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In this paper, we study some fixed point theorem for pseudo-contractive demicontinuous 

mappings in a Hilbert space, it  is shown that the same algorithm converges to a fixed point of a 

pseudo-contractractive mapping under suitable hypotheses on the coefficients. Here the 

assumptions on the coefficients are different, as well as the techniques of the proof. 
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INTRODUCTION 

In this paper, our aim is to study a common fixed for the finite family of pseudocontractive mappings in Hilbert spaces. The class 

of pseudo contractive mappings will play a great role in many of the existence for solutions for nonlinear problems and hence the 

class of strictly pseudo contractive mappings as a subclass has a significant role. 

Preliminaries: This section is devoted to some basic definitions and theorems which are needed for the further study of this 

paper. 

Notation: H will denote the Hilbert space,E will denote the Babach space and B will always denote a closed unit ball centred at 

origin 

Definition 1.1:Let E be a Banach space with its dual    and K be non empty, closed and convex subset of E .Then a mapping T: 

K→E is said to be strongly pseudo contractive if there exists a positive constant k and  j(x-y) J(x-y) such that  ⟨Tx-Ty, j(x-

y)⟩≤K     
 
   

Definition 1.2 A mapping T: K→E is called pseudo contractive if there exists  

j(x-y)J(x-y)such that ⟨Tx-Ty, j(x-y)⟩≤K     
 
 for all x , yK where J:E→2

E*
 is normalized duality mapping given by 

Jx=    ⟨   ⟩     
 
    

 
  where ⟨.,.⟩denotes inner product in Hilbert space. 

Definition 1.3 A mapping T: K→E is called Lipschitzian if and only if 

                                                    ≤L          

For x,yK some 0≤ L<1 

Definition 1.4: A mapping T: K→E, is called non expansive if 

                                                    ≤L      

For x,yK some 0≤L≤1 

Definition 1.5: A mapping A: K→E is said to be accretive if for all  

for all x,yK and t>0      ≤               holds 

Definition 1.6: Let ( E,     ) be a Banach space and T:E→E be an operator then f is said to be demi continuous in x if for any 

sequence     nN in E that converges strongly to x, the sequence       nN converges weakly to T(x) 

Definition 1.7:A mapping T:C→H is said to be Hemi continuous if the mapping 

 t→T            is continuous from [0,1] in to weak topology of Hilbert space H. 
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Lemma 1: Let B be a closed unit ball ball in H and let T:B→B be demi continuous then ∃ a sequence     ⊂B such that 

(a)                 = 0 for m≠n 

(b)             = 0 and 

(c)          converges weakly to 0 

Proof. If  the mapping T has a fixed point and x is fixed point of t then T(x)=x. By replacing x by   we get T(  ) =   and 

                 =                

                                                                                     

                                      =                 

                                      = 0 

 Similarly we can prove result (b) and (c) now assuming there is no fixed point of T, let   be the 1-dimensional sub space of H 

and   : B→  ⋂B be the well defined orthogonal projection 

Then by famous Brouwer theorem   oT:   ⋂B→  ⋂B is continuous and has a fixed point let it be    then (   oT)   =  .Now 

  (      ) =(   oT)  -  (  ) 

                      =   -   

                      = 0 

Which implies       ∊  
 .Let   =  ⊕(   -  ) and   : B→  ⋂B be orthogonal projection then as above the mapping   oT 

has a fixed point    in   ⋂B. Generally we construct a sequence      of subspaces and a sequence      with     ⋂B such 

that  

      ∊  
 ,      =  ⊕(   -  ) and (   oT)  =  .Now we observe that  

  

           = 0 ∀ h   and (      )   for m< n thus             = 0 and by the symmetry of inner product      

   ,   −  = 0 for m≠n. Since    −   is orthogonal set of vector in H, by Bessels inequality we have    −   , → 0 ∀ hH. 

Lemma 2: Let C be a convex subset of H and  T:C→C be hemi continuous pseudo contractive mapping. Suppose      is 

sequence in C such that (      ) → 0(weakly),            →0 and   →x(weakly). Then T has a fixed point. 

Proof. We know that the definition of pseudo contractive mapping is equivalent to the mapping T satisfying          

 ≤║ − ║2+ max{0,  − ,  − }∀ v,yC.  

Let z = (1-b)x+bTx for some b, 0<b<1. Since T is hemicontinuous, we can find number b such that              
 

 
           . For any ε >0 ∃ n large enough such that 

│             │< ε, │             │< ε and│            │< ε thus 

              =                         

                                =              +              +                  

                                =║     ║
 
+    –             

                                +             +               

                                   +             

                                   ║     ║
 
+
 

 
║    ║

 
-2ε 

But T is pseudo contractive therefore 

                                                ║    ║
 
+ max{0,             } 

                                                                   ║    ║
 
+ ε 

Thus with the help of above result║    ║
 
+ ε  ║     ║

 
+
 

 
║    ║

 
-2ε 

                                                     ⇒ 3ε 
 

 
║    ║

 
 

                                                     ⇒Tx=x 

Lemma 3: Let C be a closed, bounded convex subset of H and let T:C→C be a hemicontinuous pseudocontinuous type mapping 

then operator I-T is demiclosed at zero. 

 

For the proof we can see [2] 

Lemma 4: (Ramsey’s theorem):  Let V⊆N×N be set of all ordered pair (m ,n) such that m n. Let ∅:V→{0,1} be any function 

then there exist A⊆N such that ∅ restricted to V⋂(A×A) is a constant. 

For the proof can see [3] 

 



“Fixed Point of Demicontinuous Pseudocontractive Mapping in Hilbert Space” 

2044 Chetan Kumar Sahu
1
, IJMCR Volume 08 Issue 04 April 2020 

 

Lemma 5: Given an infinite set of vectors W in a Hilbert space and any δ>0 there exist V, an infinite subset of W such that for all 

  ,  V, ║     ║
 
 (1+ δ)║  ║

 
+(1+ δ)║  ║

 
 

 

Proof. To prove this lemma we use the Ramsey theorem which states that if V⊆N×N be set of all ordered pair (m ,n) such that 

m n. Let ∅:V→{0,1} be any function then there exist A⊆N such that ∅ restricted to V⋂(A×A) is a constant. We define ∅ in this 

manner  

                                                ∅(m,n) =  
                                   
                                                    

  

Thus either there exists the infinite subset V we desire or there exists an infinite subset S such that for all  ,  S, ║   

  ║2≤(1+ δ)║  ║2+(1+ δ)║  ║2which is equivalent to  

                             -2         δ║  ║
 
+ δ║  ║

 
 

This implies that the ratio of norm is bounded by 2/ δ and without loss of generality, we can say that 1       δ/2 for any   S 

We renumber the element of S as {  }, We then construct an orthogonal basis {  } so that  

  =    ,   =     +     , .....,   =            .......      

                      Where all   ’s are positive. It is clear that      - ( δ/2)      for all i and j 

Thus when j [    δ  +1}, we get       1, which is contradiction and this contradiction proves the lemma. 

 

OUR MAIN RESULT IS AS FOLLOWS 

Theorem: If C is a closed, bounded, convex subset of Hilbert space and T:C→C is a demicontinuous pseudo contraction,then T 

has a fixed point. 

Proof: To show that the operator T has at least one fixed point in C we will use the result of Lemma 2 and weak compactness of 

C, to show that  ∃ a sequence {  } in C such that  

(1)          converges weakly to zero and 

(2)          →0 

Let B be a ball containing C and let ψ:H→C be the retraction sending xH to the closest point x in C then we know that ψ will 

satisfy 

                                   ψ(x)- ψ(y)    x-y  ∀ x, yH and 

                                  ║  ψ    
 
 ║   ║

 
-║ψ      

 
 ∀ xC and yH 

For the demicontinuous mapping Toψ:B→B exist, by Lemma1∃ a sequence {  }having the property (a)-(c) given in Lemma 1. 

Set   = ψ(  ) then T  -  = Toψ  -  +  - ψ   

Which implies             =    ψ           +   ψ      ψ        

                                                    +    ψ      ψ    +     ψ      ,  

Thus if lim inf ψ      ║= 0 then a subsequence {  }will satisfies (1) and (2) and this completes the proof. 

Now we assume contradiction that ∃ b   such that  ψ       b for all n. By Lemma 3 ∃ V, an infinite subset of {   ψ   

ψ  } such that for two elements of V 

   ║  ψ     ψ  ║
 
 ║  ψ   ψ  ║

 
+║  ψ   ψ  ║

 
+   

Let W denote the corresponding subset of {  } Since T is pseudocontractive therefore for      W,  ║  ψ     ψ  ║
 
   

 ║ψ   ψ  ║
 
 +  ║  ψ   ψ  ║

 
  

                                                             +   ║  ψ   ψ  ║
 
 +    

                                                           ║     ║
 
 +   ║  ψ   ψ  ║

 
  

                                                                +  ║ψ     ║
 
  + ║  ψ   ψ  ║

 
 

                                                                 - ║ψ     ║
 
  +    

                                                            ║     ║
 
+ ║  ψ   ψ  ║

 
 

                                                               + ║  ψ   ψ  ║
 
+  -    

                                                            ║     ║
 
+ q║  ψ   ψ  ║

 
 

                                                                   + q║  ψ   ψ  ║
 
 for some q<1 

   Now by low of cosines we have  

                                                                  ║  ψ     ψ  ║
 
   ║     ║

 
+ ║  ψ   ψ  ║

 
 

                                                                                              + ║  ψ   ψ  ║
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                                                                                              -2│   ψ        ψ   ψ   │  

                                                                                              -2│   ψ            │ 

                                                                                              -2│   ψ            │      

Combining above two inequality and using the notation  

                                                │   ψ        ψ   ψ   │= 
         
         

    we have    

                                              2│   ψ            │  (1-q)║  ψ     ║
 
 

                                                                                             +(1-q)║  ψ     ║
 
 

                                                                                         │  (1-q)║ψ     ║
 
 (1-q)    

Let S= {  }be subsequence of W and le z be weak limit of S. Now we observe that  

                                                            ψ             =    ψ              

                                                                                                 +    ψ              

                                                                                                  +   ψ             

Also    ψ              and for sufficiently large n, ║       is as small as necessary and for fixed n,│   ψ        

  │is also small as desired. This givers the required contradiction. 

 

CONCLUSION 

Finding fixed points of nonlinear mappings (especially, nonexpansive mappings) has received vast investigations due to its 

extensive applications in, partial differential equations, nonlinear differential equations. It is well known that pseudocontractive 

mappings have more powerful applications than nonexpansive mappings in solving problems. In this paper, we devote to 

construct the methods to finding  the fixed points of demicontinuous  pseudocontractive mappings and hemicontinuous pseudo 

contractive mappings.  

                                                               

REFERENCES 

1. F. E. Browder, Existance of periodic solution for nonlinear equation of evaluation,  Proc.Nat.Acad.Sci.U.S.A. 53 (1965) 

1100-1103 

2. Nonlinear mapping of nonexpansive accretive type in Banach space, Bull, Amer, Math,  Soc.73 (1967), 875-882 

3. F.P. Ramsey, On a problem of formal logic, Proc. Londan. Math. Soc(2) 30 264-286 

4. K. Deimling, zero of accretive operators, Manuscripta Math.13 (1974) 365-374 

5. W.A. Kirk, Remark on pseudo contractive mappings, Proc. Amer, Math. Soc. 25 (1970) 821-823 

6. R. H. Martin Jr. Differential equation on closed subset of Banach space, Trans. Amer. Math. Soc. 179(1973), 399-414 

7. J.J. Moloney, Some fixed point theorems,Glansnik Mat. 24(1989) 59-76 

8. F.P. Ramsey, On a problem of formal logic, Proc. Londan. Math. Soc(2) 30 264-286 

9. X. Weng, Fixed point iteration for local strictly pseudocontractive mappings, Proc. Amer. Math. Soc.113 (1991), 727-

731 

10. D.R. Sahu, H.K. Xu and J.C. Yao, “Asymptotically strict pseudocontractive mappings in  the intermediate sense”, 

Nonlinear Analysis, Theory , Methods and Applications, Vol. 70, pp.3502-3511, 2009. 

11. X. Qin, J.K. Kim and T. Wang, “On the convergence of implicit iterative processes for asymptotically pseudocontractive 

mappings in the intermediate sense”, Abstract and  Applied analysis, Vol. 2011, Article Number 468716, 18 pages,  

2011,  doi:10.1155/2011/468716. 

12. W.A. Kirk, P.S. Srinivasan and P. Veeramani, “Fixed points for mappings  satisfying cyclical contractive conditions”, 

Fixed Point Theory, Vol. 4, No. 1, pp. 79-89, 2003. 

13. H.K. Nashine and M.S. Khan, “Common fixed points versus invariant approximation  in nonconvex sets”, Applied 

Mathematics E - Notes, Vol. 9, pp. 72-79, 2009. 

14. H.K. Pathak, and M. S. Khan, “A common fixed point theorem and its application to nonlinear integral equations”, 

Computer & Mathematics with Applications, Vol. 53, Issue 6, pp. 961-971, doi: 10.1016/j.camwa.2006.08.046, 2007 

15. M. De la Sen, “Linking contractive self-mappings and cyclic Meir-Keeler contractions with Kannan self-mappings”, 

Fixed Point Theory and Applications, Vol. 2010, Article Number 572057, 23 pages, 2010, doi:10.1155/2010/572057 

 

  


