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Abstract

Let G = (V, E) be a simple Graph. A set S < V(G) is a vertex-edge dominating set (or simply ve-dominating set) if for all

edges e € E(G), there exist a vertex v e S such that v dominates e. In this paper, we study the concept of vertex-edge domination
V(G)|

polynomial of the cycle C,. The vertex-edge domination polynomial of C, is D,.(C,, X) = Z dve(Cn, i)X', where dye(C,, i) is

3]
|= f—
4
the number of vertex-edge dominating sets of C,, with cardinality i. We obtain some properties of D..(C,, x) and its co-efficients.
Also, we calculate the recursive formula to derive the vertex-edge domination polynomials of cycles.

Keywords: Cycle, vertex-edge dominating sets, vertex-edge domination polynomial, vertex-edge domination number.

1. Introduction

Let G = (V, E) be a simple graph of order [V| =n. For any vertex v € V, the open neighbourhood of v is the set N(v) = {u
V | uv € E} and the closed neighbourhood of v is the set N[v] = N(v) U {v}. For a set S c V, the open neighbourhood of S is N(S) =
Uyes N(v) and the closed neighbourhood of S is N[S] = N(S) U S. A set S < V is a dominating set of G, if N[S] = V, or
equivalently, every vertex in V\S is adjacent to atleast one vertex in S. The domination number of a graph, denoted by y(G), is the
minimum cardinality of the dominating sets in G. A set of vertices in a Graph G is said to be a vertex-edge dominating set, if for
all edges e € E(G) there exists a vertex v e S such that v dominates e. Otherwise for a graph G = (V, E), a vertex u € V(G) ve-
dominates an edge vw € E(G) if (i) u=voru=w (uisincident to vw) or (ii) uv or uw is an edge in G (u is incident to
an edge is adjacent to vw).

The minimum cardinality of a ve-dominating set of G is called the vertex-edge domination number of G, and is denoted by
Tve(G). A cycle can be defined as a closed path, and is denoted by C,..

In the next section we construct the families of the vertex-edge dominating sets of cycles by recursive method.
In section 3, we use the results obtained in section 2 to study the vertex-edge domination polynominal of cycles.

We use the notation|[ x |, for the smallest integer greater than or equal to x; also we denote the set {1, 2, . .., n} by [n], throughout
this paper.

2. Vertex-edge dominating sets of cycles

Let Dye(Ch,i) be the family of vertex-edge dominating sets of C, with cardinality i.

n
Lemma: 2.1y (C)= {——I
Vi n 4

IIMCR www.ijmcr.in| 2:8|August|2014|547-564 | BELY4


mailto:naacnmccm@gmail.com
mailto:nagarajant64@gmail.com
mailto:naacnmccm@gmail.com

Lemma: 2.2 Dy (Cji) = ¢, iffi>jor i< lri—‘ .
4

Proof:
As Cj contains j vertices, any member of
Therefore, Dy (Cj, i) = ¢ for i >j.

D.¢(C;j, i) contains atmost j vertices.

Also, since lr——‘ is minimum cardinality of a vertex-edge dominating set, there is no vertex-edge dominating set of

4

cardinality less than {i—l . Therefore, Dy, (Cj, i) = ¢ fori < {i—l .
4

4

Hence Dy (Cj, ) = ¢ ifi>jori< {l—‘
4

Conversly,
L i
Ifi>jori<| — |,then
4
dw (Cji) =0
D (Ci)=9¢
Hence the result.
Lemma: 2.3

Let G be a Graph with [V(G)| = n, then

(i) dw(G,i)=0iff i N (G)ori>n

(i) If G is connected, then d,(G, n) =1 and
(iii) Dye (G, x) has no constant term.

dve (G,n—=1)=n

(iv) Dye(G, x) is a strictly increasing function in [ 0, «0).

Proof is obvious.
Lemma: 2.4

(l) If Dve (Cn-lv i—l) = Dve (Cn-4: i—l) = ¢: then Dve (Cn-Z: i—l) = Dve (Cn- 3 i—l) = d)
(i) 1f Dye (Cpgyi-1) # ¢ and Dye (Cpgy i - 1) # 0, then Dy (Crz, ;- 1) # ¢ and Dye (Cpz,i- 1) # ¢.
(iii) If Dye (Cp1yi-1) = Dve (Cnzyi—1) = Dye (Chzii—1) = Dye (Ch-4vi—1) = ¢ then Dye (Cp,y i) = ¢.

Proof

(i) Since, D\ (C _1,i-1) = ¢, by lemma 2.2,

Also, since Dye (Cp 4, i-1) = ¢, by lemma 2.2,

Therefore,
n-2

n-3
i-1>n-2 or i—l<{——|and i-1>n-3 or i—1<[——‘ .

4

. Dve(Cn—Z,i—l):(I) and Dve(Cn—3:i—1):¢
(”) Dve (Cn—lyi—l)i ¢aDve (Cn—Ayi—l) ¢¢

n-1
—— | <£i-1<n-1 and
4

n-4
— | £i-1<n-4
4

Therefore,

. . n-1
i-1>n-1ori-1< | — |.
4

n-4
i—-1>n-4 ori—-1< _—
4

4
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——‘s i-1< n-3 and

[n-2
——I <i-1<n-2
Dve (Cn—Z:i—l)?& d) Jand Dve (Cn—31i—1)¢ ¢[

(iv) We have, Dye (Cy_1,i-1) = ¢

n
“i-1>n-1 ori1<(——| Dyve (Ch_2,i-1) = ¢U
4

. . n-2|
“1-1>n-2o0ri-1<| —
4

n-4

Therefore, i—-1>n—-1ori—1< ——I
4

. ] n-4 n
i>nori <| — | +1 < | —
4 4

n

“i>nori £| —

4

7 Dye (Cpy i) = ¢.

Hence the result.

Lemma: 2.5
Let C,, n > 3 be the cycle with V(C,) = n suppose that D¢(C, , i) # ¢, then we have

(I) DVe (Cnfl !ifl) = Dve (Cn—ZIi—l)zd)! Dve (Cn—3 :i—l)z(l) and Dve (Cn—4yi—1)¢¢iff n=4k and i

=k, forsome k € N.
(“) Dve(Cn—Z, i- l) = Dve(Cn—3, i- 1) =

Dve(Cn—4,i—1):¢and Dve (Cn—lxi—l)i(l)iff i=n.
(i) Dye (Ch_1 yic1) =0, Dywe (Crz,ic1 ) # 0,

. ) 4k +2
Dy (Chs it ) =0 and Dy (Ch_ys, it ) # ¢ iff n=4k+2andi= for some k € N.
4

(iV) Dve(Cn—l -i—l) ¢¢, Dve(Cn—zxi—1)¢¢, Dve (Cn—s ,i—1)¢¢,and Dve(Cn_4,i_1):¢iff i: n—2.

n-1
(V) Dve (Cn—l yi—l) ¢¢, Dve (Cn—Zyi—l )¢¢, Dve (Cn—s ,i—l)id)and Dve (Cn—4vi—1)¢¢s iff! |7T—‘ +1

<i<n-3.
(VI) Dve(Cn—l ,i—l) ¢¢; Dve (Cn—z;i—l)id),
Dve(Cn—S ,i—l):d)and Dye (Cn—4;i—1):¢xiff. i=n-1

Proof:
(i) Since, Dye (C_1 yii1) = Dywe (Cho2,i.1) = Dwe(Chos,i1)=¢,bylemma22,i-1>n-1or
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) [n-3
i-1< | —
4

Also, since, Dye (Ch_4,i-1) = 0,
4]

—— |£i-1<n-4
4

n
Suppose, n =4k, [——‘+1:k1+1:k

Hence, k<i<k+1
L=k
if n = 4k, then from (1),
We have an inequality of the form
s<i<s

= &=
Hence n = 4k
Conversly, Assume that, n =4k andi=k, k e N

n
i= k = —
4
n
i= —
4
i-1=--1
4
-4 n-1
i-1=— < —
4 4
_ n-1
-1< | —
4
Dve (Cn—l yi—l) :(I)a
. n-4 n-2
I-1= — < —
4 4

e

. Dve (Cn—z -i—l) :(I); and

i n-4 n-3
i-1=— < —
4

4
. n-3
i—1< {_—‘
4

" Dve (Cn—3 |i71) :(I)a
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. n
-1=--1-= <n-4
4 4

i-1<n-4
e Dve (Cn—4 -i—l) ¢¢~

(“) Since Dve (Cn—z ’ i—l) = Dve (Cn—S ) i—l) = Dve (Cn—41i—1) = ¢ by Iemmav 22

n-4
i-1>n-2 or i-1< | —
4

n—4 n—4 n-1 n-1
ifi-1< | — |, theni-1< | — |<| — | si-1< | —
4 4 4 4

S D (Choryio1) = 0,

=<
Li=-1>n-2
S>> n-1
Li=n,n+1,...

Since, Dye (Ch-1,i-1) # ¢
Li—-1<n-1
i<
~i>n—1and i < n.
~i=n

Conversly, If i=n, then by lemma 2.2.

We have,
Dve (Cn—Zai—l) = Dve (Cn—Zvn—l):d)a Dve (Cn—Syi—l) = Dve (Cn—ayn—l):d)a
Dve (Cn—4ai—1) = Dve (Cn—4yn—l):¢aDve (Cn—lyi—l) = Dve (Cn—lyn—l)iq)
(Oiiitd) Since, Dy (Ch_1,i-1)=¢ ,bylemma 2.2

n-1

i-1>n-1 or i—1<{——‘ifi—1>n—1, then i—-1>n-2
4

and by lemma 2.2, Dy (Ch_2,i-1) = 0,
Dve (Cn—3- i—l) = ¢a Dve (Cn—4 yi-1 ) = (I),
= &=

n-1
So,i—-1< | —
4
n-1
i< | — |+1

Since, Dye (C 2,i-1)# ¢

N
[
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n-2 n-1
— [+l <il<| — | +1
4 4

Suppose n =4k + 2

n-2 4k +2-2
_ |+l =] — | +1=k +1
4 4

=k+1+1
=k+2
Lk+l<i< k+2

4k +2
L izk+1=
4

4k +1

e[ [

}1

if n = 4k + 2, then from (1), we have an inequality of the forms <i<s, =«

Hence,n=4k+2andi= k+1:(

] 4k +2
i=k+1=
4
i=k+1
“i-1=k
n-2
4
n-2 n-1
1—1= < —
4 4

¢

Therefore, Dye (Cn_1,i 1)
) n-2
i-1= ——

4

o

Therefore , Dye (Ch_2,i-1) # 60
n-2 n-3

> —

4 4

[

Therefore, Dye (Ch_3,i.1) # 00

i-1=

4k+21

Conversly, Assume that n =4k + 2 and

W,keN
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] n-2 n-4 ] n-4
i—1= > Li=-12 | —
4 4

Therefore, Dye (Ch_4,i-1) = o[

(iv) Since, Dy (Ch_4,i-1) = ¢, by lemma 2.2.

i-1> n—4or|—1<{ —‘

Dve (Ch_3,i.1) # ¢, by lemma 2.2.

n-3

—— | £ i-1<n-3
4
n-3

| — | +1< i £ n-2.
4

n-4
Therefore, i—1< {——‘ is not possible
4

Hence, i—-1 > n-4

~i>n-3
~1>2n-2buti<n-2
Therefore, i=n-2
conversely, ifi=n -2, then

Dve (Cn—lli—l) = Dve (Cn—lln—3 ) # (I)U
Dve (Cn—Zvi—l) = Dve (Cn—Zvn—S ) * ¢D
Dve (Cn—3ni—1) = Dve(cn—3rn—3 ) # (I)D
and, Dve (Cn—4ai—1) = Dve (Cn—4yn—3 ) = ¢
(V) Since, Dve (Cn—lai—l)¢¢a Dve (Cn—in—l)¢¢a
Dve (Cn—3'i—1) * ¢and Dve (Cn—4ri—1) * (I)

n-1 )
we have, — | <i-1<n-1

n-2 _
<i-1<n-2
n-3 .
—— | < i-1 £n-3
4
n-4 n-1
<i—-1 <n -4 So,| — | <i—-1<n -4
4 4
n 1
Hence, — |+1<i <n
4

_

n-
Conversly, if [ —‘ +1< i <n —3thenbylemma 2.2,

b |

Dve (Cn—lni—l) * (I); Dve (Cn—z;i—1)¢ ¢7
Dve (Choz,i-1) # ¢,and Dye (Chog,i-1) # ¢.
(vi) since, Dy (Ch_1,i-1) # ¢ ,Dwe(Ch_2,i_-1)# ¢, bylemma 2.2
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n-1
— | €i-1<n-1  -eeeommeee (1)
4
n-2 ]
— | £i-1<n -2
4
Since, Dye (C_3,i-1) = ¢, then by lemma 2.2

n-3
“i-1>n-3o0r i-1< | — | - 2)
4
Dy (Ch_s,i-1) = ¢,then by lemma 2.2
n-4
wi—=1>n-4or i-1< {——‘ ------- 3)
4

. [n—l—‘
From (1), ifi-1= | —
4

n-1
Dve(cn—?ni—l) = Dve(cn—Sa IrT—l) * ¢ >

*. contradiction.

I

i—1 1
i<n
i=nn-1n-2
ifi=n,
Dve (Cn—lli—l) :Dve(cn—lyn—l) * d),

Dye(Ch_2,i-1) =Dy (Ch_2,n-1) =0, acontradiction. .. i= n,
ifi=n-1,

Dve (Cn—lyi—l) = Dve (Cn—lan—z) # (I),

Dve(Cn—Zvi—l) = Dve (Cn—Zyn—Z) * ¢

Dwe(Cn-3,i-1) = Dw(Ch_z,n2) = ¢,

Dve(Cn—4vi—1) = Dve (Cn—4yn—2) = ¢
ifi=n-2,

Dve (Cn—lyi—l) = Dve (Cn—lan—3) # (I),

Dve(Cn—Zvi—l) = Dve (Cn—Zyn—B) * ¢

Dve (Cn—Sai—l) = Dve (Cn—S y n— 3) * ¢ B
a contradiction

i#EN-=-2 i=n-1

conversly, ifi=n-1

Dve(cn—lyi—l)z Dve(cn—l!n—z) # (I)’

Dve(Cn—Zni—l) = Dve(Cn—Z;n—2) = (I)9

Dve (Chozyic1) = Dwe(Chozin2 = ¢,

Dve(Cn—4yi—l) = Dve(Cn—Ayn—Z) = ¢
Theorem 2.6

n
Foreveryn > 5and i > {——‘
4

(') If Dve (Cn—lai—l) =Dve (Cn—Zyi—l)
=Dy (Ch_3,i-1) =6 and Dy (Cy_4,i_1) # ¢, then, Dy (C, i) ={{1,5,9,...,n-3}, {2,6,10,...,
n-2%{3,7,11,...,n-1}, {4,8,12,...,n}}

(“) If Dve (Cn—Zyi—l) :Dve (Cn—Syi—l): Dve (Cn—4:i—1) :(I)s and Dve (Cn—lvi—l) ¢¢1 then Dve(Cn, i) =
{[n]}
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(“I) Dve (Cn—4ii—1) :(I)iDve (Cn—3:i—l) ¢¢1 Dve (Cn—21i—1) * d) and Dve (Cn—lni—l) ¢¢’ then Dve(Cn,i)
={ln-{x vy} Ixy e [n]}.
(iV) If Dve (Cn—lii—l) = ¢1Dve (Cn—z’i—l) ¢¢1 Dve (Cn—31i—l) * (I) and Dve (Cn—4’i—l) ¢¢’ then
Dw(Ch. i) ={{1,5,9, ..., n -3},
{2, 6,10,..., n— 2},

3,7,11, .. ., n- 1y,
{4,812, ..., 1} U
Xow {n}H Xz €Dy (Co2,i-1)} U {Xs L {n-13}|Xge€Dwe (Ch -3, i-1)}u{Xuv
n-2if 2¢ X%
{ . X4 € Dve(Cn—4:i—1)}
n-3if 2¢ X

(V) If Dve (Cn—lai—l) # ¢1Dve (Cn—2:i—1) ¢¢1 Dve (Cn—B:i—l) # (I) and Dve (Cn—41i—1) ¢¢, then Dve (Cn,i):{
Xy u{n} | Xi1€ Dye (Ch-1,i-1)}
U{Xou{n-1}[X2€ D (Ch2,i 1)}
U{Xsu{n-2}[Xs€ D (Cns,i 1)}
U{Xsu{n-3}|X4se€Dwe(Chs,i-1)}

Proof:
(i) If Due(Cn1,i-1)=Dwe(Chz,iz1) = Dve (Ch_ziz1) = ¢, and Dy (Ch_s,i-1) # 9,
then by lemma 2.5 (i), n=4k and i=k e N
n
k= —
4
n
i= k= —
4

n
" Dyve(Cy i) =Dye (Cy, Z)
Clearly, {{1,5,9,...,n-3}{2,6,10,...,n-2%}{3,7,11,...,n-1} {4,8,12,...,n}} isa vertex-edge

n
dominating set with i = — elements
4

n
Also, no other set of cardinality — is a vertex-edge dominating set.
4

n
Therefore, Dye (Cq i) = Dye (Cpy — )
4

={{1,59,...,n-3}{2,6,10,...,n-2},
{3,7,11,...,n-1},{4,8,12, ..., n}}
(“) We haV61 Dve (Cn—Za i—l) = Dve (Cn—3 ) i—l)
=Dy (Ch_si-1) = ¢, and Dy (Ch_1,i-1) #¢, bylemma 2.5 (ii) we havei=n.
SO: Dve (Cn,i) = Dve (Cna n)
={{1,2,3,....,n}}={[n]}
(iii) We have Dye (Cp_4,i-1) = ¢,
Dve (Ch-3,i-1) = ¢,
Dve (Cn—Za i—l) * ¢
Dve (Cn—l ’ i—1) * (I):
by lemma 2.5 (iv),i=n-2
Dve (Cn,i) = Dve (Cna n—Z)
If we have n vertices, we remove two vertices that will cover all the vertices and edges.
Dve (Cn,i) = Due (Cnyn-2) ={[n] - {x, y} x, y € [n]}
(iv) We have Dy (C,_1, 1 —1) = ¢,
Die (Cho2,i-1)#¢
Dy (Ch_3i—1)% dand Dy (C,,_4,i—1) = ¢, and
By lemma 2.5 (iii),
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4Kk +2
n=4k+2andi=| —— |=k+ 1, k € N we denote the families

4
Y, = {{1,5 9, ...,4k -3, 4k + 1}, {2, 6, 10, . . ., 4k — 2, 4k + 2}, {3, 7, 11, . . ., 4k - 1, 4k + 3},
{4,8,12, ..., 4k 4k + 4}} and
Yo={ XU {4k +2}| X; € Dye{Cs_2,i-1)} U {Xzu {4k +1} | X3 € Dye{Cy _3,i-1)}

aKif 2¢ %
V{Xew {4k—1if 2¢ x4}

We have to prove that Dy (Caksz,k+1) = Y1U Y2

Since Dye (Cyx k) = {{1,5,9,...,4k-3,4k + 1},
{2,6,10,...,4k -2, 4k + 2},
{3,7,11,...,4k -1, 4k + 3},
{4,8,12, ..., 4k, 4k + 4}}

then Y1 < Dye (Caksz, k+1)

Also, Y, < Dye (Caksz, k+1)

Therefore, Y1 U Y, < Dye (Caxsz, k+1)

Now, Let Y € Dye (Caksz, k+1)

Suppose Y € Y. ThenY e Y, U Y,

Now, assume that Y ¢ Y, .

By lemma 2.3 [7] atleast one of the vertices labelled 4k + 2,4k + 1, 4k or4k —1isin Y. If 4k + 2 €Y, then

By Lemma 2.3 [7], atleast one vertex labelled 1, 2 or 3and 4k + 1,4k or4k —1isin Y. If4k+ 1 or4kisin Y. then Y — {
4k + 2} € Dye (Cuk+1, k), a contradiction. because Dye(Cak+1, k) = ¢ hence 4k—1 e Y, dkgY and 4k +1 ¢ Y.

Therefore, Y = X U {4k + 2} for some X € Dy¢(Cux «)

X4 S Dve (Cn—4ai—l)}

Hence Y € Y, similar arguments follow if 1 or 2 or 3eY.

Now, suppose that4dk + 1 e Yand 4k +2 ¢ Y

By lemma 2.3 [7], atleast one vertex labelled 4k, 4k — 1,4k —-2,4k-3isinY.orl1,2,3 € Y. If 4k €Y, then Y —
{4k +1} € Dye (Cuax ) = {{1,5,9, ..., 4k — 3,4k + 1},{2, 6,10, . . . , 4k - 2,4k + 2}, {3,7,11,...,4k -1, 4k + 3}, {4,
8,12, ..., 4k, 4k + 4}} a contradiction. Because 4k ¢ X for all X € Dy, (Cax «)-

Therefore, 4k — 1 or4k — 2 isin Y. but 4k ¢ Y. Thus Y = X v {4k + 1} for some X € Dy¢(Cyx +1 k). Similar argument
follows iflor2or3 e .

S0, Dye (Caxsz, k+1) € Y1 U Y3

Hence Dye (Cak+2,k+1) = Y1 U Y,

S Dwe(Chi)= {{1,59,...,n-3}
£2,6,10,... ., n-2},
£3,7,11,....n-1},
£4,8,12, ... N} U

{Xau{n} Xy € Dy (Chz,i-1) Y
{Kzgu{n-1} X3 € Dy (Cp_3,i 1)}V
{ X4 v {2::23:]: gz ﬁ X4 € Dy (Chogyio1)}

(V) Dve (Cn—lxi—l) ¢¢, Dve(cn—in—l) ¢¢: Dve (Cn—S:i—l) ¢¢: and Dve(Cn—4xi—1) ¢¢

Let X; € Dye (Ch_1 ,i_1), SO atleast one vertex labeled n—1orn—-2orn—-3orn-4 isin Xj.
Ifn-lorn-2orn-3 orn—-4 < X, then Xiu{n}e Dy, (C, ).
Let X, € Dye (Ch.2 i-1),thenn—-2, n-3orn-4or n-5isin X,.

Ifn—-2orn-30orn-4o0orn-5 e X,, then

Xau{n-1}eD(Chi).
Now, Let X3 € Dy (Cy_3,i-1),thenn-3,n-4, n-5orn-=6isin Xs.
Ifn-3orn-4orn-5o0rn-6 e Xj;then

Xgu{n-2}eDyw(Ch ).
Now, Let X4 € Dye (Cy_4,i-1), thenn—4orn->5or n—-6orn-7isin X,.
If n—-4,n-5n-6o0orn-7 e X, then

Xou{n-33}eD,(Ch ).
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Thus we have,
{Xi u{n} X;eDy(Ch1,i-1),
U{X; U{n-1} Xz € Dye (Cr 2,01-1),
U Xz u{n-2} X3eDy,(Ch3,i-1)
U Xy U{n-4} X4 € Dye(Cna,i-1)} < Due(Cy i)
LetY € Dy (Cy i), thenn,n—1,n-2,0rn-3 €Y
Now, suppose thatn € Y, n—1 € Y then by lemma 2.3[7], atleast one vertex labeledn—2,n—-3orn—4isinY.
Ifn-2eY,thenY = Xz u{n—2} for some
X3 € Dy(Ch_3,i-1)
Now, suppose thatn -5 €Y, n—-4 €Y, n-3 €Y, then by lemma 2.3 [7], atleast one vertex labelled n-6,n-7or
n-8isinY.
Ifn—4eY,thenY =X, U {n-1} for some
Xz € Dy(Ch_z,i-1)
Now, suppose thatn—-8,n—-9,n—-10 € Y,
then By lemma 2.3 [7] atleast one vertex labelled n—11,n-12o0rn-13isinY.
Ifn-8 e Y,thenY = X; U {n} for some
X1 € Dy(Ch_y,i—-1).
S0, Dye(Cry ) = {Xy U {n } Xy € Dy (Cp -1, 1 1),
U X u{n-1}X; €Dy (Ch 2, i-1),
U Xgu{n-2} Xz e Dy(Ch3,i—1)
U Xgu{n—-4} X4 € Dy (Chg,i-1)}
" Dve(Cry 1) ={Xs U{n} Xi € Dye (Cr-1,01-1),
U X u{n-1} X; € Dy (Ch 2, 1-1),
WXz U {n—-2} X3 €Dy (Ch_3,i—-1)
U XU {n -4} X4 € Dye(Cpa, i-1)}

dve(Cn, j), The Number of Vertex- Edge dominating sets of C,, with cardinality j
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: 11 2 3 4 5 6 7 8 9 10 11 12 13 | 14 | 15
n
1 1
2 2|1
3 3] 3 1
4 41 6 4 1
5 01|10 | 10 5 1
6 0] 9 |20 15 6 1
7 0| 7 |28 35 21 7 1
8 0| 4 |32 | 62 56 28 8 1
9 0| 0 | 30| 9 | 117 84 36 9 1
10 0| 0 | 20 | 110 | 202 | 200 120 45 10 1
11 0| 0 | 11| 110 | 297 | 396 319 165 55 11 1
12 0] 0 4 93 | 372 | 672 708 483 220 66 12 1
13 0] 0 0 65 | 403 | 988 | 1352 | 1183 | 702 286 78 13 1
14 0] 0 0 35 | 378 | 1274 | 2256 | 2499 | 1876 | 987 364 91 14 1
15 0] 0 0 15 | 303 | 1450 | 3330 | 4635 | 4330 | 2853 | 1350 | 455 | 105 | 15| 1

3. Vertex-Edge Domination Polynomial of Cycle
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Theorem:3.1
1. If Dy(Cy,i) is the family of vertex-edge dominating sets with cardinality i of C,, then
IDve (Cn: I)l = |Dve (Cn—l ’ i—-1 )|
+ |Dve(Cn—2 ’ i—-1 )|
+ |Dve (Cn—?» ' i—-1 )|
+ |Dve (Cn—4 1 i— 1)|
2. Foreveryn=>5,
Dve (Cnv X) =X [ Dve (Cn—ln X) + Dve (Cn—Z: X) + Dve (Cn—3: X) + Dve (Cn—4a X) ]
with initial values ,
Dve (Clx X) =X
Dve (Cy, X) = X2 + 2x
Dve (C3, X) = X + 3x% + 3x
Dve (Cs, X) = x* + 4x3 + 6x% + 4x
Proof:

n
1. From Theorem 2.6, we consider the cases given below, where i > (——I andn>5
4

Q)] If Dye(Ch_1,i—1)=Dy(Ch_,,i-1)
:Dve(Cn—S,i_l):d)
and Dy (Cp_4,1—-1) % ¢, then

Dve(Cn i) = {{1,5,9,...,n -3},
{2,6,10,...,n—-2},
{3,7,11,...,n-1},
{4,8,12,.... n}}.

(”) If Dve(Cn—Z,i_l):Dve(Cn—3li_l)
=Dy (Chog,i—1)=¢and Dy (Cyh_1,i—1)# ¢, then Dy(Cy, i) = {[n]}
('”) If Dve(Cn—4,i_1):¢: Dve(Cn—31i_l)i¢:
=Dwe(Croz,i-1)#¢and Dy (Cro1,i-1)#0¢,then Dwe(Cp, i) ={[x]-{x, ¥} [ X,y € [n]}
(iV) If Dve(cn—lai*l): ¢a Dve(cn—21i71)¢¢a
=Dw(Ch_g,i—1)=dpand Dy (Ch_4,i—1) =4, then
Dy(Cn, i) ={{1,5,9, ..., n-3},
{2,6,10,..,n-21},
{3,7,11,...,n-1},
{4,8,12,...,n]
VX u{n} XzeDy(Ch2,i-1)}
U{Xzu{n-1} X3 € Dy (Cn 3,i-1}

U{X4U{2:§:]I§:;((j X4€Dve(cn74,i—l)}

(V) Dve(Cn—l ) i_1)¢¢: Dve(Cn—Z! i—l)i(l), Dve(Cn—s ) i_1)¢¢and Dve(Cn—4: i_1)¢¢>
then Dye (Cp i) = {X1 U {n } X1 € Dye (Cn-1, i—1}}
u{Xa u{n-1} X, € D\ (Cr_,,i—-1}
U{Xs u{n -2} X3 €Dy (Ch 3, i-1}%
U{Xs U {n -3} X4 € Dye (Cq 4, i-1}}
From the above constitution, in each case, we obtain that,
|Dve (Cm |)| = |Dve (Cn—l ) i-1 )l
+ |Dve (Cn—z ) i- 1)'
+ |Dve (Cn—3 ) i- 1)'
+|Dve (Co -4, i - 1)]
(2). By definition,

Dye (Cny X) = g: dye (Cn' i) X!
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n _
= X Y dw(Cni) X ! by using part (1)

-
ENE
_

(dye(Chq +i=1) +de (G_o ,+ 1) . n )
=X g: ( verm ) q:l 2 JXI -1 =X Z dve(Cn—l,i—l)XP1

i:[ﬂ +dye(Cpg, i-1) + dye(Cp_g, i-1)

n .
+ Z dve(Cn—Z,i—l)XP1

n .
+ Z dve(Cn—C’>,i—l)XI7:L

£ 2 dve Cy g _yx 1

=X [ Dve(cn—ly X) + Dve(cn—ZvX)"' Dve(Cn—S ) X) + Dve(cn—4 ) X)]
The initial values are

1 )
Dy (Cy,x) = X de (Cl, i) X'

1
= ¥ dye(Cpi) X' = x

2 )
Dye (Co, x) = ) dve (CZ, ) X'
=

|
ENIN
—_—

2 )
= _Zl dve (C2. ) X' = X2+ 2x
1=

3 )
Dve (Cg, X ) = 23 dve (C3, i) XI
i
3 )
= _Zl die (C3.) x'=x* +3x* +3x
1=

4 .
Dve (C4- X ) = 24 dve (C4, i) X'

4

4 .
= Z dve (C4yi) X|:X4+4X3 +6X2+4X
i=1

Theorem:3.2

The following properties hold for the co-efficients of D (C,, X ) :
(i) Foreveryn e N, dywe(Csnn) =4

n
(i) Foreveryn> 5,j> lr——‘
4
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dve (ij) = d\,e(Cn,l,j*l)

+dve(Cn—2,j71)
+ dve(Cn—Svj_l)
+dve(Cn—4ij_l)

(iii) For every n € N
dve(C4n+3un+l):4n+3

(iv) For every n > 5, dye(Cp ) =1

(v) Foreveryn>5, d(Cypn 1)=n

(vi) Foreveryn>5

(n=Dn
dve(Cn,n—Z) =
2
(vii) Foreveryn>5
nin-1 (n - 2)
dve(Cn,n—3) =
3!
Proof:
(i) Since Dy (Cyn, n) = {{1, 5,9, ...,4n -3}, {2,6,10,...,4n-2%},{3, 7,11, ..., 4n -1}, {4, 8, 12,

..., 4n}}
’ dve(C4n, n) =4
(ii) Proof follows from theorem 3.1
(iii) We prove this theorem by the method of induction on n.
Obviously, the result is true for n = 1.
Now, Suppose that the result is true for all natural Numbers less than n
S0 (Cqpo1,n)=4n-1.

Now, we have to prove that the result is true for n.

dve(C4n+3 y N+ 1): dve(C4n+2 N ) + dve(C4n+1 N ) + dve(C4n: n ) + dve(C4n—1 y N )by (2)
=0+0+4+4n-1
=4n+3
dve (Csn+3,N+1)=4n+3.

by principle of mathematical induction, the result is true for all n, n € N (iv) Obviously, the result is true for n = 5. Now,
suppose that the result is true for all natural Numbers less than n

dve (Cn-1,n-1) =1.is true Now, We have to prove that the result is true for n.

dve(cn,n) = dve(Cn-l ’ n—l) + dve(Cn-Z,n-l)

+ dve(cn—3 ,n»l) + dve(Cn»4 ,n»l)
=1+0+0+0=1
Hence by principle of induction, the result is true for all n, n € N (v) We prove this result by the method of induction on
n. Obviously, The resultis true forn=5
Assume that the result is true for all natural Numbers less than n
dve (Ch-1,n-2)=n—1.istrue
Now, We have to prove that the result is true for n.
dve(cn,n-l) = dve(Cn-l ’ n-2) + dve(Cn-Z ,n-2)
+ dve(cn—S vn-2) + dve(Cn-4,n-2)
=n-1+1+0+0 =n

dve(Cn, n —1) =n
.. by principle of induction, the result is true for all n,neN
(vi) We prove this theorem by method of induction on n. Obviously, the result is true forn =5
Now, Assume that the result is true for all natural Numbers less than n.

(n=2)(n - 1)
dve(Cn—l,n—S):— is true
2

Now, we have to prove that the result is true for n.
dve (Ch . N—=2) =dw(Choy N-3)

+ dve (Cn—z ,n*3)

+ dve (Cn—3 ,n_ 3)
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+ dve (Cn—4 ,n*3)

n-2)(n-1
_ =20
2
(n=Dn
2
by principle of induction, the result is true for all n,n e N.

(vii) We prove this theorem by method of induction on n. Obviously, the result is true for n = 5 Assume that the result is
true for all natural Numbers less than n.

(n-1)(h -2)(n - 3)

dve(Cn—l,n—4) =
3!

is true
Now, we have to prove that the result is true for n.
dve (Ch N—=3) =dwe(Ch1 Nn-4)

+ dve (Cn—Z ,n*4)

+ dve (Cn—3 ,n_4)

+ dve (Cn—4 ,n _4)

_(n-1)(n-2)(n - 3)

6
.\ (n=3)(n-2) in_3 41
2
~ (n=D(n-2) (n=3)+3(n-3)(n-2)+6(n-2)
) 6
n(n-1)(n- 2)
) 3!
Hence, by principle of mathematical induction, the result is true for all n, n > 5.
Theorem :3.3
(i) Foreveryj>2
4j 4G-1)
%J_ dve (Cij) = 4 i;1 dve (Cijj-1)

(i) If  Sp= 2 dw(Cn))
i=|%
then for every n > 5,
Sh=Sn_1+S,_2+S,_3+S,_4withinitial values S; =1, S,=3,S3=7, S, = 15.
n

(iii) For every j > lr——‘
4

dve (Cn+1 ,j+1) - dve (Cn ,j+l)
dve (Cn ,j) - dve (Cn -4, j)
Proof:
(i) We prove this theorem by the method of induction on j.
Obviously, the result is true for j = 2
Suppose that the result is true for all j < k
Now,We have to prove that the result is true for j = k

4k 4k
igk dve (Ci,k): igk [dve (Ci—l,k—l)
+dve (Ci—z,k—1)+ dve (Ci—s,k—1)+dve (Ci—4,k—1)]
4k 4k 4k 4k
= z‘k dve (Ci—1,k-1) + i;(dve(ci—z,k—l)'*' Z:k dve (Ci_3,k-1) + igk dve (Ci—4,k-1)
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4k-4

4% 4G
4k-4

+ 4i:Zk:_1 dve (Ci_2,k-2)
4k—4

+ 4i:Zk:_1 Ove (Ci_3,k-2)

4k—4
+ 4i:;1 Ove (Ci_4,k-2)

4k-4
4i:Zk:_1 dve (Ci ,k—l)

4k 4k—4
i;{ dve (Ci i) = 4i:§1 dve (Ci,k-1)

.. The theorem is true for j = k.
Hence by principle of induction, the theorem is true for all j, j > 2.

(ii) We have, S,= 2 dhe (Cn.3)
=7

n

Z [dve(cn—l,j—l)+dve(Cn—2,j—1)

T

+ dve (Cnfs,j—l) + dve (Cn—4,j—1)]

n-1 n-1

dve(cn—l,j)+ Z dve(cn—z,j)

fib

1
EN =1

I
N
s
T
N

+ dve (Cn—a,j) + dve (Cn—4,j) "(1)

Sy - .
l-4 1=

—
ENV =1

n-1

Consider % dve (Cn-2.j)

h

= dve(Cn—Z,j)"'dve(Cn—z,n—l)

j=

= . dve(Cn—Z,j)
Consider X~ dye (Co_3.j)
. h
-3

dve (Cn—3,j)+dve (Cn—3, n—Z)

I
™

n-3
+dve(Cn—3,n—1)+ %w dve(Cn—S,j)'I' 0+0
j= 7 -1

~ dve (Cn—s,j)
SH

Similarly,

En: = Zn; dve (Cn—A,j)
RECS Fe

Substitute in (1) we get
Z dve (Cn,j) = . dve (Cn—l ,j)

] fih
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%
T
&

n—

+ Zn: dve(cn—Z,j)+ Zn: dVE(Cnf3,i
{5 i3

+ z dve (Cn—4 ,j)

Sk

S =Sh 1+ Sy 2+ Sy 3+ Sy 4.
l“) dve (Cn+1 ,j+1)_dve (Cn ,j+1)
= [dve (Cn,j) + dve (Cn-l,j)
+dve(Cn-2 ,j)+dve(Cn-3,j)]
_[(dve (Cn—l ,j)+dve (Cn—Z,j)
+dve (Cn-3 ,j)+dve (Cn-4,j)]-
:[dve (Cn ,j)+dve (Cn—l,j)+dve (Cn—2 ,j)
+dve (Cn-3,j)]_dve (Cn -1 ,j)_dve (Cn—Z,j)
_dve (Cn-3 ,j)_dve (Cn-4,j)
:dve(Cn ,j)_dve(cn—4,j)
Theorem: 3.4

IS

NE

n .
For everyn> 5, and lr——‘ <i < n,dy (C, ;) is the co-efficient of u"v' in the Expansion of the function.

u®v? [10 + 10v + 5v +9u +10uv + 5uvZ+ud+ uv®
+7u? +9u v+ 5u2vZ+u?V?
+4u° +6u v+4u3v2 +00 ]
f(uv)= 2 3 4
l-uv—-u"v—-u'v-u'v
Proof:

Set f(u, v) = z z Dee (Co, )l U™V
n=5 i=2
by recursive formula for d. (C, i) in theorem 3.1 we can write f(u, v) in the following form.
f(U,V)— Z Z [( |Dve (Cn—l,i—l)l
n=5 i=2

+ |Dve (Cn—z,i—l ) | + |Dve (Cn—S,i—_l ) |
+ |Dve(cn—4,i—1)| )] unv

=uv z z IDve (Ch_1,i-1)l u vt
n=5 i=2

+ Uy z Z |Dve(Cn—2,i—l)lUniZVif1

n=5 i=2
8 5 5 3,,i-1
LA z [Dve (Cn-3,i-1)I u" v o
n=5 i=2

+u'v z z IDve(Cn—4,i—1)| ur]74Vi71
n=5 i=2

= uv(4u’v + 6u'v? + 4 utvd + utv!

® s n-1 i-1
+ 2 Z |Dve (Cn—l ,i—l)l u v )
n=6 i=2

+ udv (Bulv + 30V + UV + 4utv + ButV?
+ 4U4V3+ u4v4 +

5 2 2.,i-1
> X IDwe(Chz, i) U V)
n=7 i=2

+ udv (2udv + utV? + 3uv + 3uPVE + UV?

IIMCR www.ijmcr.in| 2:8|August|2014|547-564



+ 4utv + 6utv? + 4utvi+ utvt

® e n-3.i-1
+ X Z |Dve (Cn-s,i—l )| u v )
n=8 =2

+ u'v (uv + 2u®v + udv? + 3uPv + 3uPV?
+ UiV + qutv + Butv? + 4utvi+ utv

x 2 n-4 -1
+ X Z |Dve (Cn-4,i—1 )l u v )
n=9 1=2

f(u,v) — uv f(u,v) — u?v f(u, v) — udv f(u, v) — u*v f(u,v)
= uV? (4 + 6V + 4vZ + V3) +udV?
(3 +3v + V2 + 4u + 6uv + 4uv? + uvd)
+UPV2 (2 + v + 3u + 3uv + uv? + 4u? +6u’v
+ 4uPv? + uPVvP)
+UPv (1 + 2u + uv + 3u? + 3u?v + uAv? + 4u® +6uUv
+4udv? + UPVP)
= uv% (4 + 6u + 4v2 + V¥ + 3 + 3v + V2 + 4u + 6uv
+4uv? + 4v3 + 2 + v + 3u + 3uv + uv? + 4u°
+6uv + 4utv2 + uAVE + 1 + 2u + uv + 3u?
+30%v + uAV? + 4ud + 6udy + AUV + UPV)
= u®v? (10 + 10v + 5v? + v + 9u + 10uv + 5uv?
+uv? + 7u® + 9uPv + 5uAv2 + UAVA + 40°
+ 6uUv + 4uPV? + UAVP)
3

u5v2( 10 + 10v + 5v2+ 9u + 10uv + 5uv2 +u

+ uv3 + 7u2 + 9u2v + 5u2v2 + u2v3 +
4u3 + 6u3v + 4u3'v2 + u3v3)

1—uv—u2v—u3v—u4v

f(u, v) =

Conclusion

In this paper we obtain the vertex-edge dominating sets and vertex-edge domination polynomial of cycles. Similarly
we can find vertex-edge domination sets and vertex-edge domination polynomial of specified graph.
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