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l. INTRODUCTION

Various numerical techniques have been developed to carry
out the electromagnetic field simulation [1-4]. The integral
equation formulation of electromagnetic scattering of
conductive surfaces is a very popular approach for many
applications [5].

In an integral equation formulation, the electromagnetic
fields are expressed in terms of surface currents. To represent
the current vector field over conductor’s surfaces, in many
cases it is important to have a vector basis with continuity of
the normal components across the interfaces among adjacent
elements. The RWG basis function [6] is the most used basis
function with such a property for scattering calculation. The
high order basis functions derived in [7] have same property,
which are higher order while the lowest order, over flat
triangular patches, reduces to the usual RWG basis function.
In this paper we will provide and prove the approximation
properties of RWG basis function and the high order basis
functions.

The remainder of the paper is organized as follows. Sec. Il
presents the construction of the triangular basis functions. In
Sec. I1l we provide a complete proof of the approximation
properties of RWG basis function and the high order basis
functions. Sec. IV contains the conclusion of the paper.

1. BASIS FUNCTIONS

A. RWG Basis Function

Let S be the surface of a scatter and7 ,be a flat triangulation
of S. Each RWG basis function [6] is associated with an
interior edge. Fig. 1 shows two such triangles, T,tand T,;,
corresponding to the nth edge in triangulation 7. Points
inT,} can be designated by the position vector p;} defined

with respect to the free vertex ofT,f. Similar remarks apply
to the position vectorp;,except that it is directed toward the
free vertex of T, ,The plus or minus designation of the
triangles is determined by the choice of a positive current
reference direction for the nth, for which is assumed to be
fromT,ftoT;; .

\ : 1" ed, ge

Figure 1: Triangle pair and geometrical parameters
associated with interior edge.

Then the RWG vector basis function associated with the nth
edge is defined as

In .
(Ep:{, xinT,]
In A
f,(0) =4 zazPns  XI0Tn (2.1)
I
k 0, otherwise

wherel, is the length of the edge and A% is the area of
triangle T,%.

The current basis function (2.1) has no component normal to
the boundary of surface formed by the triangle pair T, and
T,,. The component of current normal to the nth edge is
constant and continuous across the edge.

1]
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B. High Order Basis Functions

The RWG basis function is a popular basis in numerical
calculation of electromagnetic scattering problem due to its
simplicity. But its approximation order is low. The RWG
basis was extended in [7] to high order basis functions over
arbitrary curved triangular patches, as defined below.

Let = be a curved triangular surface in R® and X is
parameterized by x = x(uq,u,) , (uy,uy) €T , Ty iS @
standard reference triangle in (u,, u,) plane (see Fig. 2)

ALz
1 c
U +u, =1
e
3 e,
a
» Uy
0 €1 1

Figure 2: Standard reference triangle T,

Tangential vectors: 9;x, i = 1, 2, are defined as
ox ]
0;x = a—ul i=1,2 (2.2)
Metric Tensor: The distance between two points on X
parameterized by (uy,u;) and (uy + duy,u, +duy) is
given by

(ds)? = gy (wdu,du,  (2.3)

where repeated indices imply summation
Juv = 0uX 0, X 1<pv<2(24)
The determinant of {g,,, } is denoted by

g =det{g,y} = 911922 — 9% = 19,;x x 3,x||* (2.5)

Let T, be the reference triangle with vertices a, b, ¢ in Fig.2.

The polynomials with variables u;and u,, (u;,u,) € Ty,
can be grouped into three modes: vertex modes, edge modes
and internal modes [8].

Vertex modes:
9a(Us, uz) = Uy
gr(u,u) =1—u; —u, (2.6)
9y, uz) = up

Each vertex mode will take value 1 at one vertex and zero at
other two vertices.

Edgemodes: 2 <l <M
gflb (ug, uz) = go(uq, u2) gy Uy, u)01-2(gp — ga)
gzbc(upuz) = gp (U1, Uz) g (Uy, U P12 (ge — 95)(2.7)

91" (U, uz) = ge(uy, ) go (Uy, U2)D1—2(ga — o)
where p;(§), & € [—1, 1], is I-th order Legendre polynomial.

Each of the edge modes is only nonzero along one edge of
the triangle T,

Internal modes: 0 < k+1<M -3

gli?}ct (g, uz)
= ga(uy, uz) gy (Uy, uz) g (ug, u) i (29 — Vi (gp — 9a)
(2.8)
Each of the internal mode will vanish over all edges ofT,..

Consider two curved triangular patches Tt and T~ with a
common interface AC with length ¢ in Fig. 3. Let T* and
T ~be parameterized, respectively, by

X = x+(u1, ) i Tor o T* (2.9)
X=X (u,uy): Ty T~ (2.10)
We assume that the interface AC in both T* and T~

parameterized by u; + u, = 1 and is labelled as side e in
T* and side e; in T~

Uy
'y

C

bid a

Figure 3: Left: standard reference triangleTs,.; Right: curved
triangular patches

Then the M-th order basis function for a triangular patch in
Fig. 3 can be defined as [7]

? + +
\/? (Pf (ug,uz)0:x + Py (ug, uz)0,%)

ifx = x*(uy,u,) €T

f(x) = (2.11)

(Pr (ug,uz)0:x + Py (ug,uz)0,X)

.
N

ifx =x"(uy,u,) €ET-
Based on condition
fr-t2t = —f~ - t2-onAC

Pt (uq,up), Py (ug,up), Pr(ug,uy) and Py (ug,u,) can be
derived as

I(m) ~(m)
P (uy, up) = I3 ga(us, up) + Z ———gm (U, uy)
+ Z Clmgllzlnt
Qa, m)eLA
I(m) +1 (m)
Py (ug,uy) = I5gc(ug, up) + Z ——— g (g, up)
+ ) gl
(I,m)EL,
(2.12)
and

2 |
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P (ug,up) = —I5ga(uq, up)
M I(Tn) ”(m)

+ Z G (Uy, uz)

+ Z dh,gint
(Lm)EeL,
Py (uy, up) = =I5 gc(uy, uy)
,(m) 1™

M
+ Z Im (g, uz)

+§:mm%
(Im)EL,
(2.13)

with
s={Um),0<l+m<M-3} (2.14)
Unknowns for each edge AC are
18,15, 15, 1 (™) 2 <m<M (2.15)
and interior unknowns are
Chs Chs A, A2, (ILLm) € L, (2.16)

The high order basis function (2.11) with (2.12) and (2.13)
has no component normal to AB, AD, CB and CD, and
component normal to AC is continuous across the edge.

If Tt and T~ are flat triangular patches, and we takeM = 1,
I¥ =I5 = I, then basis function (2.11) reduces to usual
RWG basis function.

1l. APPROXIMATION PROPERTIES OF BASIS FUNCTIONS

In this section, we will analyse the approximation properties
of RWG and high order basis functions on a plane polygonal
region.

Let Q be a plane polygonal region with boundaryl". We
introduce the following normed spaces

H(div; Q) = {u e (12(@))’|Divu € I2 (n)}
withnorm

lullacaiviay = llullgzy2 + lIDivall 2

and

Hy(div; Q) = {u € H(div; Q)|u-n = 0 onl'}
Where n is the unit outward normal vector to Q.

Let 7, be a regular triangulation with maximum diameter h
over the (. We have Q = Ugegr, K

For K € Ty, leta;, 1 < i < 3, be the vertexes of K, a;;,1 <
{ < j < 3, be the mid-points of the edges, n;; and t;; be the
unit outward normal vector and unit tangent vector,
respectively (see Fig. 4).

Figure 4: Triangle K on a plane

A. Approximation Properties of RWG Basis Functions
Let
131 (K) =
2
{p®) € (P.(K))" IPaa; (0)

whereP; (K) is formed by the restrictions to the K of all
polynomials of degree < 1, then dim(P; (K)) = 3.

nijzconst,1Si<jS3}

We introduce finite element
(K, Py (K), Xx) (3.1)
where ZK = {p(au) . nijlai — a]-|,1 <i <] < 3}

For u € (C(Q))?, we can define a unique interpolation
[Musuch that for all K € T,

(TTu) | € Py(K)and a;(u — Tu) = 0,Va; € . (3.2)

From the definition, it is directly deduced that finite element
(3.1) is conforming in H(div; Q).

Now we can define the finite-dimensional subspace S,
ofH (div; Q)

Sp = {vX)|vjx(X) € Pi(K),K € Ty;
Vig,(X) -y = =V (X) -myonK; N K,
K., K, € ThandK, N K, # ¢} (3.3)

wheren, and n, are the unit outward normal vectors to K;
and K, along their common edge, respectively, and the
finite-dimensional subspace S, of H,(div; Q)

Sne = {IvX)|v(X) € Sp, v(x) - n = 00nl}(3.4)

where n is the unit outward normal vector to Q. RWG basis
constructed in [6] is a basis of S,,.

Let family of finite elements {(K, P, (K),Yx)|K € T} be
regular affine, the corresponding reference finite element be
(K, P,(K),X¢) and affine transformation be

X = FK()?) = BK)’E + bK (3.5)

withBy an invertible 2 x 2 matrix and by a vector of R2.
We use u and U to denote the corresponding functions,
respectively, and define the transformation

u=(AN"1(BL) 4 (3.6)

where A = [2 B é]
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In the following, we will use C to indicate various constants
not necessarily the same in all instances, use };;a;; to
EXPress Yi<icj<3 @;; and (MMu) |, = Mgu forall K € T,.

Lemma 3.1For u € (C(K))?, if we use formula (3.6) to
transform the vector function u , then we have

Meu =M
wherell is corresponding interpolation operator on K.
Proof Let§; = a; —a;, §; = 4, — 4;,

(]:l+1, 1S1S3, a4=a1,ﬁ4=ﬁ1),

then
Eij = BKécijand nij = Ai,ﬁu = Ai
1£] €)1
By definition, we have
Mgue P(K), MNueP(K)
and
Meu = (AN BL A,
= (AN"'BrAu.
Now we have

Mg, - 0é,] = (w55 ABc A4S,
= (Txw)jz5,A8;;
= (MxWjza; - 05584
=u(a;) - n;|&;|. (3.7)
By this equality, we can get Tiu € Py (K).
In addition, we have
ma(a;) - 88| = a(a;) - 6,8
=u'(a;; )ABxA*AE;
= u'(a;;)Ag;
=u(a;) - n;|&;]- (3.8)

By (3.7) and (3.8), we obtain a;(Mu — [a) = 0, Va; € X,
so we have conclusion Myu = [Ta.m

From the proof of Lemma 3.1 above, we also obtain that
u € P,(K) ifand only if @ € P, (K).

Let
1 R 1.
aL'L'j = §(23i + a]-), aL'L'j = §(Zai + a]'),
i#j,1<i,j<3.

We use smooth curves to connect the points a;;and a;,,
a;; and a;;, j # k, respectively. The new regions are
denoted by K and K , respectively. (see Fig. 5).

= =
ay Ay12 Qa1

2 2 ]
aq Q112 az21

Figure 5: Triangles and corresponding regions with smooth
boundary

Lemma 3.2There exists a constant C(K) such that vV u €
((R))"

inf |lu+
pelo| p”(zﬂ(z?))z

<C(®) ['“'(HZU?))Z ’ ZJ (”a’““”(ﬂ@u))z

ol (Zu))z)].(s.g)
wherel;; =4,,3,,, 1<i<j<3.

ProofP; (K) with the norm of (H2 (I?))2 is a normed space

anddim (131(1?)) =3. Letf;,1<i <3, be a basis of the

dual space of P;(K). By the Hahn-Banach extension
theorem, there exist continuous linear forms over the space

(HZ(I?))2, again denoted byf;,1 < i < 3, such that for any
p € Pi(K), we have f;(p) = 0,1 <i <3, if and only if
p=0.

By Sobolev embedding theorem [9], we have

(1(8)) o (1(&,)) & (H72(0R,)) & (12(3R.))

(3.10)

2
’

SO
8.u, o ue (L2(1y)), vue(H(R)) .

Now we show that there exists a constant C(K) such that
vue (H3(R)),

Il < c(R) <|u|(HZ®)2

+ Z?=1|ﬁ(U)I>-(3-11)

If it is true, then inequality (3.9) will be a consequence of

_\2
inequality (3.11). In fact, given any function u € (Hz (K)) ,
let q € P;(K) be such that f;(u+q) =0,1<i<3.Then
by (3.11),

inf |Ju+
pel | p”(Hz(z?))2
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< ”u + (I”(HZ(I?))Z

<C(®) |U|(H2(R))2 ¥ Z ||6ti1'u By 12(1yy)
iJ !

< () [lul(ma@)z i Z (”a’“u”(f@iﬂ)z

#1000

Suppose inequality (3.11) is false, then there exists a

_\2
sequence {u,}{2, of functions u, € (H2 (K)) such that

> =
viz=1, ”lll”(HZ(E))Z 1
and
3
i {02 0 o +Zl|fi(ul)|
L] i=

=0.(3.12)

. \2

Since the sequence {u;};2, is bounded in (HZ(K)) , by

Rellich-Kondrachov theorem [9], there exists a subsequence,
_\2

again denoted by {u;};>,, and function u € (Hl(K)) , such

that

lim [lu, — ull(Hl(m)Z =0. (313)
By (3.12), we have
}Lrglull(HZ(R))z =0. (3.14)

2
Since the space (HZ(I?)) is complete, we conclude from
(3.13) and (3.14) that the sequence {u,;};2, converges in the

5 2 - - - -
space (HZ(K)) . The limit uof this sequence is such that
V a with |a| = 2,

a — T a —
”a u”(LZ(I?))Z = lll)rg”a ul”(LZ(R))Z 0
and thus 0%u =0 for all awith|a| =2 . Since K is

2
connected, we get u € (P1 (1?)) . Using (3.10), we have

< ¢(R) (Jou -

12 (az?s))2

1000l )

< C(K)llu; — ull 2 .(3.15)

(o)
By (3.12)

L2 (1) B

lim ||6 uy -y
1500 t; l ij
i,j

and thus we conclude from (3.15) that
Z ”atu“ 1
Lj

= 1in‘ll—)oo Zi,j ||atijul ! nij

L2(1y)

12 (1)
So
at”u-ﬁ” =0 onfij, 1<i<j<3,
and thus
u-ﬁij = const onfij, 1<i<j<3.

Since u € (Pl(l?))z, we obtain

u- ﬁl-]- = const onﬁlﬁ], 1<i<j<3

and therefore u € P, (K).

Using (3.12), we have

fitw) = lllrgloﬁ(ul) =0, 1<i<3,
so that we conclude that u = 0 from the properties of the
linear form f;. But this contradicts the ||u,||(H2®)z = 1 for
all 1. ]

Let §;;(R),1 < i < j < 3, be basis functions of P,(K), and
satisfy

Pij(Ay,) - iy lax — &) = 66,
1<i<j<3 1<k<l<3,
then

M = ¥;;py; - ;|a; — 4;]a (@).
By Sobolev embedding theorem [9]
H*(R) - c(R),

It is easy to check that we have

2 2
e £((H(R)) 5 (H'(R)) ) 3.16)
Theorem 3.3Let IT be the interpolation operator defined by
(3.2). Then for all u € (H2(K))", we have

[lu — HK“”(LZ(K))Z < Ch (lul(yi(x))z + |u|(H2(K))z>
(3.17)

[IDiv(u — Mgw)|l 24y < Chlul 2(3.18)

(200
where C is a constant independent of h.
Proof Since fp = p,V p € P;(K), we have
i-fa=(-0)@+p),

vae (H2(R)) vpeh(R).

By Lemma 3.2, we get

Yijun Yu®, IJIMCR Volume 07 Issue 07 July 2019
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<|r- o pll(

fl, (CRCRCRE) )peP ®)
<climl, . o+ Z( 9.1,
[l |(H2(K))2 - " 1 ”(LZ(ZU_))Z

+]|0g, 1| (& (ii,-))2>]'(3'19)

By Lemma 3.1, we have

Il = HK“”(LZ(K))Z
— -1 T\—=1yT _ A
= |(AN"1(BL)tAT(u — [Txu) ||(L2(K))2
-1 _ A
< CUBE I =Tl
1 = P
< ClIB;tll|det (By) 2o - nu||(L2®)z. (3.20)
Since
Ty — N-1pT pT
|u|(H2(I?))2 = |(A ) BkA ul(Hz(I?))Z
<
< CUBlllul . o
and from [10]we have
1
< 2 ~z
18] 2 g < ClIBIIdet Bl 2lul e
S0
1
o~ 3 L
Iul(Hz(m) < ClIBklI®Idet (Bx)| 2|“|(H2(K))2- (3.21)
Letl; =a,,a,,1<i<j<3.
Using
Du(F(®))(£€) = Du(x)(Bxé)
and

DZU(F(ﬁ))($1’$2) = Dzu(x)(BKél, BKéZ)

whereDu and D?u are the Frechet derivative of u, we can

obtain from [10] that
|0u(Fe®)] < [IDu(F )]
< IBglllIDu)l
< ClIBgllmax (|0, u(®)|, |0, ux)|),
i=1,2.
and for multi-index a = (a4, a,) with |a| = 2
|0%u(F )] < [[D?u(F (R)]|
< Bk lI”ID?u)||
< ClIB > max;g)=2 [0“u(x)|.
Thus, use Sobolev embedding theorem, and let
u®) = u(F ),

we have

H2(R))’

> (sl 105 o, )

ij

<C||BK||Z (f |0z, u(Fc®))| dl>1
+ ( f, U |a,?2u(p,{(,z))|2dzﬂ

< C”BK“ (”a’?lﬁ“(ﬂ(aks))z + ||a£2ﬁ||(L2(6ﬁs))z>

< C”BI(” (lﬁl(Hl(I?S))z + |ﬁ|(H2(ES))2)

1
< 2 Tz
< ClIB¢II?det (B z(lul(m(m)””BK”'“'(HZ(KS>)2>

1
< ClIBy |7 det (BK)|—E(|u|(H1(K))z + ||BK|||u|(H2(K))z>.

(3.22)

By (3.19)-(3.22), and inequalities from [10]
I Bkll < Chand [|Bi || < Ch™Y,
we obtain

llu — Mull

(0)’

1 1
< ClIB;|l|det (B)|2 (IIBKII3|det (Bl 2

+lBil12Idet (B,)I ) ('“'(mm)z * '“'(m(m)Z)

<Ch (lul(Hl(K))z + |u|(H2(K))2)

which is inequality (3.17).
Now we prove inequality (3.18).
It can be directly checked that
Div(u —Ixu) = det(By)Div(a — Mu). (3.23)
In fact, let
Bl = [bﬁ bfz] and u = (uy,u,)'and @ = (@, 1,)"

k - K K | - 1, “2 - 1 U2

b21 b22
then
R = F7l(x) = Bi'x + dg
and
u=ANYBH A

SIS ] | I G

_ b§2 _b{(Z (-1
- K K u(FK (X))'
_b21 b11

therefore

6 |
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~ I\ ~

o1l o,
0% = bé(za_k\lbﬁ bé(z 0%, b§1 bfz 0%, bfl
a1,
b12 0%, b21
du, a1,
a—xz = _b21 9%, b12 _b21 aA b22 b11 6A b12

6,\
+ b11 6A b§2

and thus
Divu = bX bX, Divti — b& bX Divii = det(B; ') Divii.
Similarly
Divllxu = det(Bg')DivII u.
So
IDiv(a — Mgw)l 2

= |det (B)| || Div (@ - Teu)|| ..,

= |det (B)|"2||Div(a — Aa)|| , .. (3.24)

L2(K)
Sincev p € (Pl(l?))z,

Div(p — 11p)

1 =

=———7—| Div(p—1IIp)dg

meas(K)f,? (P~ Mp)dx

1 A

meas(K) 61(( ﬁﬁ) l

= W;(ﬁ —1p)(a;;) - 0la; — 4
=0,
we obtain V p € (Pl(I?))2
Div(d —Ma) = Div(I — M) (4 + p).
From this equality, we deduce that

|Div(a — )|

L2(R)

=~

< ”I - H”L((HZ(I?))Z;(Hl(I?))Z) R ian leﬁ + p||(H2(1?))z

pe(P1(RK))
(3.25)
By (3.21), (3.25) and inequality from [10]

2
vVaeE (HZ(I?)) :
infﬁe(Pl(m)z o+ p”(HZ(I?))Z < Clul(yl(m)z’
we have

ECE L
<

= C|u|(H2(1?))z

1
< ClIBklI*Idet (By)| Zlul(Hz(K))Z- (3.26)

It follows from (3.24) and (3.26) that

[IDiv(a — HK“)”LZ(K)

(o)

< ClIBklI*Idet (Bx)| ™ [ul

(HZ(K))Z

Now we can prove following theorem.

< Ch|u| [

Theorem 3.4Let Q be a plane polygonal region with
boundary T'. Let S, and S, be defined by (3.3) and (3.4),
respectively, Then

vue (H2(Q)*

u}ilrelghllu - uh”(LZ(Q))Z < Ch<|u|(H1(Q))Z + lul(HZ(n))Z)
(3.27)

. _ ] <
u;lll:élgh”u uh”H(Dw;Q) <Ch (lul(H1(ﬂ))2 + |u|(H2(Q))2>
(3.28)
and

vu e (H2(Q))” n Hy(Div; Q)

“higsfhollu - uh”(LZ(Q))Z < Ch (lul(Hl(n))z + lul(HZ(n))Z)
(3.29)

f <Ch
“hlgshollu uh”H(Dw Ho)) (lul( 1(9))2 + |u|(H2(Q))2>

(3.30)
Proof By Theorem 3.3, we have

u;ilrelgh”u - uh”(LZ(Q))Z
<|lu- Hu”(LZ(Q))Z

u-—Ilyu
= > il

KETh
1
[ E]
2 2
u
lel() ZIIZ(K)

KeTy

- ('“'(H«mf W)

Similarly we can prove (3.28).

Taking into account ITu € Sy, ifu € (HZ(Q))2 N Hy(Div; ),
(3.29) and (3.30) can be proved completely similar to the
proof of (3.27) and (3.28), respectively. m

B. Approximation Properties of High Order Basis
Functions

Let P,(K) be formed by the restrictions to K of all
polynomials of degree < k.

Define the finite-dimensional subspace S,(lk) of H(Div; Q)

7|
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2
SO = (v@|vix®) € (P (K))",  KETy;
Vig, X) -y = =V (X) -0, onk; NK,,
K., K, € Tpand K; N K, # ¢} (3.31)

wheren; and n, are the unit outward normal vectors to K;
and K,alongtheir common edge, respectively, and the finite

—dimensional subspace S,S’;) of Hy(div; Q)
S}(l];) = {v(x)|v(x) € S,(lk), v(x) n=0 onI‘} (3.32)

where n is the unit outward normal vector to Q. The high

order basis constructed in [7] is a basis of S,(l").

since dim ((P,(K))") = (k + 1)(k +2) , we can define
ordinary finite elements as in [10]

(K. (P)), £¢7), k=12, (3.33)

Then the finite element space X,(lk) ,  constructed
corresponding to the finite element (3.33), satisfies

x®c(c@®)’, k=12

Foru € (C(0))*, we define a unique interpolation
n®u e x

such that for all K € T,

ai(k)(u -n®u) =0, Vv al.(k) € Zf(k).

Using notation M{"u = (M%u), . we have estimation
from [10]

Vue (H*1(Q)" k = 1
2 < Ch¥* 17 u|

[Ju - g? 1=0,1.

u”(H’(K)) (Hk+100)
(3.34)
By the definition of 5{’, 7 and ®, we can deduce that
fork>1
N®ues® n(H(@Q)", ifue (H*1(Q))*
and
N®ues® n(H(©Q)',
ifu € (H**1(Q))” N Hy(Div; ),
sonow we can prove following theorem.

Theorem 3.5Let Sf(Lk)and S,(L’;) be defined by (3.31) and
(3.32), respectively. Then

vue (H*(Q),, k=1

i — < k+1
inf, soollu “h”(Lz(m)Z < Ch |u|(Hk+1(Q))2 (3.35)

0, 010 = Wnllscoi < CRAIul e, 2 (330)

up€ Hk+1(ﬂ))

andv u € (H**1(Q))” n Hy(Div; Q), k = 1

up€

i — < k+1
1nfuh€s}(lig) llu uhII(LZ W) = Ch |U|(Hk+1(m)z (3.37)
infy esto 0= Wnlluiva) < Ch¥|ul 2(3.38)

0

(Hk+1(Q))
Proof Foru € (H"“(Q))Z, by (3.34) and the fact

n®u e s& n (H'(Q)",

we have
inf _
a1 ™ Ol
<|u- H(k)u”(LZ(Q))Z
1
2
2
=| 2, =Pl
KeTy
1
2
< Chk+ Z lul? )
&, (Hk+1(K))
— k+1
=Ch |u|(Hk+1(Q))2 ,
Uhi;glk)”ll — Uplluiva)
o U H(k)u”H(Div;Q)
k
<Ch |u|(Hk+1(n))2 .
Similarly prove (3.37) and (3.38). [

Actually, by definition we have S,(l") 2 X,(lk). Also we notice
that SV = X,

In fact, let K; and K, be any two triangles in T, which have
common edge s with ends N; and N, (see Fig. 6), then

v(x) € S if and only if

Vi, 0 € (PLKD)Y, Vi, ®) € (Pu(Ky))

and
Vig, (X) - ny = =V, (X) -0, . (3:39)
N,
s
'?11
1,
N,

Figure 6: Two triangles with common edge s
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(3.39) is equivalent to 10. P. G. Ciarlet, The Finite Element Method for
Elliptic Problems, North-Holland  Publishing
{lel(Nl) "y = Vi, (V) -y Company, Amsterdam, 1978
V|K1(N2) "y = Vg, (N2) -my’

Let

Yk =1{v(a;) - ny,, v(a;) -ng3, v(ay) - ngy,
v(ay) - ny3, v(az) - ny3, v(az) - ny3}
(see Fig. 4).

Then S,Sl) is finite element space constructed corresponding
to the finite element (K, (PI(K))Z, Z;() , but Y is

equivalentto ¥, so SV = x V.

V. CONCLUSION

In numerical simulation of electromagnetic scattering
problem with integral equation formulation, basis function is
very important. In this research we provided and proved the
approximation properties of the basis functions, which
provided theoretical reference for selection of appropriate
basis function in numerical calculation based on the
accuracy requirement of the application problem.
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