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ARTICLE INFO ABSTRACT
Published Online: The concept of resolving sets and minimum resolving sets has appeared in the name of locating sets
14 May 2019 and reference sets [6,7]. Independently, F. Harary and R.A. Melter discovered these concepts but

used the term metric dimension rather than location number. G. Chartrand and others introduced the
term resolvability in graphs and the metric dimension in their paper in 2000. Several results have
been found out in resolvability. Equitability was first introduced in coloring by W.Meyer[8]. Degree
Equitability in graphs was proposed by E. Sampathkumar. Later, this concept was used in
Domination[2]. An ordered subset S = {u,, u,, ..., u;} of V(G) of a connected graph G is called a
resolving set if the representation of v with respect to S by (d(v,uy),d(v,uy), ..., d(v,uy)) is
different for different v. The minimum cardinality of a resolving set in a connected graph G is
called the metric dimension of G and is denoted by dim(G). A resolving set S is called a

Corresponding Author:  complementary equitable resolving set if V —S is degree equitable in G . This concept is

V. Swaminathan introduced and studied in this paper.
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Introduction 1.1 Let ¢ = (V,E) be a simple graph. Let S = {uy,uy, ..., u,} be an ordered subset of V(G). To each v in
V(G), associate the k-vector r(v\S) = (d(v,uy),d(v,uy), ..., d(v,uy)). If the associated k-vectors are distinct for distinct v,
then S is called a resolving set. If V — S is degree equitable in G (thatis, |deg(x) —deg(y)| <1 forany x,y € V — S, where
the degree is with respect to G), then S is called a complementary equitable resolving set (or co-equitable resolving set). The
minimum cardinality of a co-equitable resolving set of a graph G is called the co-equitable metric dimension of G and is denoted
by coeqdim(G). A study of this parameter and the concept is initiated in this paper.

Definition 1.2 Let G = (V,E) be a connected graph. A Subset S of V(G) is called a co-equitable resolving set of G if S is
resolving and V — S is degree equitable(That is, for any u,v € V — S, |deg(u) — deg(v)| < 1). The minimum cardinality of a
co-equitable resolving set of G is called the co-equitable dimension of G and is denoted by coeqdim(G).

Remark 1.3 (i) V(G) is a co-equitable resolving set of G.
(i) The property of co-equitable resolvability is super hereditary.

Definition 1.4 A double star is a graph obtained by taking two stars and joining the centers with an edge. If the stars are K, ,.
and K; s, then the double star obtained by joining the centers of K, , and K; ¢ is denoted by D, ;.

coeqdim(G) for some well known graphs
1. coeqdim(K,)=n-1

coeqdim(K,,) =n

coeqdim(P,) =1

coeqdim(Cy,) = 2

coeqdim(Kmyn)={

g ko

m+n—2 if  m—n| <1
m+n—1 otherwise
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' (1 ifm=2,a,=1a,=1

6. coeqdim(Kn(ay,ay, ..., am))_{al +a,+ -+ ay, otherwise
] r+s ifrors=2

7. coeqdlm(Dr,S):{1 ifr=s=1

8. coeqdim(Kn, n,,. n,)=M1 + Ny + -+ n,. if K of ny,n,, ..., n, are equitable
9. coeqdim(P) = dim(P) =4

3ifn=4
10. coeqdim(W,)=<4if n =5
3ifn=6

Remark 1.5 dim(G) < coeqdim(G)
Observation 1.6 coeqdim(G) =1 ifand only if G = B,.
Proof. Suppose coeqdim(G) = 1. Then dim(G) = 1. Therefore, G = B,. The converse is obvious.

Theorem 1.7 Let G be a connected graph of order n > 4. dim(G) =n—1 or n — 2. Then coeqdim(G) = n—1 if and only if
G =K, or K, or K, + (K, UK,) or K +K,.

Proof. Let G be a connected graph of order n > 4. Let coeqdim(G) =n — 1. Let S be a minimum co-equitable resolving set of
G. Then |S| = n — 1. Suppose dim(G) =n — 1. Then G = K,,. Otherwise dim(G) < n — 2. Suppose dim(G) =n— 2. Then
G=Kpnn, or K +K,(s=1,t>2) or K, + (K; UK,),s,t = 1. When G = Km,n, coeqdim(G) =m+n—1 if and only if
l/m—n|>2. When G =K,+K,. Then coeqdim(G)=s+t—1 if and only if t>3. When G =K, + (K, UK,),
coeqdim(G) = dim(G) = s+t — 1. When dim(G) = n — 2,coeqdim(G) =n—1 ifand only if ¢ = K,;,,, with l/m —n| = 2
or G =K, + K, with t >3,s > 1.

Theorem 1.8 Let H be a connected graph. Thencoeqdim(H) < coeqdim(H B K,) < 2coeqdim(H).

Proof. Let G = H B K,. Let V(H) = {uy,uy, ..., Uy}

Let V(Kz) = {V1,V2}. Let V(G) = {(uy, v1), (U2, V1), wor ) (Un, V1), (U, V2), (Ug, V2), .., (Un, Vi) }-
Let S = {wy,w,, ..., w;} be a minimum co-equitable resolving set of H.

Let S; = {(wy,v1), Wy, V1), ..., Wy, v1), (W, 1), (W, Vy), ..., (W, v5)}. Let x,y € V(G) — S;.

Case (i): Let x = (x;,vy), y = (x;,v1). Clearly, x;,x; ¢ S. Therefore, x;,x; are resolved by some w, € S. Therefore,
dy (xi, wy) # dy(x;,wy). Therefore, dg ((x;, v1), Wy, v1)) # dg((X), v1), (Wr, v1)). Therefore, (x;,v1), (xj,v1) are resolved in G
by (w,,v,) €S;. degg(x;,v;) =degy(x;) +1, degg(xj,v1) = degy(x;) + 1. Therefore, |degg(x;,v1) — degg (xj,v)| =
|degy (x;) — degx;)| < 1 since x;,x; are equitable in H. Therefore, S; resolves x,y and x,y are equitable in G.

Case (ii): Let x = (x;,v1), ¥y = (x;,vz). Consider dg((x;v1), (Wy,v3)) = dg((x;,v1), (Wy,v1)) + 1 =dy(x;,wy) +1.
dg((xj,v2), (W1, 1)) = dy(xj, wy). Therefore, dg((x;,v1), (Wq,v2)) # dg((x),v2), (Wy,v2))). Therefore, (x;,v,) and (x;,v,)
are resolved in G by (wy,v,) in S;. Clearly x;,x; € S.

Therefore, |degy(x;) —degu(x)| <1 . |degs((x;,v1) —dege(x;,v2))| = |dege((x;, v1) — dege(x;, vD)| = |degy (x;) —
degy(x;)| < 1. Therefore, (x;,v;) and (x;,v,) are degree equitable in G.

Case (iii): Let x = (x;,v2), ¥y = (xj, v1). Arguing as in case (i), we get that x and y are resolved in G by S;.

Case (iv): Let x = (x;v;), y = (x;,v,). Clearly x;,x; ¢ S. There exists w, €S such that dy(x;w,) # dy(x;,w,) .
dg ((xi,v2), Wy, 1)) # dg((xj,v2), Wy, v5)) . Therefore, (x;,v,) and (x;,v,) are resolved in G by S;. Since x;,x; €S,
|degy(x;) —degu(xj)| < 1. That is, |degs(x;,v;) — degq(x),v,)| = |degy(x;) — degy(x;)| < 1. Therefore, (x;,v,) and
(xj,v,) are degree equitable in G. Therefore, S; is a co-equitable resolving set of G. coeqdim(G) = coeqdim(H B K;) <
2coeqdim(H).

Let G = H B K,. Let H; and H, be the copies of H in G. Let V; be the vertex set of H; and V, be the vertex set of
H,. Then V(G) =V, UV,. Let W be a minimum co-equitable resolving set of G. Let W, =W nV,, W, =W nV,. Let U; =
W, UW, where W, consists of those vertices of V, corresponding to W, . |U;| = |Wy UW,| < W]+ |W'| = |W|=
coeqdim(G). Let x,y € V(H,). Suppose x,y € W; UW,. Let x = (u;,v;), ¥ = (u;,v,). There exists w € W such that
de(x,w) #d;(y,w). Let w = (u,,v,). Therefore, dg(x,w) # d;(y,w).

That is, dg((u;, v1), (Uy,v1)) # dg((u;, 1), (U, v1)). That is, dg(u;,u,) # dg(u;,u,) and u, € W;. Therefore, x,y
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are resolved by W;. Suppose w = (u,,v;). Then dg(x,w) # dg(y',w). dg((w;, v1), (Ur, v2)) # dg((U),v1), (Ur, v5)). That is,
dy(upuy) + 1 # dy(uj,u,) + 1. dy(u;,u,) # dy(uj,u,). Therefore x and y are resolved in Hy by Us. Let x' = (u;, v,),y =
(uj,vz). Then proceeding as in case (i), x and y are resolved in H; by U, . |degs(x) —degs(y)| = |degy (u;) —
degy(u;)| < 1. Therefore, x and y are degree equitable in H,. Therefore, U, is a co-equitable resolving set of H;.Therefore,
coeqdim(Hy) < |Uy| £ |W| = coeqdim(H B K,).

Remark 1.9
(i) Let H = K3, coeqdim(H) = dim(H) = 2, coeqdim(H B K,) = dim(H B K,) = 2.
(ii) Let H = D3 5. coeqdim(H) = 8, coeqdim(H @ K;) = 16 = 2coeqdim(H).

coeqdim(G)

Remark 1.10 Let G = K, ,,. coeqdim(G) = n, coeqdim(K,) = 1. Therefore, cosqdim(ity)

coeqdim(G)

=n and K, is an induced subgraph

of Ki ,,. Thus, the ratio can be made arbitrarily large when H is an induced subgraph of G.

coeqdim(H)
Remark 1.11 Let n > 3. Let H = K, ,n+1. Construct the graph G as in [1]. G is obtained by attaching two vertices x and x
and the 2n+1 edges xv; and xv;, 1<i,i <2" where v;,v; are the product vertices of H . Add two sets
W = {wy,w,,..,w,} and W' = {w;,w,, ...,w,} of vertices together with edges w;x, w;x,1 < i < n. Finally, add edges between

W and {v;,v,, ..., v,n} and edges between W' and {v;, v,, ...,v'zn}. The resulting graph is denoted by G. coeqdim(H) = 2™*1,
coeqdim(G) _ 2n+7

cocqdim(i) — 27+ 0 as n - . Hence we have the

coeqdim(G) < 2n+ 7. H is an induced subbgraph of G. Therefore,

following result.

Theorem 1.12 For every € > 0, there exists a connected graph ¢ and a connected induced subgraph H such that %m
E.
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