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1 Introduction

Let G = (V,E) be asimple graph. E. sampathkumar [5] introduced generalized independent sets.According to him, a subset S of
V(G) is called a generalized independent set of G if there exists a positive integer k,k = 2 such that any k- vertices of S
induced a disconnected subgraph of G. Such a set is called an I,-set of G. The maximum cardinality of such a set is denoted by
Bor(G) and is called the k-independent number of G. Several results on I,-sets were derived in[5].In this paper, star I-sets are
defined. The maximum cardinality of a star I,-set denoted by B;.:(G) is found for some well known graphs.Also graphs are
characterized whose Sy, - values are specified.

Definition 0.1 [5]
Let G = (V,E) be a simple finite and undirected graph. Let S be a subset of V(G), S is called a k- independent (I, — set)(k =
2) of G if forany subset T of S with cardinality k, < T > is disconnected.

Remark 0.1 [5]
Let k = 2. Asubset S with |S| < k isassumed to be an I, - set.If |S| = k,then Sisan I, - setif < S > is disconnected.

Remark 0.2 [5]
Any I, - set with k or more than k- elements cannot contain a full degree vertex. Also, any I, - set with k or more than k-
elements is disconnected.

1.1 Star I, -sets

Definition 1.1
A subset S of V(G) is called a star [, - set of G if S is an I, - set of G and S € N(v) for some v € V(G). That is S is
dominated by v in G. S iscalled an I -setof G.

Definition 1.2
The maximum cardinality of a star I, - set of G is called the star I,, - number of G and it is denoted by B (G).

Remark 1.1
Bost(G) < ﬁkst(G) < ﬂrst(G),Where 2<k< r.CIearIy, ﬁost(G) < BO(G)i ﬂkst(G) < Bok(G)

Definition 1.3 [2]
A subset S of V(G) is called star independent, if S is independent and S ¢ N(v) for some v € V(G).The maximum cardinality
of a star independent set of G is called the star independent number of G and it is denoted by B, (G).

1965 | S. Sripriya?l, IIMCR Volume 07 Issue 05 May 2019



“Generalized Independent sets in a graph”

Theorem 1.1
Let G be a simple connected graph. Then B,.:(G) = 1 if and only if G is either a complete graph K,,r = 2 with k = 2 or K,
with k > 2.

Proof:
Suppose Bis:(G) = 1. Then B (G) < Bis:(G) = 1. Therefore, B, (G) = 1. Therefore, G is complete (by theorem 2.1.5) [2]
Suppose G = K,
k—1ifr 2 k

1= @ ={ T 1T 2
Therefore, k =2 if r = k or r = 2 if r < k. Therefore,B;:(G) = 1 implies k =2 or G = K,, 2 < k, which implies G is any
complete graph when k =2 or G is K, where r < k
Conversely, Let G be a complete graph, when k = 2. B, (G) = 1. Suppose G is K, where 2 < k. Then, B (G) =1

Corollary 1.1
Let G be a simple disconnected graph. Then B, (G) = 1 if and only if k = 2 and every component of G is a complete graph
K, with r = 2 or k > 2 and every componentisa K,.

Theorem 1.2
Brs: (G) = 2 if and only if for any u € V(G), every component of N(u) is complete and the order r of any component is at least
k where k = 3 or order of any component is 2 where k > 3.

Proof:

Case (i) Let u € V(G). Let every component of N(u) be complete and the order r of any component is at least k, where
k = 3. Therefore, By:(G) =2

Case (ii) Let u € V(G). Let every component of N(u) be complete and the order of any component is 3, where k > 3.
Therefore, Bi:(G) =2

Conversely, Let B, (G) = 2. Let u € V(G). Then N(u) can contain atmost two - k - independent elements.

Case (i) If k = 3. Then any component of N(u) is complete and the order is atleast 3.

Case (ii) If kK > 3. Then any component of N(u) is complete and contains 3 elements. Hence the theorem.

Theorem 1.3
Let G be a path on n vertices. Then By, (G) = 2 if |V(G)| = 3 and if |V(G)| < 2,then By (G) = 1.

Proof:

Let G =B, and let V(G) = 3. Let V(G) = {uy, uy, us, -+, u,}. {uy, uz} is an I, - set and which is dominated by u,. Thus
B2s:(G) = 2 and hence B (G) = 2 (Since the degree of any vertex in B, is either one or two). Suppose |V (G)| < 2. Then
ﬁkst(G) =1

Theorem 1.4
Let G be a Caterpillar. B,,:(G) = 3 if and only if there exists a vertex on the spine of the Caterpillar which is not an end vertex
and which supports a pendent vertex or there exists an end vertex which supports two pendent vertices.

Proof:

Let G be a Caterpillar. Suppose there exists a vertex on the spine of G which supports exactly one pendent vertex or there exists
an end vertex of the spine which supports exactly two pendent vertices. Then B,,.(G) = 3 and hence B, (G) = 3.

Conversely, suppose Bis:(G) = 3. Then clearly either G has an internal vertex on the spine which supports exactly one pendent
vertex or there exists an end vertex of the spine which support two pendent vertices. Hence the theorem.

Remark 1.2
Let G be a Caterpillar with at least three vertices. Then B;.(G) = 2 if and only if no middle vertex on this spine supports a
pendent vertex or the end vertices of the spine supports atmost one pendent vertex. That is, the graph is a path.

Definition 1.4
A double star is obtained by joining the centre of two stars K, , and K; ; and it is denoted by D, .
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Pist (G) for some known graphs.

) k — 1wheren >k
. ﬁkst(Kn)z{n - lif2<n<k

i, Brse(Ka) =1
iii.  Br(K,n) =nforallk =2
V. Bre(C) =2ifn=>4and k=2

(3 ifa<k<n-1
v B"Sf(]/i/;l)_{7ft—1 ifk > n
Vi.  Brse(B) =2ifn=>=3and k =2
Vii.  Bise(Dys) = max(r,s) + 1 forallk > 2

max(m,n) + 1 forallk = max(m,n) + 2
max(m, n) for2 <k <max(m,n)+1

Vil Bust(Kmn) = {

iX.  Byse(P) = 3forallk > 2

Remark 1.3
Let G =D, 5 r <s.Then By(G) =71 +s and By (G) = s+ 1

Remark 1.4
Given any positive integer r, there exists a graph G such that B,(G) — Bys:(G) = 7.

Proof:
Let G = Dyyq5 Where s =271+ 1. Bo(G) =7+ 1+ s and By (G) = s + 1. Therefore, §,(G) — Pis: (G) = 7.

Corollary 1.2
lifn=234, k=2
Bse (K (. 2)) = {3 ifn=s, k=2

Theorem 1.5
Let G and H be two graphs. Then By (G U H) = max{Bys(G), Brs:(H)}.

Proof:
Any kst -setof G (or H )isa kst - independent set of (G U H). Hence the result.

Theorem 1.6
Let G and H be two graphs. Then By (G + H) = max{Bis:(G), Brs:(H)}

Proof:

Any kst - set of G is a I - subset (G + H)and any By - set of H is a I, subset of (G + H). Therefore, B:(G + H) =
ﬁkst(G)' ﬂkst(H)-

Let S be a By - subset of (G + H). Then S is a dominated by single vertex of (G + H) and any k - element subset of S is
disconnected in (G + H). If SNV(G) and SNV(G) # ¢, then any k - element subsets of S is connected, a contradiction.
Therefore, SNV(G)=¢ or SNV(H)=¢ . Therefore, SSV(H)orS<V(G) . Therefore, Bi:(G+H) =S| <
Brst(G) or  Pys (H). Therefore, Bs (G + H) = max{fi:(G), Brsc(H)}

Theorem 1.7
Let G and H be two graphs. Then Bis:(G B H) = Bis: (G) + Brs: (H).
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Proof:

Let S = {v,,v,,v3, ..., 1.} be a By -Setin H and let S be dominate by v in H. Let S; = {uy, uy, us, ..., us} be a Bis - Setin
G with u as dominating vertex. Let S, = {(u, v,), (W, v3), ...,(u, v,), (uy, v), (uy, v), ..., (ug, v)}. S, is dominated by (u,v) in
GarH) . {(uv), Wvy),.., (wv)} is an I, - set in (GAH) . (Since vy,v, .., v is an I, - set in H).
{(uy,v), (uy, v), ...,(us, v)} is an I, - setin (G @ H). Clearly any k - element subsets of S, is disconnected. Therefore, S, is a
Iise - set of (G @ H). Therefore, By (G B H) = |S,| =1 +s. Let S5 = {(uy, vy), (uy, v3), (U3, v3), ..., (Uy, 1)} bE @ Brgr - SEL
of (G B H).

Let S; be dominated by (u/,v") in (G B H). Since (u;,v;) is a adjacent with (', v"), either u; = v, v; is adjacent to v’ (or) y;
is adjacent with u’' and v; = v'".

Therefore, S; = {(u,vy), W, vy), W, v3), ..., W, v)(uyg, v'), (uy, v),(us, v, ..., (u, v')} .Therefore, B, (GEAH) =|S;| =t +
[ <r +s.Therefore, Bis: (G B H) =71+ 5 = Byt (G) + Brs: (H).

Theorem 1.8
Let H be a graph with B, (H) = k. Then B, (C, B H) = Bis: (H) + 2.

Proof:

Let S = {vy,v,, ..., v} be a By - et of H, where r > k. Let V(C,) = {uy,uy, ..., u,}. Let S be dominated by v in V(H).
Since By:(H) =k, v ¢ S. Let S; = {(uy,vy), (Uq, v3),..., (Ug, v,.), (Uy, v), (uy, v)}. Clearly S; is an I, - set of C, @ H and S,
is dominated by (uq,v).

Therefore, S; is an I, - set of (C, @ H). Therefore, Bys:(C, B H) = |S;| =7+ 2. Let S, be a By - set of (C, @ H). Let S,
be dominated by (x,y) in (C, @ H). Therefore, x € C,, and y € H. Therefore, x = u; forsome i, 1 <i <n.

(u;,y) is adjacent with (u;_4,y) and (u;yq,y). Also if y is adjacent with t - vertices of H such that t > r, then
{Cuy, wy), (wi, wy), oo, (g we), (Wi—1,y), (Wigq,y)} is dominated by (w;,y). If this setisan I, - set, then {w, ...w.} isan I, - set
of H dominated by y and t > r.

Therefore, B.s:(H) > r, a contradiction. Therefore, t < r. Therefore, |S,| < r + 2. That is, B (C, B H) < r + 2. Therefore,
Brst (Co B H) =7+ 2 = By (H) + 2.

Theorem 1.9
Let H be a graph with B (H) = k — 1. Then B (C, B H) = By (H) + 2.

Proof:

Let S ={vy, vy, ..., Vk_1} bean By -setof H. Let V(C,) = {uq, uy, ..., u, 1.

Let S; = {(u, v1), (uy, V), - (Uq, V—1), (Uy, V), (uy, )}, Where S is dominated by v in V(H). Clearly S; is an I, - set of H
and S; is dominated by (uq,v). Therefore, B (C, @H) =k + 1. Let S, bea B -setof C, @ H.

Suppose S, is dominated by (u;,y), where u; € V(C,,) and y € V(H). (u;,y) is adjacent with (u;_,,y) and (u;;,,y). Also y
is adjacent to t - vertices of H such that t > k — 1, then {(u;, wy)(u;, wy),+, (s, we) (wi—g, y)(u; + 1,y)} is dominated by
(ui, y).

If this set is an I, - set, than {w, ---w,} is an I, - set of H dominated by y and t > k — 1. Therefore, By:(H) = k—1, a
contradiction. Therefore, t < k —1. Therefore, |S,|<k—-1+2=k+ 1. Therefore, By:(C, @H) <k + 1. Therefore,
.Bkst(cn H)=k+1= ﬁkst(H) +2

Theorem 1.10
Let H be a graph with B, (H) = k. Then B (P, B H) = By (H) + 2, where n = 3.

Proof:

Let S = {vy,v,, -+, 1} be a Bys: - set of H, where r > k. Let V(B,) = {uy,uy,*+,u,}, n = 3. Let S be dominated by v in
V(H). Since By:(H) =k, v & S. Let S; = {(uy, vy), (Up, v3), ..., (Up, 1), (Ug, V), (us, v)}, Sy is dominated by (u,,v). Clearly
S, is an [, - set of (B, @ H). Therefore, S, is an I, - set of (B, @ H). Therefore, By (P, B H) =1+ 2 = Bis: (H) + 2.
Proceeding as in theorem (2.2.8), Byst(B, @ H) < Bis: (H) + 2. Therefore, Bis: (P, B H) = Bis: (H) + 2.

Theorem 1.11
Let H be agraph. Then B (B, B H) = Bys: (H) + 1.

Proof:
Proceeding as in previous theorem, S; = {(u,, vy), (Uy, v3), ..., (U, V), (U, v)} is a I, - set of (P, @ H) and S; is dominated
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by (u,,v). Therefore, Bys: (P, @ H) = r + 1. It can provided that By (P, BH) <r+1.
Therefore, Brs:(P, @ H) =1+ 1= f(H) + 1.
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