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Two missing observations can occur in a Youden Square Design in eight mutually exclusive ways.
In the present study, the author has tried to discuss the case of two missing observations belonging

Corresponding Author ~ to the same treatment. Estimates of the missing observations and variances of the various
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elementary treatment contrasts have been obtained by using Bartlett’s covariate analysis.
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1. INTRODUCTION

In a Youden Square Design, n = vr experimental units are
arranged in v rows, r columns and v-treatments are allocated
at random to these experimental units subject to the
condition that each treatment occurs once in each column
and each pair of treatments occurs together in A rows. A
necessary and sufficient condition for this is that a B. I. B.
Design with parameters v, b=v, r, k=r, and A exist.

The case of one missing observation was discussed by
Kshirsagar and Mckee (1982) pointed out that the estimate
of the missing observation and variances of the various
elementary treatment contrasts obtained by them seem to be
incorrect. Kaushik [(2010) discussed the case of one
missing observation in a Youden Square Design in details.
Later on, Kaushik A. K. and Shiv Kumar ©1(2010), Kaushik
A. K. and Ram KishanP! (2011), and Kaushik A. K.
[1(2012) discussed the case of two missing observations in
Youden Square Design in some special cases.

2. MATERIAL AND METHODS

This includes two sections. In section 1, the covariate
analysis with two concomitant variables is presented in
brief. The detailed covariate analysis pertaining to the
present discussion has been discussed by Kaushik and Ram
Kishan (2011). The subject matter discussed in this section
is not entirely new but its presentation is new. It provides
the relevant information and forms the basis of the present
study. Section 2 deals with the subject matter under study.
Section 1

Covariate Analysis: The ANCOVA Model with two
concomitant variables X1 and X3 is given below

Yo=n+ve+ &+ +pmtti+Xup +
XZuﬁZ + €y (218-)
Its corresponding matrix model is
Y=Zn+At+X;B; +X;B, +e (2.1b)
with usual standard notations. The error sum of
square will be
E.S.S. = min. of (Y—Zm—At—X,B; — X;B2)
(Y —Zn—At—X;B; —X2B2) (22)
with respect to m,t,3;,and 3, only. We get the
least square estimates as below:
= (2'2)"V(Z'Y -7 At — X, B, — Z'X,B,) (2.3)

t= C(Q(y) - Q(Xl)Bl - Q(xz)Gz) (2.4)
Gl _ EX1X1 EX1X2 -t EX1Y
[GZ] B [EX2X1 EXZXZ] [EXZY] (2.5)

Where
C=AA-AZZ'7)'Z'A
Q) =AY -AZ(Z'2)7Z'Y
Qu,) = A'X, —AZ(Z'Z)7'Z'X,
Qu,) = A'X, —A'Z(Z'2)'Z'X,
Ex,x, = X1X1 = X1Z(Z'2) 7" Z'X; = Q(x,CQxy)
Ex,x, = XiXz = X1Z(Z'Z)"'Z'X; — QxCQexy)
Ex,x, = XoX1 = X3Z(Z'2) "' Z'X; — Qix,yCQex,)
Ex,x, = X2Xz = X3Z(Z'2) ™" Z'X; — Qx,)CQexy)
Ex,y = XiY = X{Z(Z'Z2)7'Z'Y — QxnCQv)
Ex,y = X3Y = X3Z(Z'Z)"'Z'Y - Q(x,yCQe)
After substituting these values in (2.2), the error
sum of square will be
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E.S.S.=Y'Y - Y'Z& — YAt — Y'X;B; — Y'X, P,
-1
=Eyy — [Ex,y  Ex,v] [Exlxl Exlxz] [EXlY]
X2X1 X2X2
(2.6)
with (v — 2) d.f. only.
Under null hypothesis

Ex,v

H02t1=t2=“'=tv=0
the model (2.1) is reduced to

The new error sum of square will be
Eo.S.S.=min.of (Y — Zm — X, 8, — X,8;)" (Y —
Zm — X181 — X2B2) (2.8)
with respect to m, B;, and B, only. We get the new
least square estimates as below :
= (Z'DTEY-ZX B - ZX B (29)
B; _ [E;(1X1 ]3;(1)(2]_1 [E)*(1Y]
BE] [Exox, Eioxo|  |Expy
Where
Ex,x, = XiX; — X{Z(Z'2)7'Z'X,
E;‘(lxz = XX, —X{Z(Z'2)1Z'X,
Ex,x, = XoX, — X3Z(2'2)7'2'X,
Ex,x, = XoX; — X3Z(Z'2)*Z'X,
Ex,y = XY - X{Z(Z'2)7'Z'Y
Ex,y = XpY — XpZ(2'2)7*Z'Y

After substituting these values in (2.8), the error
sum of square will be
Eo.S.S= Y'Y —Y'Zw — Y'X, B} — Y'X,PB5
* * -1 *
= E;Y — [E;(lY E;ZY] [Efl)h Eiﬁxz] [EX1Y]
X2X1 X2X2
(2.11)
with (v + v — 3) d.f. only.
Treatment sum of square will be obtained by
Treatment S. S. = Eo.S.S—E.S.S (2.12)
with (v —1) d.f. only. The variance covariance
matrix will be

X
Ex,v

V(f) = Co? + M@~1M'c? (2.13)
Where
M = [Ei(xo Loy - fv(xl)] 6=
bixy)  taxy) tyxy)

EX1X1 EX1XZ]
EX2X1 Exzxz

V(ti—t) =2tc? +[d; d,]o? [dl] o?

d,
Where
di = {fiey) — ficen ) and  d,
= {tiocy) — B}
Average Variance =2ac? + (v:) tr. M@~1M’'c?

(2.15)
Further discussion on this topic is not relevant to
the present study and hence not been presented.

Section 2
Without loss of any generality, we may assume that the first
k — treatments have been allotted to the first row and the
first A — treatments and (k + 1), (k + 2)", .....,
(2k — 1) treatments have been allotted to the second row.
Thus, both the rows have first A treatments in common. We
assume that the two missing observations belong to the first
treatment in first row, first column and the first treatment in
second row and second column respectively. The
appropriate model for the analysis of such data is

Y = Ep+ At + Dy + F§ + B;X; + B,X, + e (2.16)
with usual notations. The covariate X; will assume the value
‘1 in the first missing cell in first row and ‘0" elsewhere
while the covariate X, will assume the value 1" in the
second missing cell in second row and ‘0" elsewhere. Now
using the covariate analysis, the estimates of the missing
observations are obtaingg ggyelow :

el =)=

o [Exux, Exlxz]_1 Ele]

B Ex,x,  Ex,x, Ex,v
Where
g1 = e [(k -1 -1 7'
k(k-2)| —1 (k—1)
v k—1 1
k(k—2)2 [( 1 ) (k — 1)] 217)
and
Ex,y] _ 1 [AVR; +2AkC; + k(kQ; — Q) —AG
[EXZY] T vk [Asz +2AkC, + k(kQ, — Q) — AG]
Hence
Y]
-
1 [k=1) 1 AVR; + AkC; + k(kQ; — Q) — AG
K2 (k—2)2 [ 1 (k— 1)] [Asz + AkC, + k(kQ; — Q)) — AG

(2.18)

Where R1 and R; are the respective totals of all the

known cell observations of first
and second row, C; and C; are the respective totals of all the
known cell observations  of first and second column, and
G is the total of all the known cell observations in the
experiment. Q; is the adjusted treatment total of first
treatment.
Qi=Q;+Q,+--+Q = Total of all the adjusted
treatment totals in tﬁ%‘%ﬁit row.

Q2 =0Q;+Qz+ -+ Qu+ Qus1 + Quuz + -+ Qax-a =

Total of all the adjusted treatment totals in the second row.
The error sum of square will be

E. S S =(P2+P2+3,¥2)- %{(R1 +7)% +
~ 1 ~

(R +¥)% + Z?=3 Rj2 - ;{(Cl +7)% 4+
. k G+Y1+Y32)?

(Co+ )2 + 3P} - X QF + 2228 (219)

with {(v — 1)(k — 2) — 2} d.f. only.
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Under null hypothesis
Hp:ty =t, = =t, =0
the model (2.16) is reduced to
Y=Ep+Dy+FSs+B,X; +B,X,+e
and we can obtain the new estimates of the missing
observations as below :
Yl*] _ .BI] _ [E;(1X1 ]3)*(1)(2]_1 [E)*QY]
T 1B B, Exox,]  [Exey
[(k - 1)(v -1
(k- 1)2(v 1)2-1
(2.21)
The error sum of square under the model (2.19)
will be

Eo. S S =242+ 5,0 - {(R +1)? +
Ry + Y02 + B0 R = ~{(CL+ Y1)+ (C, + ¥5)? +
T, (7} + CHr) (2.22)

vk
with {(v — 1)(k — 1) — 2} d.f. only.

Treatment sum of square will be obtained by
Treatment S. S. = Eo.S.S—-E.S.S (2.23)
with (v —1) d.f. only. The variance covariance
matrix will be

a ko? gl 2
V() = WIV + M@~'M’'c (2.24)
Where
M =
[k _1 e =1 =1 - 0 = 0 O - 0]
-1 0 +« =1 +« =10 - 0
(2.25)

The variances of various elementary treatment
contrasts are given below:

" 2ko? 2k?g?
V(t =
-t = Av o Av(k-2)2

w=2,3,...,%)
V(tl - tw) - V(tl - th)
(2.27)
(W=2A+1, 042, .. Kk h=k+l, k+2, ...,

N »\ _ 2ko? | 2(k-1)%6?
V(tl tg)_ AV Av(k-2)2

(9=2k—A+1,2k—1+2, ..., v)
V(Eu - Ew) = V(Eu - ‘Eh) = V(Ew - Eg) =
2 1\~2
V(t, —tg) = 24 D0 (5.09)

T av | Avk(k-2)2
2ko? 202
(“ g) AV Av(k—z)z (2.30)

(2.26)

2ko? | (k-1)(2k?+1)c?
Avk(k—2)2

2k— 1)
(2.28)

202

Vitw — ) = T Avk(k-2) (2:31)
V(t, -t J) = V(t, 'EWI) = V(Eg - Egr) =
V(E, — t) = 2 (2.32)

This is to be noted that the values of various variances of the
elementary treatment contrasts get increased when missing
observations occur.

:II:URI +kC1 _G
(k — 1)(17— DIvR, + kC, — G

2ko? | 4{(k-1)?(k+1)+(A-1)}o?

Average  Variance = ~ - D(-2)2
(2.33)
. - k2(v-1)(k—2)2
= {2 2N\
Relative Efficiency = e 0 DT D)
(2.34)

Relative Loss in Efficiency =1 - R.E =

2(k-1)2(k+1)+(A-1)
k2(w-1)(k-2)2+2{(k-1)2(k+1)+(A-1)} (2'35)

Bias = (v_lj%{(?l —Y)2+ (Y2 - Y2+ % (V. -
Y) (2 - Y5) (2.36)

Illustration: Consider the data obtained from a Youden
Square Design with parametersv=hb =5 r=k =4, A =3,
The two missing observations belong to first treatment A
from the first two rows.

Rows Columns
| 1 1 v
| A= - | B=20 | C=23 D=25
I B=16 | A=—- | E=27 C=29
i C=14 | D=19 | A=12 E=20
v D=18 | E=18 | B=15 A=13
Vv E=17 | C=16 | D=24 B =20
By using (2.18), and (2.19), we get
Y, = 11.25, Y, = 16.75, E.S.S.=
27.1333 with 6 df only.
By using (2.21), and (2.22), we get
Y; =19.1748, Y; =23.9021, E,.S.S.=

165.2776 with 10 df only.
By using (2.23), we get
Treatment S. S. = Eo.S.S. — E.S.S. = 138.1443
with 4 df only.
The variances of elementary treatment contrast are
obtained as

A 8
V(s —tg) = V(s —t0) = + %
A 33
V(Ea—tp) =V(Es—tp) = 83
V(EB - ED) = V(fc —fp) = V(tB —tp) =
2

1
N n 2 62
V(tp —tg) = E %
a a 802
V(tg —tc) =
. 802  470%
Average Variance = — 4+ =
15 240

Relative Efficiency = %
Relative Loss in Efficiency = S
CONCLUSION

The estimates of missing observations ar
Y1"(A) = 11.25, Y,'(A) = 16.75,
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By using normal procedure, the treatments can be

tested for homogeneity. Various contrasts of treatment
effects are obtained in the example.
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