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Abstract:
The aim of this paper is to evaluate and extend the G-Symbole into three variables which is a special cases

of Appell’s Function.

1. Introduction:

Meijer in 1941 defined his G-Function by means of a Mellin-Barnes type of integral in the form

cmn (x aq, Ay, e ap) _1 r'(b1+8).cl(byp+s) r(1— ay—5)....(A— an-—s) & ds
p.q by ,bz, ...... bq 2mi ¥ T'( ang1+8) . (ap+s)F (A= bypy1—5)....I'(1— bg—s) !
where an empty product is interpreted as i,0 < m<(q, 0 < n < p, and the parameters are such that no
pole of T'(bj-s),j=1,2, ........... m coincides with any pole of I'(1-ax+s), k =1, 2, ........ n. The path of
integration L runs from -ico to ico so that all poles of I'(bj-s), j =1, 2, ........ m are to the right , and all the
poles of T'(1-ax+s), k=1,2, ........ n to the left of L. The integral converges for p+q<2(m+n) and |argx| <

n(m+n-¥2p-¥2q). The importance of the G-Function lies in the great many special functions that can be
represented as its particular cases.

The Object of this paper is define a G-Function of three variables which not only includes the Meijer’s G-
Function as a particular cases but also most of the known function of three variables, e.g. the Appell’s
function F1, F2, F3, F4, the Whittaker function of three variables, etc. Besides including the known function
of three variables as particular cases, it leaves the possibility of defining, through this new G-Symbole of
three variables, a great many special function of three variables not hither to mentioned.

Let (am) =a(atl)(@+2) ..ccoovnennnn.... (atm-1); (@) =1
Also, the symbol (0p) denotes the sequence of elements g, 02, ......ceuvnene.e. ap and (omp) denotes the
SEQUENCE Olmy Olmtly v vevenvnnenenns Olp.-

Thus the triple hyper geometric function of higher order in three variables.
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[(O1)mantkeeeveeneennennnn 5 )m+n_+k(B1)m+n+k(Bl Imanrk(Br Y menske o oveeennnn. (Ba)m(Ba)n(Bq")x]
[(PL)m+n+k
.......... (p|)m+n+k. N .(1)1)m+n+k(1)1')m+n+k(V1")m+n+k~ ceen -(Uo))m(Uo)I)n(Um")k(l)m(ln)(1)k

Where p+t < s+g+l+w+1 shall be abbreviated to

p (&)
t (Yo (YY) (%) | x
s (32)
q Ba) :Bq)  (BgY) |Y
| (1)
o () ) ;06" |Z

The series for the F-Function converges absolutely for all complex values of x, y and z if p + t <
s+g+l+w+1. In case p+t = s+q+l+w+1, it converges absolutely for all complex values of X, y and z.

[XI+y[+z| < min (1, 2 ")

x
2. The G 02> yl Functon
VA

Consider the triple contour integral.

@) 1= [ " 0+ O+ Dx@0xfy"z"dEdndr v v

4n2

Where

IT722 o= I132, DBy +m) T2, Py~ 1122, T B +0)
G2, r(1- u]+n)H7 w1 TA=B T gy TA= 0 =D TTL T Bj—m)

x(m,7) =

H 1 T(A-8j+n+7)

+ =
YO+ D) = e T, T )
and
ITj—; T(1—gj+&+n)
B(e 4 ) = oy DmlaEr

M5y D=6 152 TG +&+)
and0<m; <q,0<sm, <w,0sm;<w,0<v; <t,0<0,<t,0€v3<t,0€n<p,

The sequence of parameter (Vm1) , (Vm’2) , (Vm™3) , (Bu1) » (Bu’2) » (Bv”’3) and (En) are s.t. none of the poles of
the integrand coincide. The Paths of integration are indented , if necessary , in such a manner that all the
poles of [(Vjn) ,j=1,2, .ccoeenini. mp and I'(vk) , k=1,2, ............. vz lie to the right , and those of
By k=1,2, ... voand I'(B’+0), k=1,2, ............ vgand ['(1 -g+&+n+1),k=1,2,
............ n lie to the left of the imaginary axis.
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The integral (2.1) converges if
(p+q+l+w+s+t<3(m+v,+n)

p+q+l+w+s+t<3(m,+v,+n)
ptq+l+w+s+t<3(mg+vs;+n)

@) < and
llogx| <m(my+v;+n—(p+q+tl+w+s+t)

llogyl <m(m, + v, +n—2p+q+1l+w+s+t)
\logz| <m(mz+vs+n—(p+tq+l+w+s+t)

Evaluating (2.1) by considering the residues at the poles of integrand that lie to the right of imaginary axis ,
we have
(B) 1=X52 Xp2, Xa2, xh ykzba
IT72, Ty +B;+on) 172, DO +B5 40 T2, T +B; +0a) TT15 T(oj —vg)

t t AN t "R "
j=v1+1 F(l_Yj_Bj_Uh) Hj=1+V2 F(l_Yj +Bj+Uk) j=1+v3 r@a- Y +Bj +v4) H}V:H.ml I'(1—vj—vp)

]‘[?=1 F(l—sj +1)h+1){(+1):1) ]_[;n:l1 F(uj —uh)

x " " " "
;’-":1+m2 F(1+D]-,+D{() H;V=1+m3 F(1-v5-vy) H?=1+n F(aj -V —u{(—ud) H§'=1 F(pj+vh+u{(—nd)
(1— &, +vp 40, + Vy)
P , , R R (_)m1+p—n+t+q—v1x
t (e +on); (ve +oi); (Ve +vq)
s '+,
x F (05 +vp + v + Dd), . . (—)matp-nttq-vzy,
q (Bq + Uh); (ﬁq + vy); (ﬁq +vq)
l 1 (o +vp + v +vg) ) ) (_)m3+p—n+t+q—v3y
_W_ (1 —vy + )5 (1= vy + )75 (1 — vy +vg)°

Where the prime in IT” indicates the omission of the factor of the type F(Uj — Un); the asterisk in the F

denotes the omission of the parameter of the type (1- vy+vy + vy) , (2.3) converges absolutely for p+t<s
+q+l+wor p+tt=s+q+l+w,an x| +]y| + |zl <min(, 2("*"*Y). The right hand side of (2.3) shall,

henceforth, be symbolically denoted by

(&) ]
(ve); (ve); (ve)

Gn:171»172»173»m1,m2,m3 (65)

pLsaLW B Be); (B
(£p)
) ) ()

X X
OF Gy o> o lyl or simply Glyl, whenever there is no chance of misunderstanding is the required
Z VA

extension of 1768Meijer’s G-Function to three variables.
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X
3. Certain Particular cases of G yl

VA
X (1—ve) (1-ve) (1=ve)
(1) Gogsipa™ ™™ 1yl = 6/ | x| (B) ) Gisza | v| (Bq) Gl | 2| (Bq)
h (vw) (uw) (vw)
o / a-v)
(2) GO,U1'U2.U3.m1.m2.m3 (Yt),()/t),()/t) - l_[f 1 ((yl) r((ﬂl Ul my | y (lgq
R Y B B B |7 oA a6 e \ (1= )
............. ()
VA B " w
L (v (ve); (V)
(g=0),
(w=>=t)
X t U t " "
162 L {T(@j+B, +v1) [T5o; T+ +01) TTEo, T (v +B, +v1)}
3) gMbbtLL = xU1qV1 V1 U 1 j=11 "j7Py j=1 T
) nEs,qlw :;] Y [T7Z5{F(1—vj+ v1) F(l—vf+v'1) T(1-v;+v4)}
1 (1—&,+v;+ 0] +0)) —x

t | Qe+ (e +00); (v +vq)
]_[?zll"(l—s]- +v1+0] +v;) S (65 + v, + 1)’1 + 1)1)
521 D(py+ v1+0]+0]) cll (Bg +v1); (Bg +00); (By +v1) -y
_ 1| (or +v1 + 05 +vq)

(1=, +01)% (1 =0l +0)% (1 —vy +07)* —Z
[x (gp) ]
Lt 000m1i1| | e (Sp) p<q
n,0,0,0m,1,1, —_ mn — )
@y-0 Gp,O,O,q,O,W y (ﬁt) (0) G (BQ) ! (p < W)
z—0 ()
“1 vy, (0), (0)
y [y, +B3 +01) T(y1+B1+01) T(rs +B1+01)
1,1,1,1,1,1,1 — U U1 up LB 01 T 4+5,401) T(Ya 451404
() Gi11111 }zll =xTynizn T(31+B, +B1+B1 ) T(py+vg+vi+v1)

x F1 [(1-e1+B, + By + B1); (1-€1401 + v +vq); (v, + B, +v1), (v1 + By + V1), (vy + By +v1); (61 + B, +
B1 + B1);

(p, + vy +0) + v;); X, Y, -Z]

1,1,1,1,1,1,1 VU, F(Y1+51+U1) I(y1+B1+v1) F(Y1+ﬁ1+U1)r(1_51+31+ﬁ1+ﬁ1 )T (1—&1+v1+vf+0; )
(6) G110%05 =xV1yl1z%1 — — — —
""" [r(1-p,+B,) T(1-B ,+B, ) T(1=F5+B1)|[F(1=vz+v1)I (1=v] +v)T(1=vy+0])]

x Fo [(1+B, + By — &1); (1+vg +v; —&1); (v, + B, +v1), (¥1 + By +v1), (v1 + B1 +v1); (1 —B, +B,),
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(=B, +B ) (L—B5+B1); (L —vy+vy), (1 — vy +07), (1 —vy +01); X, -y, Z]

X N
(7) GO2221:11 lyl _ x“ly“izvl (v, +B, +v1) Ty, +B, +v1) T(v; +B14v7) T(yy +B1+v1)

022111 g [(814B,+B1) [(31+B,+B1) [(p,+v1+v]) T(p,+01+vy)

X T(v, +B1)T(yz 4+ B1) T(ya +v1) T(yz +vy) Fal(y, + B, +v1), (1 +B1+v1), (y1 + By +v1), (v, +
B (Y, + Ba),

(2 +01); B + By + Br); (81 + By + 1) (py +v1 +01)i(py + 01 +01) X, -y, Z]

(8) GZO00L11 [y = x“1yvizvl T(1-e1+B,+B1+B1 ) T(1—e+B, +B1+B; ) T(1—g1+v1+vi+vy ) [(1—g5+0;+0]+v; )
20.00:22 T(1=B,+By) [(1=B+B1) I(1=Bo+61) T(1=vz+01) I(1-v5+v7 ) T(1-vg+vy)

z
XFal(1 =1+ B+ B+ B1), (L—ea + B+ B+ B1); (1+B, =B, (L+B1—B2), (1 +B1—B2)s (1 —e1 +
vy + V) + v );

(1—¢,+v +0] +07) 5 (1 +v; —vy), (1+v] +v5), (1+v; +v,); X, -y, 7]

X L .
9)) (2000111 y|= x“ly”izvi 7oy T(1—gj+B,+B1+B1 ) 1=y T(1—gj+v1+07+v; )
2,0,0,0,2,2 g ;zlr(5j+ﬁ1+ﬁ;+ﬁ;) n;.’:mlr(g,-—ﬁl—ﬁ;—ﬁl') r[;:lr(pj+u1+u’1+n'1) n§=n+1r(sj—ul—n’1—u"1)

o | Qe+ B Bt B (—)“-p<x+y)l o [ (L8 o+ vl F 0 ) ()M PG+2)
’ " I ! " 1
P (s + B B+ B ) (p, + vy + 0] +v;)
p<s+1,
p<l+1

X

0,1,v5,v3,1,my, _ Ty

(10) ) GO,t,SliCZI,ZB\;V m2ms [yl_ 251,:1 2;?:21 Zd:l xl)h yv"ZUd [Yl + Bl + Uh]
Z

v "t TN Y LIPS I m ' m noo
Hji1r(yj+ﬁj+vk) Hjil L(yj+Bj+vq) Hj=1r(uj_uh) Hj=21 lﬂ(ul'_vk) l_[j=31 r(uj Yk )

l r_" s s I s . [N v
[Tj—; T(pj+on+vi—vg) [Tj=, T(A=8j=vn) [Tjoq4p, T(A=8 =0y I Tjoq 4y, T(1-85-04) H}/'v=1+m2 F(1+Dk+vj) ]_[}fv=1+m3 F(1+uk—vj)

(¥t +vn); (Yt + UL); (Vt + 1);1) (_)W+q+t+1x
(85 + vp + V) +vg)

* [ | (Ba +vn); (Bg +vids (Bg +va) (—ymattvay,
(o1 + vn + v +vq)

(1 — Dw + l)h); (1 — U(/v + ’l)' ); 1— D"'N + 1)" (_)m3+t—v3y
k d
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4. Some Simple Properties And Recurrence Relations for G [§]
yA

In this section certain elementary properties of G [§] functions are enumerated. The proofs are fairly simple
VA

and follow by easy change in variable in the integral (2.1) and hence are omitted.

(ep+o+u+7Q)
x| Qe Ve—w); i — 0
(bs—0o—pn—29)
A)x°vHzS G = , .
(A)xyhe lﬁl v| (Bq+0): B+ (By+0)
L +o+u+)
(0w — 6); iy — W; (Vg — )
1 @)
13, 8); (¥3,1); (¥3.1)
(B) Gn,v1—1,v2_1,v3_1,m1,m2,m3 (Js) , .
pt-lsq-Llw-1 Y (B3, 0); (B3 q); (Bs, @)
(p1)
| (Vw-1); (U\I/v—l); (U;v—1)
1)
(1-84) 020, (v, 0); (1= Bg), (¥2, ), ((¥3,£); (1 — Bg), (Y2, 1), (¥, ©)
| e
Y1 (1 =), (B2, 5), (B3, 5); (1 = viy), (B2, 5), (Bs,8); (1 — V), (B2,5), (B2, S)
(o)

(Ww); (V)i (V)

X
(C)x— GM =G|y
Z

A Simila

O P 6 3] = 6

(&p)

1+, 2.0, (V2. £); (ve); (ve)
(6s)

(B): (Be); (B

(p0)

(Ww); (Ww); (V)

aG aG
r Formula holds for y—and z —.
dy 0z

G

1+ 1), 2 0), (V2. 0); (e); (ve)
(6s)

Y1 (Ba); By (By)

(p0)

) (00); (w)

'Y1-G[

]

Z
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+G

y

(w); (Ww); (Vw)

(&p)

(r1); (ve); (ve)

(6s)

(1 + B1), (B2, 0, (B3, @); (5&)(5&)
(p0)

+G

y

(14 vy), (vg, W), (U2, W); (Uy); (V)

(&p)
(r1); (ve); (ve)
(65)
(Bq); Ba); (By)
D)

A Similar relation holds for (v} + B, +v1)G and (y; + B; +v;)G.

(E) (ep + 85+p; —3)G [izi] =G

+G

y

(ep—l)» (gp - 1)
o) (rd)s (ve)
(6s)

(Ba): (Bg); (Bg )
(1)

(Ww); (W); (V)

y

(&p)
o) )i (ve)

e, @)

(Pi-1), (o = 1)

) (e + 12+ 7i+ v - )6 3]

(&)

ol | @ "

Y (By): BY); (By)
)

() (i) (v)

(&p)

o) (A +v1), (V2 t), (¥3, )
(6s)

(B4); (B3 (By)

(p1)

(Ba): (Bo); (By)

w); (i) (vw)

Ww); (Ww); (vw)

G

(yl + 1)) (VZI t)' (y3' t); ()4)) (YI'T')

+G

+G

y

(&p)

o) D) (ve)
(65-1), (6s — 1)
(Ba): By (Bq)
D)

(Ww); (W) (Uw)

y

(gp—l)r (gp - 1)
o) )i (ve)
(6s)

(B4); Ba); (Bq )
D)

(Ww); (W) ()

| (o)
0o (D) (1 +71), ), (va,t )
(Ss)
Y1 (Bg): (B (Bg)
g D) )
(vw); (Ww); (V)
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(&)

e (v (ve)
L. <] (6s)
G (U1+Ul+ul+pl—1)G[3Z/]—G y (,Bq); B): (/3(; )
(o)
1 (g + 1), (g w), (U3, w); (U)); (vyy)
| (&) " 1 [y &) ”
(o) v (ve) o) ve)s (re)
el 8;))- (B; Bg ) " Ol ((g)) (Ba); (Bg )
q)r \Pq)r \Pq q/> \Eqlr AEq
(o) D)
71 (u); 01 + 1),y w), wa,w); (on) | LZ1 (0a)s i) (g + 1), (w3 w), (va,w) |
1 () i
o) vd)s (ve)
+G ©s) . =1
Y1(Ba): (Ba); (B
(o1 — 1), (P2, D, (p3, )
1 0,); (i) ()
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