,,  have unique common fixed 

point in X . 
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