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1. Introduction

During the last 95- years a lot of fixed point results have
been established and we find that Banach contraction
principle is at the base of the most of these results established
so far. The concept of metric spaces has been generalized in
many directions. The notion of a b-metric space was
introduced by Czerwik in [12,13] and during the last few
years by many authors a lot of fixed point theorems have been
proved by many authors in b-metric spaces. In the year 1986,
Jungck [18] introduced the notion of compatible mappings
and utilized the same to improve commutativity conditions in
common fixed point theorems. This concept has been
frequently employed to prove existence theorems on common
fixed points. However, the study of common fixed points of
non-compatible mappings was initiated by Pant [24].
Recently, Aamri and Moutawakil [1] and Liu et al. [29]
respectively defined the property (E.A) and the common
property (E.A) and established fruitful results on common
fixed point theorems in metric spaces. Later some authors
introduced some new fixed point results using this concept
like, Ali et al. [5], Babu and Sailaja [7], Nazir and Abbas
[21], Oztirk and Radanovic [22], Ozturk and Turkoglu [23].
The following definitions are required in sequel.

2. Preliminaries

Definition 2.1 [8] Let X be a nonempty set. A mapping d :
X x X — [0, ) is called b-metric if there exists a real number
b > 1 such that for every X, y, z € X, we have

Q) d(x,y)=0ifandonlyifx =y

(i) d(x,y) =d(y, x)

(iif)  d(x, 2) <b[d(x,y) + d(y, 2)]
In this case the pair (X, d) is called a b-metric space.
There exists many examples in the literature (see[6-8])(BS)
showing that every metric function is a b-metric function with
b =1, while the converse is not true, i.e. the class of b- metric
functions is effectively larger than that of ordinary metric
function.
Definition 2.2 [17] Let {x,} be a sequence in a b-metric
space (X, d).
(i) {x,,} is called b-convergent if and only if there isx
X such that d(x,,, x) - 0 asn — oo.
(i) {x,} is called b-Cauchy sequence if and only if
d(x,, xm) > 0asn, m— oo,
A b-metric space (X,d) is said to be complete if and only if
each b-Cauchy sequence in X is b-convergent.

Definition 2.3 [16] Let (X, d) be a b-metric space. A
subset Y < X s called closed if and only if for each
sequence {xn} in Y which b-converges to an element x, we
have x € Y.

Definition 2.4 [18] Let (X, d) be a b-metric space and f

and g are self-maps on X.

(i) f and g are said to be compatible if whenever a
sequence {x,} in X is such that {fx,} and {gx,} are
b- convergent to some t € X, then
1ll_r)glo d(fgx,, gfx,) = 0.

(ii) fandgare said to non-compatible if there exists
at least one sequence {x,}in X is such that fx,
and gx, are b-convergent to some te€ X, but
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lim d(fgx,, gfx,) is either non zero or does not
n—oo

exist.
Definition 2.5 [23] fand g are said to satisfy the b-(E.A)
property if there exists a sequence { x, } such that
lim fgx, = lim gfx, =t, for somet e X.
n—oo

n—-oo
Remark 2.6 Non-compatibility implies b-(E.A)-property.
Example 2.7 [23] Let X = [0, 2] and define d : X x X —
[0, o0) as follows

2
d(x,y)=(x-y) "
Letf, g: X — X be defined by

3—x

1, x €[0,1] =, x €[0,1]
f(X)={g and g(9) =1 2
4’

. x €(1,2] x €(1,2]

for a sequence {x, } in Xsuchthat x, =1+ -1 n=0,1,
2
2. .. "
and lim fx,, = lim gx, = 2
n—-oo n—oo 4
So fand g are satisfying the b-(E.A) property.
lim d(fgx,, gfx,) exists and it is not equal to 0. Thus f
n—oo

and g are non-compatible.

Definition 2.8 [2] Let f and g be self-maps of a set X. If w =
f x = gx for some x in X then x is called a coincidence point
of fand g and w is called a point of coincidence of f and g.

Definition 2.9 [2] Let f and g be self-maps of a set X. Then f
and g are said to be weakly compatible if they commute at
their coincidence point.

Proposition 2.10 [2] Let f and g be weakly compatible self-
maps of a set X. If f and g have a unique point of coincidence
w = f x = gx, then w is the uniqgue common fixed point of f
and g.

Definition 2.11. [5] A function ¢ is said to be integral sub
additive, if for each o, f > 0,

I P emat< [ ede + [Foma

Lemma 2.12. [28] Let ¢ : [0, o) — [0, o] be Lebesgue
integrable mapping which is summable on each compact
subset of [0, ), non-negative and such that for each ¢ > 0,
foccp(t)dt > 0 and {a,} be a sequence of non-negative
numbers with lim a,, = u. Then

n-oo

lim [ ®)dt= [ @®)dt
n —-oo

Lemma 2.13. [28] Let ¢ : [0, o) — [0, =] be Lebesgue
integrable mapping which is summable on each compact
subset of [0, «), non-negative and such that for each & > 0,
foccp(t)dt > 0 and {a,} be a sequence of non-negative

numbers with lim a, = u. Then limfoa"cp(t)dt RS
n —oo

n —oo
lim a, =0
n —oo
We define y and @ as follows:
v = {v: [0, ©) — [0, o) : y is upper semi-continuous,
sequence y" (t) convergesto 0 asn — oo, V t> 0 and w(t)
<tforanyt> 0}

® = o : [0, ©) — [0, ©] : ¢ is Lebesgue integrable,
summable on each compact subset of [0, «), non-negative and
for each ¢ > 0, foc @(t)dt >0}

throughout in this paper we shall making use of the
standard notations and terminologies of nonlinear
analysis.

3. Main results

Theorem 3.1 Let (x, d) be b- metric space with b > 1 and f,

g, S, T: X —> X be mappings with f(X)c T(X) and

g(X)c S(X) such that

@@Ly [T gwde < [TV g@)de Vxy e
X

Where ¢ > 1 is a constant and @ : [0, o) — [0, ) is Lebesque

integrable mapping which is summable on each compact

subset of [0, o), non-negative and such that for ¢ > 0,

Jy 8(&)dt >0 and

(3.1.2) A@@w:mwﬁm&W)“k&L
d (gy‘ Ty), d(gy, Ty)+ d(fx,Sx) d(Sx,gy)+ d(fx,Ty) }

2b ! 2b
Suppose that one of the pair (f,S) and (g, T) satisfy the b-
(E.A.)-property and that one of the subspaces f(X), g(X),
T(X) and S(X) is b-closed in X. Then the pair (f,S) and
(g, T) have a point of Coincidence in X, Moreover, if the pair
(f,S) and (g, T) are weakly compatible, then f, g, Sand T
have a unique common fixed point.
Proof : If the pair (f,S) satisfies the b-(E.A.)-property, then
there exists a sequence {x,} in X satisfying

lim fx, = 7}1_r)r30 Sx, =q, forsome g € X.

As f(X)c T(};There exists a sequence {y,,} in X such that
frn =Ty,
Hence, r}% Ty, =q.
Let us show that lifio 9Yn =1Q.
By (3.1.1), "

(313) J«Ob‘?d(fxn;QYn) @(t)dt < fOMb(xn;J/n) (Z)(t)dt
Where,

Mb(xnr yn) = max
d(gyn, Tyn)+ d(fxn,Sxn)
{d(Sxn, Tyn), d(Bx, Sx), (@Y, Ty ), FERT2S SRS

2b
d(Sxn.gyn)+ d(fxn, Tyn) }
2b

= max {d(Sxy, fxn), d(En, S%,), d(gn,

d(gyn.fxn)+ d(fxn,Sxyn)  d(Sxn,gyn)+ d(fxn,fxn)
fo), i , -

< max {d(fxn, Sx,), d(gyn, fxn), d(gynfxn) d(fx"'sx"),

2b
b[d(Sxpn,fxn)+ d(fxn.gyn)] }
2b

= max {d(fx,, Sx,,), d(gyn, fx,)}
In (3.1.3), on taking limit and using lemma 2.13, we obtain

llm fobgd(fxn'gyn)a(t)dt

n-—-»o0o

< lim J‘Omax {d(fxn,Sxn),d(gyn.fxn)} m(t)dt

n—oo
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= lim fod(gy wf x”)(z)(t)dt, because d(fx,, Sx,,) —>0as n

n—>oo
—> 0,
Since b® > b > 1, we have therefore
lim gy, = lim fx, = q
n —oo n —»oo
Further, we have
~d(q, gyn) < d(q, fxa) + d(fxn, gyn) — 0asn — .
Thus, gy,— gasn — o.
If T(X) is closed subspace of x, then there exists a r e X,
such that Tr = q.
Now, we shall show that gr = g. Indeed, we have
Sd(q,97) < d(q,fxn) + d(fxn, g7,
Or,
(314)  1d(q,97) < d(q,fx) + oMy (3, 7)
Where,
My (x,, ) = max
{d(S,, Tr), d(fr, Sx,), d(gr, Tr), SELTDE S

2b
d(Sxp,gr)+ d(fxy, Tr) }
2b

)

d(gr,q)+ d(fx,,Sxy)
2b

max {d(Sxy, @), d(fx,, Sx,.), d(gr, @),

d(Sxp,gr)+ d(fxn,q) }
2b

max {d(Sx,, @), d(Fx, Sx,), d(gr, @), “E-PEn,

2b
b[d(Sxn,9)+ d(q.gr)]+ d(fxn.q) }
2b

)

IN

on taking limit, we obtain
lim M, (x,, ) £ max
n—-oo

d(gr, d(q,
{d(a ), d(q ), d(gr, q), “E22 0D,

b[d(q.9)+ d(q.gn]+ d(q.9) }
2b

= d(gr,q)
Then, (3.1.4) implies that
~d(q,gr)< 0+ - d(gr,q)
From which it follows that d(gr, q) = 0 (because b® >b >1).
Hence, q = gr = Tr, i.e. ris the coincidence point of the
pair (g, T).
As g(X) < S(X), there exists a point z e X such that q = Sz.
We claim that Sz = fz. By (3.1.1), we have

@3.15) [T gy < [0 g
Where,

My (z,7) = max
{452, T, d(82,52), d(gr, Tr), AT i)

2b
d(Sz,gr)+ d(fz,Tr) }
2b

’

= max {d(q, ), d(fz, q), d(q, @), 21D,
d(a.9)+d(fz,9) }
2b
=d(fz, q).
Therefore from (3.1.5), we have
bed(fz,gr) (Z)(t)dt < fod(fz,q).(z)(t)dt

0

Or,
bed(fz_q) (Z)(t)dt < fod(fz,q).(z)(t)dt

0

From which it follows that d(fz, q) = 0 (because b® > b > 1).
Therefore, Sz =fz =q.

Hence, z is a coincidence point of the pair (f, S).
Thus,fz=Sz=gr=Tr=q.

By the weak compatibility of the pair (f, S) and (g, T), we
obtain that fg = Sqand gq=Tg.

Now, we shall show that g is a common fixed point off, g, S
and T.

From (3.1.1), we have

@16) [0 ewdr = [P gy <

0
L9 o) dt
Where,
M, (g, ) = max {d(Sq,Tr), d(fq,Sq), d(gr,Tr),

d(gr,Tr)+ d(fq,Sq) d(Sq,gr)+ d(fq,Tr) }
2b ’ 2b

d(q,q)+ d(fq,fq,)
2b

)

= max {d(fq, q), d(fq, fq,), d(q @),

d(fq,q)+ d(fq.,q) }
2b

= d(fq, o).
From (3.1.6), we have

[0 gyae < [ p(ede
From which it follows that d(fq, q) = 0 (because b® > b > 1).
Hence, fq=Sq =q.

Similarly, it can be shown ggq=Tqg=q.

To prove uniqueness of fixed point, suppose that p is an

another fixed point off, g, Sand T. From (3.1.1),

@L7)  [P9wmde = [7VP gyde <

f(:wb(qlp) @(t)dt
Where,

M, (q,p) = max {d(Sq, Tp), d(fq,Sq), d(gp,Tp),
d(gp,Tp)+ d(fq,Sq) d(Sq,gp)+ d(fq,Tp) }
2b ! 2b
d(p, d(q,q,
= max {d(q,p), d(q,q,), d(p,p), Leprd@a)

2b
d(q,p)+ d(q,p) }
2b

=d(q, p), sinceb > 1.
From (3.1.7), we have
fobgd(q.p) P()dt < fod(q,p) O(t)dt
From which it follows that d(q, p) = 0 (because b* > b > 1).
Hence, g = p.
Corollary 3.2 Let (x, d) be b- metric space with s > 1 and f,
T : X — X be mappings with such that

@321)  [Tewmde < [V 90de vy e
X

Where ¢ > 1 is a constant and @ : [0, o) — [0, ) is Lebesque

integrable mapping which is summable on each compact

subset of [0, o), non-negative and such that for ¢ > 0,

foc @(t)dt > 0 and

(3.22) M,(x,y) = max {d(Tx, Ty), d(fx, Tx), d(fy, Ty),
d(fy, Ty)+ d(fx,Tx) d(Txfy)+ d(fx,Ty) }
2b ’ 2b
Suppose that one of the pair (f,T) satisfies the b-(E.A.)-
property and T (X) is b-closed in X. Then the pair (f,T) has
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a point of Coincidence in X, Moreover, if the pair (f,T) is
weakly compatible, then fand T have a unique common fixed
point.

Corollary 3.3 Let (x, d) be b- metric space with s > 1 and f,
T : X = X be mappings with such that

331 [T gwade < [V g)de vxye
X

Where ¢ > 1 is a constantand @ : [0, o) — [0, «) is Lebesque

integrable mapping which is summable on each compact

subset of [0, o), non-negative and such that for ¢ > 0,

Jy #(&)dt >0 and

M, (x,y) = max {d(Tx, Ty), d(fx, Tx), d(fy, Ty),
d(fy, Ty)+ d(fx,Tx)  d(Txfy)+ d(fx,Ty) }
2b ! 2b

Suppose that one of the pair (f,T) satisfies the b-(E.A.)-
property and T'(X) is b-closed in X. Then the pair (f,T) has
a point of Coincidence in X, Moreover, if the pair (f,T) is
weakly compatible, then fand T have a unique common fixed
point.

Example 3.4 Let X =[0,2] and define d : X x X — [0, o)
as follows

_ (0, xX=y
409 = {4 2, x oy
Then (X, d) is a b- metric space with b = 2.

Letf, g,S, T: X — Xare defined by

x, x€[0,1)
f0=2,900=0,80=4L  *¥=1 andT(x)=
2, xe€1,2]

Clearly, g(X) is closed, g(x) < S(X) and f(x) < T(X).

Let {x,,} be the sequence in X suchthat x, = 1+ n—iz , n
=0,1,2,...

So that the pair (f, S) is non-compatible since
nlijnw d(fSx,, Sfx,)#0.

But satisfies the b-(E.A.)- property since Jlmmfx” =

N[ R

. 2
lim Sx, = 3

n — oo
To check the inequality (3.1.1), forall x,y € X and g = 2,
If x =0, then (3.1.1) is satisfied.
If x € (0, 1), then
2 2 2
bd(fx,gy) = 2% (%) = (£) < (E+x) =d(fx, Sx)
< Mp(x,y)
If x =1, then
16 25

2
bd(fr,gy)=2%.(3) = T < 2 = d(x, ) < My(x,y)
If x e (1, 2], then

2x) 2 4x\ 2

ba(frgn =2(5) = ()
< Mb(x' y)

Thus (3.1.1) is satisfied for all x, y € X. The pairs (f; S) and
(g; T) are weakly compatible. Hence, all the conditions of

Theorem 3.1 are satisfied.

< (242 = d(, 5

3

Moreover 0 is the unique common fixed point of f; g; Sand
T.

4. In this section we proved well-posedness result in b- metric
spaces

Definition 4.1 (Boriceanu et al. 2010) [9] Let (X, d) be a b-
metric space and f : X — X be a mapping. The fixed point
problem is of f is said to be well-posed iff

f has a unique fixed point g in X.

If x,e X, ne N and d(x,,Tx,) > 0 as n —> oo, then
d(x,,q) > 0asn— oo,

Theorem 4.2 Let (X, d) be b- metric space withs > 1 and f,
g,S, T: X — X be mappings. Suppose that all the hypothesis
of Theorem 3.1 hold. Then the fixed point problem is well
posed for mappings f, g, Sand T .

Proof : By Theorem 3.1, the mappings f, g, S and T have a
unique common fixed point, say q in X. Let {x,} be a
sequence in X such that

lim d(f 2, %,) = lim d(gt, x,) = Jim d (S, %) =

lim d(Tx,, x,) =0.

n—-oo

Using (3.1.1) and b-triangular inequality, we have

[ o@yde = [119 g)de <

s[d(fq.gxn) + d(gxnxn)]
N @(t)dt

(421) J‘Od(q‘xn) @(t)dt S J‘S_eMs(qvxn) + sd(gxn,xn) @(t)dt
Where,
M, (q,x,) = max
{d(sq, Tx,), d(fg, S9), d(gxy, Tc,), “ERTL A0,

2b
d(Sq.gxn)+ d(fq,Txy) }
2b

=  max {d(q, Tx,,),0,d(gx,, Tx,,), d(gxn,z—q:n)m
M}

2b

)

= max {d(q, Tx,),0,b[d(gx,, q) +

b[d(gxn,q)+ d(q,Txy)] d(q,gxn)+ d(q,T
d(g, Tx,)], [ anqu q Xn]' q4.8%n i (q xn)}

= b[d(gxn, ) + d(q, Tx,)]
Thus from (4.2.1), we have

@22) [ o@)de <

2
fo’;—g[d(gxn.q)+d(q.Txn)1 + ba(Exntn) gy oy

Again by b- triangular inequality and (4.2.2), we have
@23) [ o@de <
fofj—i[d(gxn,xm 24Con @ +don T+ bAlgEn0n) 5 ) 10
So that,
fod(q'x") B(t)dt <
| (Beo)iaernnr+ e T |
fo(l_ﬁ) o(t)dt
On taking limit n — oo, we obtain
o lim [ g(0de=0
From lemma 2.13, we have r}l_r)lgo d(q,x,) =0

This completes the proof.
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