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Abstract

Let N be a 3-prime I'— near ring. The purpose of this paper is to extend the
results of Ashraf[l] and Ashraf and Rehman[2] in the setting of a semigroup
ideal of N admitting a generalized derivation.
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1 Introduction

The notion of a I'— ring, a concept more general than a ring was defined by
Nobusawa|9].As a generalization of near-rings, I'—near rings were introduced by Satya-
narayana[11].Recently Booth and Groenewald [4,5],Satyanarayana[12,13],Selvaraj and
George[14,16],Selvaraj and Madhuchelvi[15,17] studied several aspects in I'— near
rings.In the case of rings, generalized derivations have received significant attention
in recent years.The derivations in I'— near rings have been introduced by Bell and
Mason[3].They studied basic properties of derivations in I'— near rings.In [1], Ashraf
et.al. investigates the commutativity of a prime ring admitting a generalized deriva-
tion with associated derivation satisfying certain properties. Daif and Bell[6] proved
that a semiprime ring R must be commutative if it admits a derivation d such that
d([z,y]) = [x,y] or d([x,y]) + [x,y] = 0. Further Ashraf and Rehman|2] extended the
mention result for Lie ideals of R.

Motivated by the above,in this paper, we extend M.Ashraf’s[1] results to a semi-
group ideal of a 3-primel’— near ring and generalize the results of Ashraf and
Rehman|2] for generalized derivation and semigroup ideals of a 3-prime I'— near ring.

2 Preliminaries

Throughout this paper N stands for a zero symmetric right I'— near ring. In this
section we collect all basic concepts and results in I'— near rings mostly from Booth[4]
and Satyanarayana[l1] which are required for our study.

Definition 2.1 AT - near ring is a triple (N,+,T) , where

(i) (N,+) is a (not necessarily abelian) group;
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(i) T' is a non-empty set of binary operations on N such that for each v € T,
(N, +,7) is a right near -ring and;

(11i) (zyy) pz = xy (ypz) for all x,y,z € N and v, € T

[-near rings generalize near-rings in the sense that every near-ring N is a I'-near ring
with T' = {-} where - is the multiplication defined on N.

Example 2.2 Let N = Zg with T' = {~,72} where v1,7v, are given by the Schemes
1: (0,1,0,0,0,0) and 2: (0,0,1,0,0,0) ( see p.409, Pilz[10])

w0 1 23 4 5
0/0 000 0 0
11010000
2102 00 0 0
310 30000
410 400 0 0
510 500 0 0
%[0 1 2 3 4 5
0/0 000 0 0
11001000
200 0 2 0 0 0
310 03 00 0
410 0 400 0
510 050 0 0

Then N 1is a I'-near ring.

Definition 2.3 Let N be a zero symmetric right I'—near ring. An additive mapping
d: N — N is said to be a derivation on N if d(xay) = zad(y) + d(z)ay for all
x,y € N,ael.

Definition 2.4 For all x,y € N anda €T
[, y]la = zay — yax

(x0y)e = zay + yax

(zy)=z+y—z—y

Definition 2.5 Let N be a zero symmetric right I'—near ring.An additive mapping
f: N — N is said to be a right generalized derivation (resp.left generalized
derivation) on N if there exists a derivation d of N such that f(zay) = f(z)ay +
zad(y)(f(zay) = zaf(y) + d(x)ay) for all z,y € N,a € I'. An additive mapping
f N — N is said to be a generalized derivation if it is both right and left
generalized derivation.

Definition 2.6 A nonempty subset U of N is called a semigroup right
ideal(resp.semigroup left ideal) if UUN C U(NTU C U). U is called semi-
group tdeal if it is both right and left semigroup ideal.



Definition 2.7 A I'— near ring N is called 3-prime if aL’NI'b=0=a =0 orb=0
for all a,b € N.

Definition 2.8 A I'— near ring N is called 2-torsion-free if (N, +) has no elements
of order 2.

Definition 2.9 An element x© of a I'— mnear ring N 1is called distributive if
za(a+b) = zaa + zab for all a,b € N and o € T.If all the elements of a I'—
near ring N are distributive, then N 1is said to be a distributive I'— mnear ring.

Definition 2.10 For all x,y,z € N and o, € T,

2By, 2], = xBy, 2], + [2, 2], By + xBzay — zazBy,

(2,982, = yB [z, 2], + [, 9], Bz + yaxfz — yBraz,

(#Byoz), = 2B (yoz), — [z,2], By + 2Bzay — vazfy = (vo2), By + 2By, 2], +
razfy — xfBzay and

(xoypBz), = (xoy), Bz —yBz, 2], + yaxfz — ypfraz = yp(xoz), + [z,y], Bz +
yPraz — yaxfz.

3 Generalized Derivations of 3-Prime ['— Near
Rings

Throughout this section, a ['— near ring N is satisfying the assumption (*):aabfc =
afbac for all a,b,c € N,a, 5 € T

Lemma 3.1 If d # 0 is a derivation on a 2-torsion free I'— near ring N and U a
semigroup ideal of N such that U +U C U and d(U) =0, then U C Z.

Proof. Let v € U,z € N. By the hypothesis and by|[7,Theorem]| , d ([u,z],) =0 =
ueZ ThusUCZ. =

Theorem 3.2 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U+U C U and f a generalized derivation associated
with d # 0. If (f (y)od(x)), =0 forallz,yc U and a € T', then U C Z.

Proof. Given that (f (y)od(z)),=0forallz,y e U and a € I'
Replace y by y5z and using (*), we get

— [y, d(2)], 8 (2) +d(y) B(z0d(x)), —[d(y),d(z)],fz=0for z,yelUz€Na,fel.
Replace y by d(z) for any = € V where V = {u € U|d (u) € U}, we get
d* () B (2 0d(x)), — [ (x),d(z)], B2=0 (1)
Replace 2 by zyy in (1) and using (1), we get
d* (z) Bzy[y,d (x)], =0 for z,y €U,z € N,o, 3,7 €T

Hence d? (z) BN [y,d (z)], = 0. This implies that either [y, d (x)], = 0 or d* (x) =
0.If [y, d (x)], = 0 then d (z) ay = yad (x) for x,y € U. This implies that U C Z. If
d*(z) =0 then d(d(U))=0=d(U) =0 since d# 0.By Lemma 3.1, UC Z. m
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Theorem 3.3 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U+U C U and f a generalized derivation associated
with d # 0. If [d(z), f(y)], =0 for allz,y € U and a € T, then U C Z.

Proof. By hypothesis we have [d (z), f (y)], = 0 for all z,y € U and o € I'. Replace
y by yfz and using (*), we get

f () Bld (x) 2], +yB1d(x) ,d ()], + [d (x) g, Bd (=) = 0 (2)
for all 7,y € U,z € N,a, B € T. Replace z by zvd (z) in (2) and using (2) we get
yBzy [d (@), & (@)], +yB[d () 2], v (@) + [d () o], ord () =0 (3)
Replace y by 0y in (3) and using (3) we get
[d(x),t], 0yBzyd* (x) =0 forall z,y € U,z,t € N,a,,7,d € T.
This implies that
[d(x),t], U~d® (x) =0

Thus either [d (z),¢], =0 or d*(z) =0
By using the same technique as in the above theorem, we get the required result. m

Theorem 3.4 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U+U C U and f a generalized derivation associated
with d # 0. If (d(z) o f(y)), = (xovy), forallz,y €U and a €T, then U C Z.

Proof. Given that
(d(z)o f(y), =(xoy), foral z,yecU and acl. (4)

If f =0, then (zoy), = 0 for all z,y € U,a € I'. Replace y by yfz, we get
yBlx, 2], =0 for all x,y € U,z € N,a, 5 € I'In particular [z, 2] yyf |z, 2], =0 =
[z, 2], vUPB [z, 2], = 0. This implies that [z,z], =0 for all z € U,z € N, € I'. Thus
UcCZ.

Now we assume that f # 0. Replace y by yf8z in (4) and using (4), we get

(d(x)oy), Bd(2) = f(y) Bld(x), 2], —yBld(z),d(2)], +yB[z,2],=0 (5
for all 7,y € U,z € N, a, B € T. Replace z by d (z) in (5),we get
(d(z) oy), Bd* (v) —yB [d(z) ,d* ()], +yBlx,d(z)], =0 (6)
Replace y by zyy for all y,z € U in (6) and using (6) we get
[d (), 2], vyBd* (x) = 0= [d(z), 2], vUBd* (x) = 0

This implies that either [d(z),z], = 0 or d* (z) = 0. By using similar argument as
in the Theorem 3.2, U C Z. m

By using similar techniques, we also prove the following theorem.
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Theorem 3.5 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U+U C U and f a generalized derivation associated
with d # 0. If (d(z) o f(y)), + (xoy), =0 for allz,y € U and a € T, then U C Z.

Theorem 3.6 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U4+U C U and f a non zero generalized derivation
associated with d # 0. If [d(z), f (y)], = [z,y], for all z,y € U and o € T', then
UCZ.

Proof. Given that
d(z), f ()], = [z,y], forall z,ycU and a el (7)
Replace y by 58z in (7) and using (7), we get
) Bl (), 2], +yBld (@), d ()], + [d(2).4], 6d(z) — yBla.2, =0 (8)

forall z,y,z € U,a, 5 € T.
Replace z by zyd (z) in (8) and using (8),we get

yBey [d(x),d* (x)] +yBld(x),z],vd* (x) + [d () ,y], Bzvd® (x) — yBzy [z, d (z)], =
(9)
forall z,y,z €e U,a, 8,7y €T

Replace y by tdy for all y,t € U,§ € T" in (9) and using (9) we get

[d () ,t], 6yBayd® (z) = 0 = [d(z),t],0U~d* (z) = 0

for all x,y,z,t € U,a, 8,7,6 € I This implies that either [d (z),z], = 0 or d* (z) = 0.
By using similar argument as in the proof of the above Theorems , U C Z. =

We also prove the following theorem as in Theorem 3.6 with necessary variations.

Theorem 3.7 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U4+U C U and f a non zero generalized derivation
associated with d # 0. If [d(z), f (y)], = — [z, y], for all z,y € U and o € T, then
UcCZ.

Theorem 3.8 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U4+U C U and f a non zero generalized derivation
associated with d # 0. If f ([u,v],) = (uwow), for allu,v € U anda € I', then U C Z.

Proof. For all u,v € U, € I',we have
f(u,v],) = [z,y], = f(v) v +uad (v) — f(v) au — vaad (u) = uov + vau  (10)
Replace v by vfu in (10) and using (10), we get

[u,v], Bd (u) =0 (11)



for all u,v e U,a, 8 € T
Replace v by wyv in (11) and using (11),we get

[u, w], yvpd(u) = 0= [u,w], YUBd(u) =0

for all u,v €e Uyw € N,a, 8,7 €T

By [8,Lemma 3.3],[u,w], =0or d(u) =0forallu e Uywe N,a el

If [u,w], =0 then U C Z. On the other hand, if d (u) = 0 for all v € U, by Lemma
31, UCZ. =

Using the same technique with necessary variation we get the following

Theorem 3.9 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U+U C U and f a non zero generalized derivation
associated with d # 0. If f ([u,v],) + (wowv), = 0 for all u,v € U and o € T, then
UcCZ.

Theorem 3.10 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U4+U C U and f a non zero generalized derivation
associated with d # 0. If f (uowv),) = [u,v], for allu,v € U anda € I', then U C Z.

Proof. For all u,v € U, € I',we have

f((wov),) = [u,v], (12)
Replace v by vfu in (12) and using (12), we get
f((wovpu),) = [u,vpul, = (uow), fd(u) =0 (13)

for all u,v € U,a, B €T
Replace v by wyv in (13) and using (13),we get

[u, w],, yvBd (u) = 0 = [u,w],YUBd (u) =0

for all u,v € Uyw € N,a, 3,7 €T.
By using the same argument as in Theorem 3.8, we get the required result. m

We also prove the following theorem by using the same technique with necessary
variations.

Theorem 3.11 Let N be a 2-torsion free 3-prime distributive I'— near ring satisfying
(*), U a semigroup ideal such that U4+U C U and f a non zero generalized derivation
associated with d # 0. If f ((wow),) + [u,v], = 0 for all u,v € U and o € T, then
UcCZ.
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