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Abstract

The purpose of this paper is to introduce the concept of pairwise fuzzy closed (fuzzy open) sets in fuzzy biclosure
spaces and study their fundamental properties. We introduce the notion of preserve pairwise fuzzy closed (fuzzy
open) maps by using pairwise fuzzy closed sets and investigate some of their characterizations.
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1.Introduction

Fuzzy closure spaces were first studied by Mashhour and Ghanim [1,2]. Recently, Chawalit Boonpok [3]
introduced the notion of biclosure spaces. Such spaces are equipped with two arbitrary closure operators. He extended
some of the standard results of separation axioms in closure space to a biclosure space. Thereafter a large number of
papers have been written to generalize the concept of closure space to a biclosure space.The author [4] has introduced
the notion of fuzzy biclosure spaces and generalized the concept of fuzzy closure space to fuzzy biclosure space.

In this paper we introduce and study the concept of pairwise fuzzy closed sets in fuzzy biclosure spaces.
Using the notion of pairwise fuzzy closed sets, we introduce preserve pairwise fuzzy closed maps and discusses some
of their properties.

2. Preliminaries

Definition 2.1. A fuzzy biclosure space is a triple (X,ul,uz) where X is a non empty set and u,,u, are two fuzzy
closure operators on X which satisfy the following properties:

(i) u,(0,)=0, and u,(0,)=0,

(i) < up and p<u,u for all u<1”

(i) u (uvo)=uuvupand u,(uvo)=uuvup for al go<1”,
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Definition 2.2[4]. A subset g of a fuzzy biclosure space (X,ul,uz) is called fuzzy closed if. The complement of
fuzzy closed set is called fuzzy open.

Definition 2.3[4]. A fuzzy closure space (Y,vl,vz) is said to be a subspace of (X,ul,uz) if Y<X and
Vi =U AL, or Vyu=u,unl, for each fuzzy subset u<1. If 1, is fuzzy closed in (X,ul,uz), then the
subspace (Y,V,,V, ) of (X,u,,u,) is also fuzzy closed.
Definition 2.4[4]. Let (X,u,,u,) and (Y,V,,Vv,) be fuzzy biclosure spaces. A map f :(X,u,u,)—>(Y,v,V,) is
called fuzzy continuous if f’l(,u) isa fuzzy closed subset of (X,ul,uz) for every fuzzy closed subset x of
(Y. v, V,).

Clearly, it is easy to prove thatamap f :(X,u;,u,) —>(Y,Vv,V,) is fuzzy continuous if and only if f *(v)
isa fuzzy open subset of (X, u,,u, ) for every fuzzy open subset v of (Y,v,,V,).
Definition 2.5[4]. Let (X,u,,u,) and (Y,V,,V,) be fuzzy biclosure spaces. A map f :(X,u,u,)—>(Y,\,V,)is
said to be fuzzy closed (resp. fuzzy open) if f ( ,u) is fuzzy closed (resp. fuzzy open) subset of (Y,vl,vz) whenever
w is afuzzy closed (resp. fuzzy open) subset of (X,u;,u,).

Definition 2.6. The product of a family {( X, ui \ ui ) ‘ae J} of fuzzy biclosure spaces denoted

by H(Xa,ui,ui) is the fuzzy biclosure space [H Xa,ul,uzj where (Hxa,uij for ie{l,2} is the

ael ael ael

product of the family of fuzzy closure spaces {Xa U ae J} :

Remark 2.7. Let H(Xa,ui,uj):[nxa,ul,uzj.Then foreach u<[[X,, uu’u=]Juiuir,(u).

ael ael ael ael

Proposition 2.8[4]. Let {(Xa,u;,uj):a € J} be a family of fuzzy biclosure spaces. Then for each feJ, the

H H . 1 2 1 2 H H
projection map ﬂﬂ.H(Xa,ua,ua)a(xﬁ,uﬂ,uﬁ) is fuzzy continuous.

ael

Proposition 2.9[4]. Let {(Xa : ui,uj) ‘ae J} be a family of fuzzy biclosure spaces and let e J . Then < X, isa

fuzzy closed subset of (X ,,uj,u? ) if and only if 77 x [ | X, is a fuzzy closed subset of (X, uz,uZ).

a#p ael
ael

Proposition 2.10[4]. Let {(Xa , ui , ui) ‘ae J} be a family of fuzzy biclosure spaces and let S e J.Then y < X, is

a fuzzy open subset of (X, uy, u;) if and only if  x [ | X, is a fuzzy open subset of [ J(X,,, ui,ui) :

a+f ael
ael

3. PAIRWISE FUZZY CLOSED SETS

The purpose of this section is to introduce the concept of pairwise fuzzy closed (pairwise fuzzy open) sets in
fuzzy biclosure spaces and study some of their important properties. We also introduce the notion of preserve pairwise
fuzzy closed (preserve pairwise fuzzy open) maps using pairwise fuzzy closed (pairwise fuzzy open) sets and
investigate some of their characterizations.
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Definition 3.1. A subset g of a fuzzy biclosure space (X,ul,uz) is called pairwise fuzzy closed if

UU,ue= g =u,u 2. The complement of pairwise fuzzy closed sets is called pairwise fuzzy open.
Remark 3.2. Every fuzzy closed set is pairwise fuzzy closed set.

Proposition 3.3. Let (X,ul,uz) be a fuzzy biclosure space and let u, , U, be additive. If x4 and v are pairwise
fuzzy closed subsets of (X U, u 2), then u v o is pairwise fuzzy closed.
Proof. Let x and v be pairwise fuzzy closed. Then u,u,z =z =u,u,z and U,u,v=v=U,uU. Since U, and U,
are additive,

ul, (Vo) = U (Uuvu) = UUuvuu = gvo and

W (uvo) = u(uuvup) = WLUuvULUL = uvo
Consequently u,u, (/,tvu) =uvo=UU,uvuo.Hence, uvo ispairwise fuzzy closed.
Proposition 3.4. Let (X,u,,u,) be a fuzzy biclosure space and let (Y,v;,v,) be a fuzzy closed subspace of
(X,u,u,). If 4 is a pairwise fuzzy closed subset of (Y,V;,V,), then x is a pairwise fuzzy closed subset of
(X,u,u,).
Proof. Let u be a pairwise fuzzy closed subset of (Y,vl,vz). Then v\v,u = and V,V,u= . Since Y is both a
fuzzy closed subset of (X,u,)and (X,u,), Uy = u and u,u = 4. Therefore
F=vVu =V, (Uunl, )=V, (U, (£ AL,)) =V, (Uyz) =, (Uu) AL, = U (UuAl,)
=u, (U, (1~L,))=uu,u and
F=v,v, /u:VZ(ul /U/\lv)zvz(u1(ﬂ/\lv)):v2(ul ﬂ):uz(ul ;u)/\]w :UZ(U 1 ﬂ/\lv)
:uz(u1(,u/\lv))zuz U 4.

Consequently, U, U, = s =U, U, 4. Hence, u is a pairwise fuzzy closed subset of (X,uy,u,).

The following statement is obvious.

Proposition 3.5. Let (X ,u,u 2) be a fuzzy biclosure space and let 12 < X . Then

(i) 4 is pairwise fuzzy open if and only if 1 =1, —uyu, (1, —z) =1, —u,u, (1, — ).

(ii) If v is pairwise fuzzy open and v < g, then v <1, —uu, (L, —z)=1, —u,u, (1, — ).

Proposition 3.6. Let {(Xa, ual,uaz) ‘ae J} be a family of fuzzy biclosure spaces and let SeJ. Then <X, isa

pairwise fuzzy closed subset of (Xﬂ,u;,ué) if and only if anXa is a pairwise fuzzy closed subset of
a#p

ael

H(Xa, ui,uj).

ael

Proof. Let B eJ and let r be a pairwise fuzzy closed subset of (Xﬂ,ullg,ué). Then 7 is both a fuzzy closed

subset of (Xﬂ,u};) and (Xﬂ,UZ). Since zﬁ:H(Xa,ui)—><Xﬂ,u;) is  fuzzy continuous,
7yt (m)=nx]]X, is a fuzzy closed subset of H(Xa,ui). since 7z, : [ (X, u2)—>(X,.u3) is
a#p acel

ael
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fuzzy continuous, 7, () =nx [ [ X, is a fuzzy closed subset of H(Xa , ui) . Consequently, nx]]X, is a

azf ael azf
ael ael
fuzzy closed subset of [ J(X,,,u5,u?). Then 77 x [ ] X,, is a pairwise fuzzy closed subset of [ (X, u,uZ).
ael a#f} ael

ael

Conversely, let 77x []X, be apairwise fuzzy closed subsetof [ (X, ub,uZ). Then nx X, is

a#f ael a#f
ael ael
both a fuzzy closed subset of H(Xa,ui) and H(Xa,ui). since 7, : [ [(X,.uy) = (X,,uy) is fuzzy closed,
ael ael ael

s\ nx[]X, |=n is a fuzzy closed subset of (X ,,uj). Since 7, :[(X,.uZ)—>(X,,u3) is fuzzy closed,

a#f} ael
ael

Ty anXa =n is a fuzzy closed subset of (Xﬂ,ué). Consequently, 7 is a fuzzy closed subset of
a#f

aed

(Xﬂ,u;,ué). Then 7 is a pairwise fuzzy closed subset of (Xﬂ,u;,ué).

Definition 3.7. Let  (X,u,u,) and  (Y,v,v,) be fuzzy biclosure  spaces. A map
f:(X,u,u,)—>(Y,v,V,) is said to be preserve pairwise fuzzy closed (resp. preserve pairwise fuzzy open) if
f( ,u) is a pairwise fuzzy closed (resp. pairwise fuzzy open) set in (Y,vl,vz) whenever g is a pairwise fuzzy

closed (resp. pairwise fuzzy open) setin ( X,u,,u,,).
The following statement is evident.

Proposition  38. Let (X,u,u,), (Y,v,v,) and (Z,w,w,) be fuzzy biclosure spaces. If
fi(Xu,u,)—>(Y,v,v,) and hi(Y,v,v,)—>(Z,w,w,) are preserve pairwise fuzzy closed, then

ho f:(X,u,u,)—>(Z,w,W,) is preserve pairwise fuzzy closed.
Proof. Obivious.

Proposition 3.9. Let {(Xa, ual,uaz):a € J} be a family of fuzzy biclosure spaces. Then for each feJ, the

H H . 1 2 1 2 H H -
projection map 7, .H(Xa U, ua) —>(Xﬂ, uﬂ,uﬂ) is preserve pairwise fuzzy closed.

ael

Proof. Let 7 be a pairwise fuzzy closed subset of H(Xa, ui,ui). Then 7 is both a fuzzy closed subset of

ael

[T(X,.u.) and TT(X,.uZ). Since the map 7z, : [ (X, us)—>(X,.up) is fuzzy closed, z,(r7) is a fuzzy

acel acel acel

closed subset of (Xﬂ,u;). Since, the map 7, :H(Xa,uj) —>(Xﬁ,u§) is fuzzy closed, 7z,(n7) is a fuzzy closed

ael

subset of (X ,,u? ). Consequently, 7,() is a fuzzy closed subset of H(Xa,ui,uj). Then 7,(n) is a

ael

pairwise fuzzy closed subset of H(Xa, ui : uj ) . Hence, the map 7, is preserve pairwise fuzzy closed.

ael
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Proposition 3.10. Let (X,ul,uz) be a fuzzy biclosure space, {(Ya,vi,vj):a € J} be a family of fuzzy biclosure

spaces and f:X —]]Y, beamap. Then f:(X,u,u,) —>H(Ya,vi,v§) is preserve pairwise fuzzy closed if

ael ael
andonly if 7,0 f:(X,u,u,) —>(Ya,v}x,v§) is preserve pairwise fuzzy closed for each aeJ .
Proof. Let f be preserve pairwise fuzzy closed. Since =, is preserve pairwise fuzzy closed for each o€ J, it
follows that 7, o f is preserve pairwise fuzzy closed for each ax € J .
Conversely, let the map 7, o f be preserve pairwise fuzzy closed for each o € J . Suppose that f is not

preserve pairwise fuzzy closed. Therefore, there exists a pairwise fuzzy closed subset 7 of (X,ul,uz) such that

[Tvove 7, (fm)% £@m) or J]viv, 7, (f(m)£ f@). 1f J]viv, 7, (f()£ f(n). Then, there exists

ael ael ael

B ed suchthat vvir, (f (1)) £, (f(n)). Butthemap 7,0 f is preserve pairwise fuzzy closed, 7z, ( f (7)) is

a pairwise fuzzy closed subset of (Yﬁ,v;,vz). This is a contradiction. If JJviv, 7, (f(17))£ f (7). Then, there

ael

exists feJ such that VZ\éﬂﬂ(f(n))ﬁﬁﬁ(f(n)). But the map 7,0 f is preserve pairwise fuzzy closed,

therefore Ty ( f (77)) is a pairwise fuzzy closed subset of (Yﬂ,v;,vz). This is a contradiction. Therefore the map f
is preserve pairwise fuzzy closed.

Proposition 3.11. Let {(Xa, ual,uaz):a € J} and {(Ya,vi,vi):a € J} be families of fuzzy biclosure spaces.

For each aeJ, let f :X_—Y, be a surjection and let the map f:HXa—>HYa be defined by

ael ael

f((X,)0es) =(f,(X,))._, Then the map f :H(Xa,ui,ui)AH(Ya,vi,vi) is preserve pairwise  fuzzy

ael ael

closed if and only if the map fa:(Xa,ui,ui)a(Ya,vi,vi) is preserve pairwise fuzzy closed for each

aecld

Proof. Let e J and let 7 be a pairwise fuzzy closed subset of (Xﬁ,uz,u;). Then 77 x H X, is a pairwise fuzzy
a#f}

ael

closed subset of H(Xa, ui,ui). Since f is preserve pairwise fuzzy closed, f an X, | is a pairwise fuzzy

ael a+p
ael

closed subset of H(Ya,vi,vi). But f|nx]X, |=f,(m)x]]Y,. hence f,(n)x[]Y, isa pairwise fuzzy

ael a#p a#p a#f
ael ael ael

closed subset of H(Ya,vi,vi). By Proposition 3.6, f,(7) is a pairwise fuzzy closed subset of (Yﬁ,,vk,v;).

ael

Hence, the map f, is preserve pairwise fuzzy closed.

Conversely, let the map f, be preserve pairwise fuzzy closed for each S < J . Suppose that the map f is not

preserve pairwise fuzzy closed. Therefore, there exists a pairwise fuzzy closed subset 7; of H( X, ui , ui) such that

ael
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[Tvovi 7, (f@m)% £@m) or J]viv, 7, (f(m)£ f(). 1f J]vovi 7z, (f())£ f(n). Then, there exists

ael ael ael

B ed such that vvir, (f (7)) £z, (f(77)). But 7,(7) isa pairwise fuzzy closed subset of (Xﬂ,u;,u;) and
fﬂ is preserve pairwise fuzzy closed, fﬂ (ﬁﬂ(n)) is a pairwise fuzzy closed subset of (Yﬁ,v;,vfi). Thisis a

contradiction. If [ [v2av; 7, (f(7))£ f(n). Then, there exists e J such that Viv, 7, (f (7)) <7z, (f(7)). But

ael

74 (n) is a pairwise fuzzy closed subset of (Xﬂ,ué,uj) and f, is preserve pairwise fuzzy closed, f,(7z,(7)) is

a pairwise fuzzy closed subset of (Y v vV ) This is a contradiction. Therefore, the map f is preserve pairwise

fuzzy closed.
4. Conclusion

In this paper we have introduced the concept of pairwise fuzzy closed (pairwise fuzzy open) sets in fuzzy
biclosure spaces and studied some of their important properties. We have also introduced the notion of preserve
pairwise fuzzy closed (preserve pairwise fuzzy open) maps using pairwise fuzzy closed (pairwise fuzzy open) sets and
investigated some of their characterizations.
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