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ABSTRACT

A path double cover of a graph G is a collection L]Dof paths in G such that every edge of G belongs to

exactly two paths in [P . The minimum cardinality of a path double cover is called the path double covering

number of G and is denoted by 77, (G).In this paper we determine the exact value of this parameter for

several classes of graphs.

Key words: Graphoidal covers; path double covers; path double covering number of a graph; bicyclic
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INTRODUCTION

A graph is a pairG =(V, E) , Where V is the set of vertices and E is the set of edges. Here we consider only

nontrivial,finite, connected undirected graph without loops or multiple edges. The order and size of G are
denoted by p and q respectively. For graph theoretic terminology we refer to Harary [7].The concept of
graphoidal cover was introduced by B.D Acharya and E. Sampathkumar [1] and the concept of acyclic
graphoidal cover was introduced by Arumugam and Suresh Suseela [4].The reader may refer [7] and [2] for
the terms not defined here.

Let p=(w,v,,v;,...,v,) be a path or a cycle in a graph G:(V,E). Then vertices (v,,vs,...,v,,) are called
internal vertices of P and v, and v, are called external vertices of P. Two paths P and Q of a graph G are
said to be internally disjoint if no vertex of G is an internal vertex of both P and Q .If P=(v,,v,v,,...v,) and
Q=(v, =W, W, W,,...,w, ) are two paths in G then the walk obtained by concatenating P and Q at v, is
denoted by P-Q and the path (v,,v,,....,v,) is denoted by P™.[3]. Bondy [5] introduced the concept of path

double cover of a graph. This was further studied by Hao L.i [8].
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Definition 1.1[3]: A path double cover (PDC) of a graph G is a collection LP of paths in G such that every

edge of G belongs to exactly two paths in (P :

The collection LP may not necessarily consist of distinct paths in G and hence it cannot be treated as a set in
the standard sense. For any graph G =(V, E), let (P denote the collection of all paths of length one each

path appearing twice in the collection. Clearly q; is a path double of G and hence the set of all path double

covers of G is non-empty.
Arumugam and Meena [3] introduced the concept of path double covering number of a graph G.

Definition 1.2[3]: The minimum cardinality of a path double cover of a graph G is called path double

covering number of G and is denoted by 7., (G)

In [9] it has been observed that for any graph G 7, (G)£2q and equality holds if and only if G is

isomorphic to gK, and the following results have been proved .

Theorem1.3[3]: Let (P be any path double cover of a graph G. Then |P|=2q—ipwhere ip:Zi(p)

peP

where i(p) is the number of internal vertices of (P .

Theorem1.4[3]: 7,5, =20 —1 where i= maxiP the maximum being taken over all path double covers (P of G

Theorem 1.5 [3]: Let G be a graph with ¢ =1,if there exists a path double cover (P such that every non
pendant vertex of G is an internal vertex of d(v)paths in q) then LP is minimum path double cover and
Mep :|P|

Theorem 1.6 [3]: For any tree T, 7,5 (T)=n where n is the number of pendent vertices of T.

Theorem 1.7 [3]: For any graph G, 7, (T)>A Further for any tree T, 77, (T)=Aif and only if T is

homeomorphic to a star.

Definition 1.8 [6]: A triangular cactus is a connected graph all of whose blocks are triangles. A triangular
snake is a triangular cactus whose block-cutpoint-graph is a path (a triangular snake is obtained from a path

V,,V,,...,V, by joining V; and V;,; to anew vertex w; for i=12,...,n-1).
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Definition 1.9 [6]: A double triangular snake consists of two triangular snakes that have a common path.

That is a double triangular snake is obtained from a path v;,v,,...,v,by joining v, and v, , to a new vertex

w; for j=1,2,...,n—1and to a new vertex u;, for j=1,2,...,.n—1.
Definition 1.20 [6]: The book B, is the graph S, x P, where S, is the star with m + 1 vertex

Definition 1.21 [6]: A gear graph denoted G, is a graph obtained by inserting an extra vertex between each
pair of adjacent vertices on the perimeter of a wheel graph W,. Thus, G, has 2n+1 vertices and 3n edges.
Gear graphs are examples of square graphs, and play a key role in the forbidden graph characterization of

square graphs. Gear graphs are also known as cogwheels and bipartite wheels.

Definition 1.22 [6]: A helm graph, denoted Hn is a graph obtained by attaching a single edge and node to

each node of the outer circuit of a wheel graph Wn.

Definition 1.23 [6]: A graph G is called the flower graph with n petals if it has 3n+1 vertices which form an

n- cycle.

Definition [6]: A shell Sn is the graph obtained by taking n-3 concurrent chords in a cycle Cn on n vertices.

The vertex at which all the chords are concurrent is called the apex vertex. The shell is also called fan Fn-1.
ie.S, =F-1=P -1+K,.

Definition 1.24 [6]: The cartesian product of two paths is known as grid graph which is denoted by P, xP, .

In particular the graph L, =P, x P, is known as ladder graph.

Definition 1.25 [6]: A web graph is the graph obtained by joining the pendant vertices of a helm to form a

cycle and then adding a single pendant edge to each vertex of this outer cycle.

Theorem 2.1: Let G be a triangular snake graph, then npp (G)=4
Proof: Let V(G)={V;,V,,V;,...,V,, W, W,,..., W, , } , N is odd.
The path double covering of G is as follows.

P o= {V1, Wy, Vo, Wy, Vg, W g,V

P =2P, U2PR, is a path double cover of G .

Npp (G)<4=A

Since npp (G)2A=4

npp (G)=A=4 is a minimum path double covering number of G.
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Theorem 2.2: Let G be a triangular cactus graph, then npp (G)=2n, where n is the number of triangles in
the graph.
Proof: Let V (G) ={Vy, Vi, Vip: Voy Voo -1 Vg Vi }

Casel: nisevenandn>4
The path double covering of G is as follows.

Pi:{Vil’ViZ’VO’ViJrlZiViJr]_‘l_}, i:l,3,5,...,n—1
P j={Vj+12’vj+11’V0’leij2} J =135,7,...,n—1
P k= {VklyVo,sz},k =1ton

P:{P.}u{Pj}u{Pk} is a path double cover of G .

I
|P|:E+ﬂ+n:2n
2 2
MNep (G)SZn:A
Since npp (G)=A=2n
npp (G)=A=2n is a minimum path double covering number of G.

Case 2: nisodd and n >5
The path double covering of G is as follows.

P1:{V11vV12’V0vVn1'V }
Pz—{V21vV221Vo:Vn2:Vn1}
Ps= {V V11'V01V21’V22}

PI {VII'VIZ'VO’ |+12’V|+1’ },i:3,5,7,...,n_2

13

{J+12’ J+11’VO’VJ1’VJZ} j:3,5,7,...,n_2
{Vkl,VO,sz} k=1,2,..., n
P={P1,P2,P3,P,,PJ,Pk}iS a path double cover of G .

|P|= 3+n71—1+n71—1+n—2n

Since npp (G)=A=2n
Mpp (G)=A=2n is a minimum path double covering number of G.

Theorem 2.3: Let G be a flower graph with n petals then g (G)=2n

Proof: Let V(G) ={Vg, Vi Vi Vor, Vig - Vi Via |

Casel: nis even.
The path double covering of G is as follows.

P' {V|1'V|2'V|3'VO'V|+13’V|+12! |+:L'L} :L35 -1
P :{Vi+13!vi+12'Vi+].’L'VO'Villviz’Vi3}i =135,...,n-1

P= {P,, P, Pk} is a path double cover of G .
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|P|=n-1+n-1+n=2n
npp (G)=2n=A isa minimum path double covering of G.

Case 2: nis odd.
The path double covering of G is as follows.

P1:{V11aV12:V131V01V23aV22:V21}
{VHS'VnZ'Vn1'V0'V21'V22'V23}

3= {V13aV12 Vll’VnS'VnZ'an}
{Vll* i2:Viz: Vo, |+3’V|+2'V|+1} i:3'5*""n_2

Vi, Vo, Viz i =1ton

P

P.=

Pi= { Vi 13 Vi, I+]1,v0,v,1,v,2,v,3} i=35..,n-
P={

P=

{Pl, PZ,P3,P,,PJ,PK} is a path double cover of G .

IP|= 3+“Tl-1 n71—1+n—2n

npp (G)=2n=A isa minimum path double covering of G.

Theorem 2.4: Let G be a P(QS,) graph. The path double covering of G is npp (G) =4n-2
Proof: Let V(G)={V,,..., V. by o By oo W oW | T =1ton

Casel: nis even.
The path double covering of G is as follows.

Pi= {Wln'rm'Wn lvrln—lv"-'Wil’Iil’Vi’Vi+1'|i+11'Wi+:L‘L!|i+12’Wi+121"-’|i+1n'Wi+1n} i=lton-1
Qi= {Wln'rln'Wn 10 fingre -0 Wi figs Vi V|+l’r|+1,1'Wi+l,l’ﬁ+1,2’V\/i+1,2’---'ri+1,n'Wi+1,n} i=lton-1
Ri:{vi,Iil,wil,Iiz,wi2,...,lin, W} i=12,.
S i={Vii fig Wiy B Whg, o B W b =12,
~Mpp(G)=n-1+n-1+2n=4n-2
Case 2: n is odd.
The path double covering of G is as follows.
Pi= {V\’umrmvwm 11rln—lv‘”’Wil’IilvVi1Vi+ll|i+111Wi+]_’Lv|i+12’Wi+121"'1|i+1n7Wi+1n} i=lton-2
Qi= {Wmvrman 1'nn—lv""V\lil7nl1Vi7Vi+l1ri+l,l7Wi+1,1’ri+1,2’Wi+l,21"'7ri+1,n7Wi+1,n} i=lton-2
Ri={Vi g, Wig, i, Wigo o i W b =12,
S i={Vi, fig Wiy, B Whg, o B W b =12,
P 1= {Won Do e e Wog Dg s Vi Vg |
Qnz = {Wons T+ os W, g Vi Vi1 }

.-.nPD(G)zn—1+n—1+2n=4n—2
Theorem 2.5: Let G be a Cy(QS;) graph. The path double covering of G is npp (G) =4n
Proof: Let V(G)={v,,..., Vi, by o By o W W | T =1ton

Casel: nis even.
The path double covering of G is as follows.
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Wins Fins Win1 Fint -+ Waas i Vi Vi Big s Wean lisao s Wz -l

in» lins Wi+1n}i=1t0n—1

P i~

Wins fins Win-1 Fin-1s- s Wiz Fins Vis Vi fii 0 Wisa 1 ri+1,21Wi+1,21‘“vri+l,ani+l,n} i=lton-1

{
{

VI’Ill’WIl’ iZ’WiZ""’IIn’ m} |_12

Q

Ri={ |

S i={Vi\ fig Wiy, Big, Whg, .o By Wi b =12,
P

0

~Mpp (G)=n-1+n-1+2n+2=4n

Case 2: nis odd.
The path double covering of G is as follows.
|

Pi= {W i Whn-1s Bingo o0 Whto B Vi Vi bisans Weaan Biag s Wesaao o b,

in» lin» Wi+1n}i=1t0n—2

Wi fin» Win-1 fin-1,- Wil’ril’Vi'Vi+11ri+1,1’Wi+1,llri+1,2'Wi+1,21-"’ri+1,n’Wi+1,n} i=lton-2

Q=
i~ {Vi’lll’ i1 |2* |2’ 'Iln' in
v

R= bi=12..
S i={Vi, fig, Wiy, Big, Whg, oo By W b =12,
P ooa= {(Won b Wnl,lnl,vn,vn_l}
Qnz = {Won s T+ Wog g Vi Vg |
Po=(v.Vy)
\Vz{Pini!RilSi’zpn}
~Mpp (G)=n-1+n-1+2n+2=4n
Theorem 2.6: Let G be a Ladder graph. The path double covering of G is npp (G)=3
Proof: Let V (G)={uy, U, Us, ..., Uy, by, 1o}
The path double covering of G is as follows.
Lou,u,, b b us,uy, . L Luu . u L if s even
1={I1,ul,u2,lz,I3,u3,u4,...,Ii_l,l U, Ui,,.....l,,u,,if nis odd

3 ={I1,I2,u2,u3,l3,I4,u4,...,ln1,In, u_,if nis even
L,u,u,,l,,0,u5,u,,...;u, U1, ifnis odd

P ={Uy Uy Uy g Ups U by Ly 1 1)

Mo (G)=A=3 isaminimum path double covering of G.

Theorem 2.7: Let G be a fan graph with n vertices. The path double covering of G is npp (G)=n

Proof: Let V(G)={X,X,,..., X, }

The path double covering of G is as follows.

P ={XXX;... X, }

P, = {X XX Xs ... X4 }

P3 = {Xn—lxnxl}
Let G, =G—{R,P,,R,} is atree with n-3 pendant vertices.
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Mo (Gl):n_3
Nep (G)=n—-3+3=n

Moo (G) =A=n isaminimum path covering of G.

Theorem 2.8: Let G be a mobius graph. The path double covering of G is np, (G) =4
Proof: Let V (G) ={V,,V,,...,V,, W, Wy, ..., W, }
The path double covering of G is as follows.

B ={Vi, Ve Vg Vi W, Wy wz,wl}

Py = { Vi WL Vi, Vi W, Wi, Vg, Vo Vg, W, g, W
P= {V1'W1’W2’V2’V3’ » W, 1’W}
P, ={w,V,,W,,v, }

P={R,P,,R,,P,} isaminimum path covering of G
Nep (G)=4=A is aminimum path covering of G.
Theorem 2.9: Let G be a shell graph with n vertices. The path double covering of G is npp (G)=n

Proof: Let V (G)={V,,V,,...,V,}
The path double covering of G is as follows.

B ={V,Vye VsV, }
B={Vi, Vo Vg s Vg, Vs )
P ={V,,V,,V,}

P, ={v,,V,,V,,}
Ro={vy,v,V, 4}

G,=G—{R,P,, R, P, R} isatree with n-5 pendant vertices.
Neo (G,)=n—5 (By corollary 1.1)
Nep (G)=n—5+5=n<A isaminimum path covering of G.

Since npp (G)=A=n

S Mpp (G) =A
Theorem 2.10: Let G be a gear graph with n vertices. The path double covering of G is npy (G)=n+1

Proof: Let V (G) ={Vy,V;, Voo Vi Wi, Wy, W,
The path double covering of G is as follows.
Pl :{Vo'V1’t1’V2’t2’V3't3’----'Vn’tn}

P {Vo'Vn’tn!V1't1 Vz’tz’ nl'tn 1}
B={t, ..V, Vo, Vit }

G,=G—{R,P,,R,} is atree with n-2 pendant vertices.
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Neo (Gy)=n—2 (By corollary 1.1)
Nep (G)=n—2+3=n+1 is a minimum path covering of G.

Theorem 2.11: Let G be a web graph with n vertices. Then npp (G)=n+1

Proof: Let V (G) ={Vy,V;, Voo,V Wi, Wy, W,
Her w,,w,,...,w, are pendant vertices.

v; is adjacent to v, and w;

The path double covering of G is as follows.

B ={W,V;, Vg,V Vaeon Vs W, |

U
I

{Vor Vi Vi Ve Vg Wy |

U
I

{Vgs Vias Vi Vi, Vi, W, }

P, ={ W1V, 1 Vo Vs W, }

R ={W,,V,, Vg, vy, W }

G,=G—{R,P,, R, P, R} isatree with n-4 pendant vertices.

Neo (G)=n—4 (By corollary 1.1)

Nep (G)=n—4+5=n+1 isaminimum path covering of G.

Theorem 2.12: Let G be a double triangular snake graph, then np, (G)=6=A
Proof: Let V(G) ={V,,,V,,V,...,V,, Wy, W, ..., W, , Uy, Uy,.., Uy} Nis odd.

The path double covering of G is as follows.
Plz{v1 Wy, Vy, Wy, Vg, Wa, .., Vg, Wy 1, Vy |
Vi, U, Vo, U, V3, Ug,. .y V, —1:Un—1,Vn}

VgV, Wy, Vg, Vs, We ., Wy o, Vi1, Vg |

V. V2 U2 U3 V4 U4 U5 V6 Vn_lyun_lavn}

et

5 ={v, W

% = {Vp,Up,Vy, V3, Us, Vg, Vg, Us .y U g, Vg, Vi |
5 ={v

5 = {w.v

Vi, Vo, Wy, Vg, Vg, Wy, Vi, Voo, Vg, Wy g, Vi |

e (G) A =6 is a minimum path double covering number of G.

Note: Observe that for the following graphs the path double covering number is np (G)=A

1. t-ply
2. Multipleshell
3. Book graph
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