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1. Introduction:

Let f be anon constant meromorphic fuction. This always means that f is defined in the whole complex
plane. For standard notations of the Nevanlinna theory such as T(r, f),N(r, f),S(r, f)etc., we refer to [1,
2].

Let f and g be two such meromorphic fuctions. Let ¢ be a finite complex number. We say that f and g
share the same value ¢ CM(counting multiplicity) if f —cand ¢ —Chave the same zeros with the same
multiplicities. Similarly we say that f and g share ¢ IM(ignoring multiliplicities)if f —cand ¢ —Chave

1 1
the same zeros ignoring multiplicities. Also if Tand Eshare 0 CM(resp. IM), we say that f and g share

o CM(resp. IM).

Definition 1.1 [3] : Let k be any positive integer and f be a meromorphic function. Then for any

a e C U{eo}, the notation Nk)(r,a; f) means the counting function of those a-points of f (counting
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multiplicities) whose multiplicity are not greater than k and Ny (r,a;f) means the counting function of
those a-points of f whose multiplicities are not greater than k, where each a point is counted only once.

Similarly, we denote N(p(l’,a;f) to mean the counting function of those a-points of f (counting

multiplicities) whose multiplicities are not smaller than P and also denote N, (r,a; f)to mean the counting

function of those a-points of f whose multiplicities are not smaller than P, where each a - point is counted
only once.

Definition 1.2[4] : Let a be any value in the extended complex plane, and let k be any arbitrary non negative
integer. We define

o.(a; f)=1- IlmsupM
roe  T1(r,a;f)
Definition 1.3[7] Let k be a non negative integer or infinity. For any complex number aeC U{w}, we

denote Ek(a, f) as the set of all a-points of f, where an a-point of multiplicity p is counted p times if
p<kandk + 1 times if p > k. If Ex(a, f) = Ex(a, g), one says that f,gshare the value a with weight k. We
say f,g share (a, k) this means that f,gshare the value a with weight k. Then it is clear that if f,gshare
(a, k) then f, g share (a, q) for all integers g with 0 <q<k.

In 2010, Xiao-Min Li and Ling Gao [4] proved the following theorem.

Theorem 1 .4[4]: Let f and g be two transcendental meromorphic functions, let P=0 be a polynomial

and n >15 be an integer. If (f"(f-1)' =P and (9"(g-1)'-P share 0 CM and ©(w, f)> 2 then f =
n

g.
In 2011, Jin-Dong Li[7], proved the following theorems.
Theorem 1.5[7]: Let f(z) and g(z) be two non constant meromorphic functions and let n, k be two

positive integers with n> 3k +11. If@(oo,f)>%,[f"(z)(f(z)—1)](k) and [9"(2)(9(z)-1)]“ share (1, 2)

then £ (z) = g(2) or [f"(2)(f (2) - DI®.[0"(2)(g(2) ~1I* =1.

Theorem 1.6[7]: Let f(z) and g(z) be two non constant meromorphic functions and let n, k be two

positive integers with n > 5k +14. If ©(oo, f)>— [f"(2)(f(2)-1]“ and [9"(2)(9(z)-D]" share (1, 1) then

f(2)=9(2) Or [f"(2)(f(2)-1". [g"(2)(9(z)-" =1

In this paper, we have studied the behavior of certain weighted sharing of non linear differential polynomials
generated by a transcendental meromorphic functions as well as the behavior of certain non linear
differential polynomials generated by a transcendental meromorphic functions sharing one point CM. In
fact, we offer certain new theorems, the above mentioned theorems follows as a consequence from our new

theorems.
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2. Main Theorems
In this section, we will prove the following four theorems :

Theorem 2.1: Let f and g be two transcendental meromorphic functions, let n > 17 be a positive integer

and n is not divisible by 2 and let P+ 0 be a polynomial. If [f"(f*~1)] =P and [9"(9*-1)] -P share 0
CMthen, f = g.

Theorem 2.2: Let f and g be two transcendental meromorphic functions, let n > 3m + 11 be a positive
integer where m > 2 is also a positive integer and n is not divisible by m and let P =0be a polynomial. If

[F"(f"=1)]' =P and [9"(9" —1)]' =P share 0 CM, then f —g.

Theorem 2.3: Let f and g be two non constant meromorphic function and let n, m and k be three
positive integers with n > 3m + 3k + 8. If (f"(f"-1)“ and (9"(g" -1)" share (1,2) then f=g or
[F"(F"-01" [g"(g" 21" =L.

Theorem 2.4: Let f and g be two non constant meromorphic function and let n, m and k be three

“ and (9"(g

m

positive integers with n > 4m + 5k + 10. If (f"(f™-1))" ~1)" share (1,1) then =g or

[E"(F" =01 [9"(g" -1 =L.

Before proving the theorems, we state some existing results in the form of lemmas, which will be used in the
sequel.

Lemma 2.5[4] : Let f and g be two transcendental meromorphic functions such that f©-P and

g(k) — P share 0 CM, where k is a positive integer, P # 0 is a polynomial. If

A =(K+2)O(w, f)+20(x,g)+6(0, f)+6(0,9)+6,,,(0, f)+6,,,0,9) >k +7
and

A, =(k+2)0O(x, ) +20(o, f)+60(0,9)+6(0, f)+6,,,(0,9) +0,,,(0, f) >k +7
Then either % g® =p?or f=g.

Lemma  2.6[6] X Let f be a  transcendental = meromorphic  function  and

P(f)=a,f"+.... +a,f*+a,f'+a,Then T(r,P(f) =nT(r, f)+0Q).

Lemma 2.7[7]: Let f and g be two non constant meromorphic functions and let k(>1),1(=1) be two
positive integers. Suppose that f*) and g® share (1, 1.
MIfl=2and
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A, =(k+2)0O(c,g)+20(x, F)+0(0, F)+6(0,9)+6,,,(0, f)+0,,0,9) >k +7 then either

f®g®=tor f =g,
(i) If I =1 and
A, =(k+3)0(c0, f)+(k+2)O(x,9)+0(0, f)+6(0,9)+25,,(0, f)+0,,,(0,9)>2k+9

then either f“g®=lor f =g.

Proof of Theorem 2.1: Let F=f"(f*~1) and G=9"(g° -1
and let

A, =30(o0, F) + 20(c0,G) + (0, F) + ©(0,G) + &, (0, F) + 5,(0,G)
and

A, =30(x, F)+20(x, F)+©(0,G) +®(0,F) + 5,(0,G) +5,(0,F)

Now,
NG L
00, F =1-1limsu
0.F) i T(r,F)
Ny« Ne )
. f fe-1
=1-Ilimsup
F o0 (n+2)T(r, )
=1-Ilim SupM
roo  (N+2)T(r, )
~n-1
n+2
and
. N(r,F)
O(o,F) =1-I e —
(P =timseT
=1-Ilim supM
roe (N+2)T(r, f)
>1-1lim sup&
roo (N+2)T(r, f)
~n-1
n+2
Similarly, ®(0,G) > N+1 and O(,G) = n+l
nt2 n-+2
Now,
1
_ NZ(r'E)
6,(0,F) =1-limsup
rowo  T(rF)
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1

N —————

_ 2( f”(fz—l)]
=1-Ilimsup T(r.F)

ZN(r,i) +N(r,(r,f211)
>1—limsu —
Hmp (n+2)T(r, f)

B 4T (r, T)
(n+2)T(r, f)
n-2

n+2

Similarly, ,(0,G)> n-s
n+2

Therefore,

5 n+1 +2n—1+2n—2
n+2 n-2 n+2

9n-1
n+2
19

n+2
> 8if n>17

A

\%

Similarly, A, > 8ifn > 17

Now since f and g are transcendental meromorphic functions, so F and G are transcendental meromorphic
functions.

From the conditions that F'—P and G’ —Pshare 0 CM together with A, >8 and A, >8 and the

lemma(2.5), we get either F'G' = P? or F = G. we discuss the following two cases :

Case | : Suppose F'G' = P?.

ie, [f"(f*-1]'[0" (0" -1] =P*

. nigg2 M o yeronao Moy P
e, (1 n+2)fg (0 n+2)g (n+2)°

2

Let Z, e{z: P(Z) =0} be a point such that f?(z,)= Lz with multiplicity p. Then z; is a pole of g with
n+

multiplicity g(say).

Therefore, p+p—-1=nq-q+2q+q+1
e,2p-1=(n+2)q+1>(n+3)

. n+4
ie,p>——
P 2
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Again let z «{z: P(z) =0}be a zero of f with multiplicity r then z; be a pole of g with multiplicity
s(say).

Therefore, nr—r +r—1=ns—s+2s+s+1
ie.,2s=n(r-s)—2 >(n-2)

So,s zn—_z.

J— 2_
(n+2)(n 2)+ 9_ n 24+4

So, nr=(n+2)s+2>

Therefore, r> 2

Now, any pole of g must be either a zero of f or points for which f2__" _0o or a zero of f’

n+2

. : . / n
(consider those zeros for which f is not zero or + P ).
So,

N(r,g) gﬁ(r,%)m(r,;nﬁ(r

n /
f +
n+2 n+2

2 1 2 1
<—N(r,=) +———N(r, + N(r,
n ( f) n+4 ( 4 (

1
f_\/n n+ f+\/n
n+2 n+2

<Cr AT ) No(r )
n n+4 f

)+ No(l’

= 1
where No(r,w) refers to those zeros of f' which occur at points other than roots of the equation

f(fz—szo
n+2

Now, from the second fundamental theorem, we have

1 No(r, ,)+S(r 9)
g—,/i gﬂf
n+2 n+2

e 2T(r,g)< 2 N(r,3)+(g ijT(r,f)+[ jN(r )+( 2 j
n g n n+4 n

n+4 n+4

2T (r, g)<N(r —)+N(r g)+N(r

n+2
1 — 1 — 1
N(r,—n)+ N, (r'?)—No (r,?)+ S(r,9)

g+

n+2

S0, 2= 2 -4 )T g)<C+—2 )T (1, 1)+ No(r, L) ~No(r, =) +5(r,0)
n n+4 n n+4 f g
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Similarly we get

n~ n+4

Adding these two, we get
4 8

Q2————){T(r, £)+T(r,g)}=<S(r, f)+5(r,9)
n n+4

Which is a contradiction for given n.

Case Il : Suppose F = G.

ie, f"(f*-D=9"(0°-) ...

g
h:—
Let {

(2_3 4 jT(r,f)s(3+i)T(r,g)+No(r,i,)—ﬁo(r,i,ﬂs(r,f)
n n+4 g f

If possible, suppose that h is a non constant. From equation (1) we have,

h" -1

oo
hn+2 _1

Now we assume that h" =1 for otherwise we have trivial solution. So we must assume that n is not divisible

by 2. By simple calculation it can be shown that the number of common zeros of h" -1and h"? -1 s at

most 2 and hence h"2 -1 has at least n zeros which are not the zeros of h" =1 . We denote these n zeros

by ap, p=1.2,...... n.. Now f’can not have any simple pole and hence we conclude that h - a, = 0 has no

simple root forp=1,2,...... n. Hence ©(a,;h) zéfor p =1, 2,......,n which is not possible for given n. This

means that our assumption that h is non constant, is wrong. Therefore h is constant. Now if h =1, this
means f will become a constant, which is clearly not the case. So h =1 and hence f = g.

This completes the proof.

Proof of Theorem 2.2: Let F=f"(f"-1)and G=g"(g" -1)and let
A, =30(0, F) +20(0,G)+O(0,F) +O(0,G)+5,(0,F) + 5,(0,G) «evvvvvnvrinnnnn. 2)

and

A, =30(0,G) +20(x,F)+0O(0,G) +O(0,F)+5,(0,F) +5,(0,G) +5,(0,F) «evvvvennn... 3)

Now,
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N(r L)
©(0,F)=1-lim supT(r =

N(r,i) + N(r,i)

. fm-1
=1-limsup
r>o (n+m)T (r, f)
>1-lim Supw
roo  (N+m)T(r, )
~n-1
n+m
and,
O(o0, F)=1-lim supM
r—ow T(r,F)
=1-Ilim SUPM
roo (N+mM)T(r, T)
>1- lim supL
roo  (N+mM)T(r, )
=1- 1
n+m
_n+m-1
n+m
and
1
N, (r, =)
5,(0,F)=1-limsup
r—o T(r,F)
1
N,(r,———
_ (1 f”(f’“—l)
=1-limsup
r—w T(r,F)
2N(r+3)+N(r, . )
, f fm"-1
>1-limsup
ro (n+m)T(r, f)
S 1o (m+2)t(r, f)
(n+m)T(r, )
_n-2
n+m

Applying similar logic, we have

IJMCR www.ijmcr.in| 2:7 |July|2014|518-530 |



n-1
n+m
n+m-1
n+m
n-—2
and ©(0,G)=
n+m
Now putting these values in (2), we get

0(0,G) =

O(x,G) =

A, > 5n+m—1Jr2 n-1 L2 n-2
n+m n+m n+m
_ 9n+5m-11
 n+m
>8if n>3m +11 4)

Similarly we get from (3)
A,>8if n>3m+11 %)

Now since f and g are transcendental meromorphic functions, so F and G are transcendental meromorphic
functions.
From the condition that F' —Pand F’ —Gshare 0 CM, together with the inequality (4) and (5) and the

lemma (2.5), we get either F'G’ = P or F = G. We discuss the following two cases :
Case I: Suppose that F'G’ = P’

ie, [f"(f"-D'[0"(9"-20'=P> ... (6)

Now, [f"(f™ -1)] :(n+m)f”‘1(fm——n

and [g"(g" —1)T =(n+m)g"*(g" —ﬁ)g’

Putting these two values in equation (6), we get

n— m n n- m n P2
Fr(f" ———)f'g" (9" - ——)g' = ;
n+m n+m (n+m)

n
n+m
multiplicity of z; is p. Then z; is a pole of g of multiplicity q (say).

Let 21, 25, Z3,..., Zy €42 P(2) =0} be points such that f™(z,) = for i = 1,2, ...m and also let the

Therefore,

p+p-1 =np-g+mq+q+1
2p =(n+m)g+2>(n+m)+2
n+m+2
>
2

2

Hence, ©(z, f) >1- ———
n+m+2

Similarly,
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2
oz, f)21- ——
(22, 1) n+m+2

1793 0y 9y 3 3y 1y 1y

And O(z,, ) 1o 2

n+m-+2
Adding we get, ©(z,, f)+......+0(z,, f)>m——2M__

n+m+5

if n>3m +11 and m > 2 where n and m are both integers, which is impossible.
So, F'G' # P?
Case I1: Suppose F = G.
ie, [f"(f"-D=g"(0"-) ... (7)

Let h =% If possible suppose that h is non constant. Then it follows from equation (7) that,

. -1
hn+m _1' ..................

Now we assume that h" =1 for otherwise we have trivial solution. So we must assume that n is not divisible

by m. By simple calculation it can be shown that the number of common zeros of h" —=1and h™™ -1 js at

most m and hence h™™ —1 has at least n zeros which are not the zeros of h" =1 . We denote these n zeros
byap, p=1.2,...... n..

Now, f™ can not have any simple pole and hence we conclude that h - a, = 0 has no simple root for p =
27p
n+m

1,2,...... n. where @, = eXp[ j Hence ®(a,;h) > %for p=1,2,......,n which is impossible for given n.

Therefore h is a constant. if h =1, it follows that f is a constant, which is a absurd. So h =1 and hence f =

g.
This proves the theorem.

Remark 2.8: The Theorem (1.4) follows from the Theorem (2.2) as a particular case if we take m = 1.
Proof of Theorem 2.3: Let F(z) =" (f"— 1) and G(z) = ¢" (g" - 1).

Also let

A, =20(c0, F) + (k +2)0(0,G) +O(0,F) +©(0,G) + 5, ,(0,F) + 6,.,(0,G)

Now,
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N(r,éj
O0,F)=1-1i —_— 2
©.F) |rlswup T(r,F)

N r,l +N|r, 1
. f fm-1
=1-limsup

roso T(r, f)
>1-1im supW
oo (N+mM)T(r, T)
n-1

n+m

and,

O(w, F) =1-lim sup _’FI_((:E))

=1-1lim supM
r—o T(r, F)

>1—lim sup&
oo (N+m)T(r, f)

_n+m-1

© n+m

-1 and O(0,G) > n+m-1
n+m n+m

Similarly, ®(0,G) >
And

Nk+l(r1 L j
0.1(0,F)=1-limsup————=

r—m T(r,F)
(k+1)N[r,lj+N[r, : j
. f fm-1
>1—-limsup
r—w (n+m)T(r, T)

S1-lim Sup(k +1+m)T(r, )
roo (N+M)T(r, )

_n-k-1

 n+m

n—-k-1

Similarly, s, ,(0,G) >
n+m

So,

A122n+m—1 n+m—1+ n—1+ n-k-1

+(k+2) 2 2
n+m n+m n+m n+m

_(k+4)(n+m-1)+2(n-1)+2(n-k-1)
- (n+m)
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4m+3k +8
n+m
>(k+7)if n+m>4m+3k+8ie. n>3m+3k +8

= (k+8)-

Now, F® and G® share (1,2) together with the condition that A,> k + 7 and the lemma (2.7) that either
FR.GMY=10orF=G.
Now we discuss the following two cases:

Case I: F¥.G% =1 that is ['(F"— DI [¢" @"- 1)1 ¥ =1
Case ll: F=Gthatisf"(f"-1)=g" (" - 1)

Let h= % If possible suppose that h is not a constant. We have

P
hn+m_1

We assume that h" =1 for otherwise we have trivial solution. So we must assume that n is not divisible by 2.
By simple calculation it can be shown that the number of common zeros of h" —1and h™™ —1is at most m
and hence h™™ —1has at least n zeros which are not the zeros of h" —1. We denote these n zeros by a,, p = 1,
2y i , n. Since f"(m > 1) has no simple pole, it follows that h — a, = 0 has no simple root for p =

1,2, .., n. Hence ®(a,;h) z%for p=12 ......... , N. Which is impossible. Therefore h is a constant. If

h.1, it follows that f is a constant, which is not the case. So h = 1 and therefore f = g.

This proves the theorem.
Remark 2.9: The Theorem (1.5) follows from the Theorem (2.3) as a particular case if we take m = 1.

Proof of Theorem 2.4: LetF=f"(f"—1)and G=g"(g" — 1)
Also let,
A, =(k+3)0(0, F)+ (k +2)O(x,G) + 0(0,F) + ©(0,G) + 2, ,(0, F) + 6,.,(0,G)

As in the previous theorem, we have

©(e0, F) 2n+—m+1,®(oo,G) >h+m-1
n+m

n+m
O(0,F) > n-1 ,0(0,G) > n-1
n+m n+m
5a0F) ==Kt 5 0 F)x kL
n+m n+m
So,
A, > (k+3)1EM=t g gynem=l o 0=l gn-k-d
n+m n+m n+m n+m
_(Zk+B5)(n+m-1)+2(n-1)+3(n—k -1)

n+m
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_ (2k+10)(n+m) —-5m -5k —10
B n+m
5m+5k +10
n+m
>2k+9if n+m>5m+5k +10 i.e., n>4m+5k +10

=2k +10—

Now, F® and G® share (1, 1) together with condition that a,> 2k + 9 and the lemma (2.7) that either
FOGW =1orF=G.
The remaining proof is similar to the proof of the Theorem (2.3).

Remark 2.10: The Theorem (1.6) follows from the Theorem (2.4) as a particular case if we take m = 1.

CONFLICT OF INTEREST : None
References

[1] Hayman W. K., Meromorphic functions, Oxford Mathematical Monographs Clarendon
Press,Oxford,1964.

[2] Yang L., Value distribution theory,Springer-verlag,Berlin,1993.

[3] Alzahary T. C etal. Yi H.X., weighted sharing three values and uniqueness of meromorphic
functions, J. Math. Anal.295(2004) ,no0.1,247-257.

[4] Li X-M,, etal. Gao L., Meromorphic functions sharing a nonzero polynomial CM, Bull. Korean
Math. Soc.47(2010) ,No.2,319-339.

[5] Fang M. L, etal. Hong W., A unicity theorem for entire functions concerning differential
polynomials, Indian J .Pure Appl.Math.32(2001) ,N0.9,1343-1348.

[6] Yang C.C., On deficiencies of differential polynomials Il, Math.Z.125(1972),107-112.

[7] Li J-D., Uniqueness of meromorphic functions and differential polynomials, International Journal of
mathematics and Mathematical Sciences, Volume 2011, Artical ID514218.

IJMCR www.ijmcr.in| 2:7 |July|2014|518-530 |



