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INTRODUCTION

The theory of nonlinear differential equations has become one of the most important areas of investigation in recent years. It is
much richer than the corresponding theory of linear differential equations, because the structure of its emergence has deep
physical background, see [1-8]. The theory of nonlinear impulsive differential equations describes processes which include a
sudden change of their state at certain moments. Processes with such a character arise naturally and often, especially in the
phenomena studied in physics, chemical technology, population dynamics, biotechnology and economics.

On the other hand, boundary-value problems with integral boundary conditions constitute a very interesting and important
class of problems. They arise in different areas, for example, heat condition, chemical engineering, underground water flow,
thermo-elasticity, and plasma physics can be reduced to the nonlocal problems with integral boundary conditions, see [8]

In the last years, the theory of ordinary differential equations with singularities in abstract spaces has become an important
new branch; see [3-7]. In a late work, by using the Schauder fixed point theorem, Zhang [7] obtained the existence of positive
solution for second-order nonlinear impulsive singular differential equations of mixed type in Banach spaces

(x"=f(t,xx,Tx,Sx), tely,
Ax|p=t), = IOk(x(tk);x’(tk));

Ax |z, = he(x(8), x (8)) , k= 123,,p,
Lx(O) = X0, (0) = x;,

where I = [0,1],1; = (0,1),0 < t; < t, <--t,<a, I =L\{ty,~,<t,}, fmay be singular att=0,aandx =6 or x =

0, I, (i = 0,1)may be singular at x = for x' = 6, Odenotes the zero element of Banach spaceE.

More recently, Zhang and Feng[8] considered boundary value problem with integral boundary conditions for second-order
nonlinear impulsive integro-differential equation of mixed type in real Banach space. However, as we know, up to now, few
papers have considered the existence of positive solutions for second-order impulsive singular integro-differential equation of
mixed type with integral boundary conditions in abstract spaces.

Inspired by the above work, in this paper, we shall use the Schauder fixed point theorem to investigate the existence of
positive solutions for second-order nonlinear impulsive singular boundary value problem with integral boundary conditions in
Banach spaces. Boundary conditions considered in this paper are also different from many known results; this is another reason
why we study this problem.

Consider the following boundary value problem with integral boundary conditions for second-order nonlinear impulsive
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singular integro-differential equation of mixed type in Banach space
u'(©) + f(tu(@®), (Tw) (), (Sw) (D)) = 6, te],,
Autly=e, = Tor(ut), 0 (8)),
| At = I () ' (80)), ke = 1,2,3,+,m),
w0 =w, v @) =g fol q(s) u'(s)ds + v*,
where = [0,1],], = (0,1),0 < t; <t, <ty < 1,Jy =J, \ {t, ", tm}, B = 0,fmay besingular att = 0,aandx = 6 or x =

0, I,(i = 0,1)may be singular at x = Qor x' = 6, @denotes the zero element of Banach spaceE, u*,v*eE,qeL'[0,1]is
nonnegative.TandSare the linear operators defined as follows

(Tw)(t) = fotk(t, s)u(s)ds, (Su)(t) = fol h(t, )u(s)ds, (1.2)
Where k € C[D,R,] , h€C[Dy,R,],D={(t,s) €] xJ:t=s} , Dy={(t,s)€]Jx]:0<t,s<1},R,=[0,+x) , RT =
(0, +0), Aul,—, denotes the jump of w(t) at t = tyi.e..Aul—, = u(t) — u(ty),where u(ty), u(t; represent the right and left
limits of t = t,respectively.

(1.1)

1. Preliminaries and lemmas
In this section, we present some preliminaries and lemmas that are useful to the proof of our main results.

LetPC[J,E] = {u:uis a map fromJintoEsuch thatu(t)is continuous att = t,,leftcontinuous att = t,,andu(t;)exists,k =
1,2,3,--,m.0Obviously Pc/, £is aBanach space with the normllzll PC=supze/futl,Let PC1/ £=u:wis a map from/into ASuchthatzz is
continuously differentiable att = t;,left continuous att = t;,andu(t;)u'(t7), u'(ty)exists}. By virtue of the mean value theorem

u(ty,) —u(ty —h) € hco{u'(t):ty — h <t <t }(h > 0).
It is easy to say that the left derivative u_(t,)exists and
ul(6) = lim A~ [u(t) — ulte — W] = u'().
In (1.1) and in the following, u'(t,)is understood asu_(t;), Evidently, PC'[J,E]is aBanachspace with norm| u llpc1=
max{ll u llpc, Il u lpc}. LetPbe a normal cone inEwithnormal constantNwhich defines a partial orderinginEbyx < y.Ifx <
yandx # y,we writex < y.

LetP, = P\ {6}. So,ueP,if and only ifu > 6. For details on cone theory.In what follows, we always assume thatu* >
wo, vV'=2w, w;€P(i=01). Let Py ={u€eP:uz=w}(2>0,i=0,1). Obviously, P;; c P.(i =0,1) ,for any L >
0.Wheni = 1,we writeP; = P;;,i.e. P, = {u € P:u > w;}(i = 0,1).Amapu € PC*[J,E] n C?[J,, E]is called a positive solution of
(1.1) ifu®(t) > Ofort € Jandu(t)satisfies (1.1).

Leta, ap1denote the Kuratowski measure of noncompactness inEand PC'[J, E], respectively.

Throughout this paper, we set

1 B J, a(s)ds

Sl femas T s Mamas drds,a, = ds.
ay 1—,8f01q(s)ds a, +1—,8f01q(s)ds as fofsq(s)rsa J;q(s)s

For the sake of convenience, we first give the following assumptions:
(Hy) f €C[J, X Pyy X Py; x P x P,P],for any A > O0and there exista,b € L[J,,R,],c € L[J,,RT]andg € C[R* X RT X R, X
R+,R+such that

lftxyzw)lI<al®)+b@®gllxLIylLlzILIwl)VteE],x €Pyy€P,zw€EP
and

I ftxy,zw)l .
c@OUWxU+Myn+lzIIl+1wli)

1]

as
x€P,y€eP,zwePlxI+lyl+lzl+lwl-ow,

uniformly fort € J,, and
1

1 1
f a(t)dt =a* < oo,f b(t)dt = b* < oo,J- c(t)dt = ¢* < .
0 0 0

(Hy) I, € C[Py; X Py, Plforanyd > 0(i = 0,1; k = 1,2,---,m)and there exist
F; € C[R*™ x R*, R, ]and positive constantsn;, v, (i = 0,1; k = 1,2, -+, m)such that
I Iy Co, ) IS e F(Mx L0y 1D, Vx € Py, y € Py,
and
I L G, ) I
Yae (o 41y 1D
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as
XE P,y €P,Il x|l +llyll- oo

m m
n; = Z N, Vi = Z Yik-
k=1 k=1

(H3) Forany t € J.and R > 0, f(t, Pig, Pir, P5, P3) = {f(t,x,y,z,W): x € Pjz,y € P{g,z,w € P;} and
Ly (Pgp, Pig) = {Iyc(x, y): x € P,y € Pip}(i = 0,1;k = 1,2,---,m)arerelatively compact inE, wherePz = {u € Pru > w;, [l u |
<Rand PR+=xEP:ul<R.

uniformly fork = 1,2,---,m(i = 0,1), and

1
(H)0 < ﬁf q(s)ds < 1.

Remarkl.1sinceu = w;implies u 1= N~ || w; |l, condition(H,) is satisfied automatically whenEis finite dimensional.
SetQ = {u € PC'[],Pl:u® () = w;,t €],i =0,1}and I = (tx_y, t;J(k = 1,2,--,m) jevidently, Qis a closed convex set
inPC'[J, P].

Lemma 1.1® LetHbe a countable set of strongly measurable functionx:I — Esuchthat there exists anM € L[I, R, ]such
thatll x I< M(t)a.e.t €I Vx € H.Thena(H(t)) € L[I,R,]and

a({f x(®©)dt : x € H}) < 2f,a(H(D))dt.
Lemma 1.2 IfH < PC[I, E]is bounded and the elements ofH ‘are equicontinuous oneach I, (k = 0,1, -, p). Then

aper(H) = max{SUpa(H (t)).supa(H (t))}
tel tel
We shall reduce boundary value problem (1.1) to an impulsive integral equation in E. To this end, we first consider

operator Adefined by

1,1
Aw)(t) =u* + qv't+ alﬂtf f q(s)f(‘r,u(‘[), u' (1), (Tw) (1), (Su) (T))d‘rds
0 Js

1 t
+ [ f tf (s, u(s), 1 (), (Tw) (s), (Su)(s) )ds — f (t = )f(s,u(s),u (), (Tw)(s), (Su)(s))ds]
0 0

sanfe| Y hi(uted @) |

Ca@ds — | 0© Y (e u @) ds

k=1 0<ty<s

1

HE h(ueo v @) = D € toh(uEdu@)] + ) lo(uu @)

k=1 0<tp<t 0<tp<t

2. Main Results
Theorem 2.1. Assume that (H,) — (H,) hold, then(1.1) has a positive solution # € PC'[J, E] n C2[],, E] satisfying (i1)!(t) = w;
for t € J(i = 0,1).
Proof. Assume that(H,)holds. u € PC[J,E] n C?[],, Elis a solution of (1.1) if and only ifu € PC'[], E]is a solution of the

following impulsive integral equation, i.e., uis a fixed point of operator Ain PC*[J, E].Assume that (H,) — (H,) hold,then the
operator A is continuous operator from Qinto Q.we need only to show that A has a fixed point X in Q. Choose

R > 4||u*|| + 4y ||v*|| + 4(aa3B + 2)a* + 4(a a3BM + 2M)b* + 4Q2aa,BM, + 4My)n; + 4M 75, (2.1)
and let Q; = {u € Q:|lullpc1 < R}. Obviously, Q; isabounded closed convex set in the
space PC1[J,E]. Itis easy to see that Q, is not empty since w(t) = u* + tv* € Q,. It follows that x € Q; implies Ax € Q,, i.e.,
A maps Q, into Q;. Now, we arein position to show that A(Q,) is relatively compact. Let V = {u,:n =1,2,---} € Q,.Then
[lullpcr < R. We have

) ”(Axn)’(t') - (Axn)'(t)”
< a0, ) s + > (e @)

t<tp<t’'
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;
<egR+Ek™+ h*)RJ- c(s) + a(s) + Mb(s)ds

t

n R+n:M,.
16(@f + D(a, + 1) M

which implies that {(4x,)'(t)}(n = 1,2,3,---) is equicontinuous on each I (k = 1,2,---,m).It is clear that, {(4x,)}(n =
1,2,3,++) € Q; © PC'[J,E] is bounded. we have

apci(AV) = max{sup.e; a((AV)P(£))},i=0,1, (2.2)
where AV = {Ax,:n = 1,2,---}, and (AV)D () = {(Ax,)P():n = 1,2, }. Since,for fixed s € ],V (s) € Pz(i = 0,1) and
(TV)(s) c Pz, (SV)(s) c Pz, where R = max{R, k*R, h*R}, we have, by condition (H;)

a(f(5,V(s),V (), (TV)(), (SV)(s)) = 0,¥s €]y, (23)
and
a(lp V), V' () =0, =01,k =1,2,--,m), (2.4)
it is easy to proof
a((AV)i(t)) =0,t €],i =0,1. (2.5)
Hence, by (2.2) we know that a,.1(AV) = 0and the relative compactness of A(Q,)isproved. Finally, Schauder fixed point theorem

guarantees thatAhas a fixed point x inQ,

Remark 2.1 Since the impulsive BVPs with integral boundary conditions is singular, It is different to construct a closed set and the
corresponding impulsive integral operator maps this bounded closed convex set into itself. The results obtained in this paper is
important and interesting.

3. An Example

In this section, we construct an example to demonstrate the application of our main
result obtained in section 3.
1

. — cos x,’l+2(t))2.

xn(t)+ [Xn+1(0)]?

E 1
+ \/% (IOt(l + ts)e_sxn+3(5)d5)3 + 1 (J'Ol x3n(5)d5)5 '

X0 (8) = 7= (2 + 2 () + 230 (O +

nVE(1+t) (1+t+s)?
VO<t<at#t,k=12"-",p,
< 1 1 3 (3.1)
Axn|t:tk =5 (m) k=12,-,p,
1
Ax;llf#k = (xn+1(tk) T +2(t ))3,k =12,-,p,

x,(0) = r,xn(l) fo X (s)ds+%,n= 1,2,

Proposition 1. Infinite system (3.1) has a positive solution {x, (t)}(n = 1,2, ---)suchthatx,, (t) = —= xn(t) > - for 0<t<1.

Proof. LetE = ¢y = {x = (xq, ", Xp, ==+ ): X, = 0}with the norm||x|| = sup,|x,|andP = {x = (xl, X ) €cpixy, > 0,n=
1,2,3---Then As a normal coneinZand infinite system (4.1) can be regarded as a BVP of the form (1.1). In this
situation, x=0, XY=L Y 1zZ= (21, Zn, )W = Wy, -, Wy, ), k(t,s) = (1 + ts)e S, h(t,s) =

1 * 1 1 % 1 1
Qs % = (LE""E'"')'” = (1'5"";"")’f = (fi -, fo - Dandlye = igq, -+, igns -+ ), (@ = 0,1),in which

1

falt,x,3,2,w) = f@+wn+nmf%—zz—ammﬂy (32)
1 1 1
+ \/_—213”3 oA
lokn = = ()%, (3:3)
lin = 25 G + 0% (3.4)

* * * 2-
Letw, = u*,w; = v*.Then Py, = {x = (Xq, 0 Xy )iy 2 = 1,2,---},

P, = {x = (g, Xy )i Xy = %,n = 1,2,---} for o> 0. It is clear that, f € C[I; X Py X Py X P X P,P], I, € C[Py, %
P14Afor anyh>0i=0,1;£=12,-- pFort€/1,x€P0,yeP1,zweAby definition P0=£01,P1=,11), we have, by (4.2),
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1 1 1
If(tx,y,zw)ll < i{ 2 llxll + Uyl )7 + Nzl + ||w||€}. (35)

So, (H,)is satisfied fora(t) = 0,b(t) = c(t) = —and

sw

1
2 1 1

7 T 1
g(u01u11u2;u3) = (E‘l‘uO +u1) +u; +ug
On the other hand, forx € Py, y € P, we have

1
or e M < (1 + HlylDz,
1
e G I < (1 + llx]Ds,
which imply that condition(H.,)is satisfied for
1 1
Fo(ug,uy) = (1 +uy)?, Fy(ug, uy) = (1 4+ ug)3
and nox = M1k = Yok = Y1 = 1.Now, we check condition (H;). Let t € I; and R > 0 be given and {u™}be any sequence
inf (t, Pir, Pir, P, P, ) whereu® = (u(™, ... 4™ ... ) By (3.2), we have

1

(m) 4 3
0<ul Sn‘*\/_( +2R) \/_tR3+n\/_(1+t)R(nm—12 ). (3.6)
So, {u(m)}is bounded and, by the diagonal method, we can choose a subsequence{m;} c {m}such that
uflm") - T,asi » o(n =1,2,-) (3.7)

which implies by virtue of (3.6) that

1 1
0=, < (2 +2R) + =R+ RS Sn=1,2,). 3.8)
Hencett = (Uy, ++, Uy, =) € cq.It is easy to see from (3.6)-(3.8) that
[[u — @l = sup, |u,™ — @, | - Oasi - c.
Thus, we have proved thatf (¢, Py, Pir, P, Py, )is relatively compact incy.In a similar way, by (3.3) and (3.4), we can show

that I;, (Pog, Pig)(i=0,1;k =1,2,---,p) are relativelycompact in c,. Therefore, (H;) is satisfied. on the other hand,
0<p f01 q(s)ds = foléds = % < 1,S0,(H,)is satisfied. Our conclusion follows from Theorem 3.1.
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