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In this article, a three-parameter continuous distribution is introduced called Logistic inverse Lomax
distribution. We have discussed some mathematical and statistical properties of the distribution such

as the probability density function, cumulative distribution function and hazard rate function,
survival function, quantile function, the skewness, and kurtosis measures. The model parameters of
the proposed distribution are estimated using three well-known estimation methods namely
maximum likelihood estimation (MLE), least-square estimation (LSE), and Cramer-Von-Mises
Corresponding Author:  estimation (CVME) methods. The goodness of fit of the proposed distribution is also evaluated by

Vijay Kumar

fitting it in comparison with some other existing distributions using a real data set.
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l. INTRODUCTION

Life-time models are generally used to study the length of the
life of components of a system, a device, and in general,
reliability and survival analysis. Lifetime distributions are
frequently used in areas like life science, medicine, biology,
engineering, insurance, etc. Many continuous probability
distributions such as Cauchy, exponential, gamma, Weibull
have been frequently used in statistical literature to analyze
lifetime data. For a few years, most of the researchers are
attracted towards one parameter logistic distribution for its
potential in modeling life-time data, and it has been observed
that this distribution has performed excellently in many
applications.

The logistic distribution is a univariate continuous
distribution and both its PDF and CDF functions have been
used in many different areas like logistic regression, logit
models and neural networks. The logistic distribution has
wider tails than a Gaussian distribution so it is more
consistent with the underlying data and provides better
insight into the likelihood of extreme events. Let T be a non
negative random variable follows the logistic distribution
with shape parameter ¢ > 0, and its cumulative distribution
function is given by

1
K(t;5)=1+

efﬁt !

5>0teR (L.1)

and its corresponding PDF is
é‘e—é't

Tahir et al. (2016) has defined a new generating family of
continuous distributions generated from a logistic random
variable called the logistic-X family. Its density function can
be symmetrical, left-skewed, right-skewed and reversed-J
shaped, and can have increasing, decreasing, bathtub and
upside-down bathtub hazard rates shaped. Joshi et al. (2020)
has introduced logistic exponential power and its hazard
function can exhibit increasing, decreasing, bathtub and
upside-down bathtub shaped. Mandouh (2018) has
introduced Logistic-modified Weibull distribution which is
flexible for survival analysis as compared to modified
Weibull distribution. Joshi and Kumar (2020) have created
half-logistic NHE distribution and studied its various
mathematical and statistical properties. Joshi and Kumar
(2020) has introduced Lindely exponential power, Chaudhary
& Kumar (2020) have presented the half logistic exponential
extension distribution using the parent distribution as
exponential extension distribution. Kumar (2010) have
presented the Bayesian analysis of exponential extension
distribution. Lan and Leemis (2008) has presented an
approach to define the logistic compounded model and

k(t;6)= 0>0,teR (1.2)
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introduced the logistic—exponential survival distribution.
This has several useful probabilistic properties for lifetime
modeling. Unlike most distributions in the bathtub and upside
down bathtub classes, the logistic—exponential distribution
exhibit closed-form density, hazard, cumulative hazard, and
survival functions. The survival function of the logistic—
exponential distribution is

I(y;v)= a>0,0>0,y>0 (1.3)

1+(e” -1)"
Where ¢ and v are shape and scale parameters of LE
distribution. Applying the similar approach used by (Lan &
Leemis, 2008) we have introduced the new distribution called
logistic inverse Lomax distribution. In this study we have
taken inverse Lomax distribution as parent distribution. The
Lomax distribution can also be called Pareto Type-Il
distribution and it can be used in many areas like life science,
medicine, engineering, and many more.

The distribution was defined by Lomax (1954) having a
heavy-tailed shaped distribution. It can also be used in
reliability and life testing problems in engineering and in
reliability analysis as an alternative distribution (Hassan &
Al-Ghamdi, 2009). The inverse Lomax (IL) distribution is
one of important life-time distribution. The inverse Lomax
distribution was introduced by (Kleiber, 2004) and used it to
get Lorenz ordering relationship among ordered statistics.
The IL is related to the family of generalized beta
distribution. Kleiber and Kotz (2003) showed that the IL
distribution can be used in economics and actuarial
sciences. The IL distribution has a lot of applications in
stochastic modeling of decreasing failure rate life
components, and life testing. The CDF and PDF of two-
parameter inverse Lomax can be expressed as

Z(t 8. x)={1+(B/N)} #5120, B>0,x>0.
(1.4)

2(t: B, ) =ﬂ—€tll{l+(ﬂ/t)}ll;t >0, #>0,7>0

(1.5)

The main objective of this study is to introduce a more
flexible distribution by inserting just one extra parameter to
the inverse Lomax distribution to attain a better fit to the life-
time data sets. We have illustrated some distributional
properties and its applicability. The remaining parts of the
proposed study are organized as follows. In Section 2 we
present the Logistic inverse Lomax distribution and its
various mathematical and statistical properties. We have
employing some estimation methods to estimate the model
parameters namely the maximum likelihood estimation
(MLE), least-square estimation (LSE) and Cramer-Von-
Mises estimation (CVME) methods. For the maximum

likelihood (ML) estimate, we have constructed the
asymptotic confidence intervals using the observed
information matrix are presented in Section 3. In Section 4, a
real data set has been analyzed to explore the applications and
capability of the proposed distribution. In this section, we
present the estimated value of the parameters and log-
likelihood, AIC, BIC, AICC and HQIC criterion for ML,
LSE, and CVME also the goodness of fit of the proposed
distribution is also evaluated by fitting it in comparison with
some other existing distributions using a real data set. Finally,
in Section 5 we present some concluding remarks.

1. THE LOGISTIC INVERSE LOMAX (LIL)
DISTRIBUTION

In this section we have put forward a new distribution called
logistic inverse Lomax (LIL) distribution. We have taken the
inverse Lomax as baseline distribution defined by (Kleiber &
Kotz, 2003). Let X be a non-negative random variable with a
positive shape parameters a and A and a positive scale
parameter B then CDF of logistic Lomax distribution can be
defined as

i) 2.1
F(x)= 1—[1+{(1+f] —1} :1 ;sz,a>0,ﬁ>O,l>0.( )

The corresponding PDF of LIL distribution is

@ pafs(pm) ey - @2
f() = x>0,

X2 {u{(u( B/x)) 1}12

This CDF function is alike to the log logistic CDF function
with the second term of the denominator being changed in its
base to IL function, and hence we named it logistic inverse
Lomax distribution.

Reliability function
The reliability function of LIL distribution is

R(x) =1-F(x)
=[1+{@+ B/ X" 1“1 x>0,(ar, B, A1) >0
(2.3)

Hazard function
The failure rate function of LIL distribution can be defined

as, h(x) = 1)
R(x)
OB I I BT
- C+{+plx -7 T
24)
In Figure 1, we have displayed the plots of the PDF of LIL
distribution for different values of a, § and A.
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Figure 1. Graph of PDF of LIL distribution

In Figure 2, we have displayed the plots hazard rate function
of LIL distribution for different values of a, f and A.

hazard unction

Figure 2. Plots of hazard function for different values of o
and A.

Quantile function
The Quantile function of Logistic Lomax distribution can be
expressed as

Q(p) = AL+ (p"-)Y“¥* -1 ; 0<p <1(25)

Random deviate generation:
X=BHL+ U -)"F* -1 ; 0<u<1(26)

Skewness and Kurtosis:
The measures of Skewness based on quantiles is Bowley’s
coefficient of skewness and it can be expressed as

Q(0.75)+Q(0.25)—2Q(0.5) and (2.7)
Q(O.75)—Q(O.25)

Coefficient of kurtosis based on octiles which was defined by

(Moors, 1988) is

Skewness =

Q(0.875)-Q(0.625)+Q(0.375)-Q(0.125)

Ku(M)= Q(3/4)-Q(1/4)

(2.8)

1. METHODS OF ESTIMATION
In this section, the parameters of the LIL distribution are
estimated by using maximum likelihood estimation method.

Let, X, X,,..., X, is a random sample from LIL(a,ﬁ,/'t)

n

and the likelihood function, L(a,ﬂ, /1) is given by,

(WX1X2 )_f(xl)(Z’ X/‘// ﬁf(xi/l//)

0 @A) @ prx)t 71)"71
L(a,ﬂ,l):a,b’/l_]‘[

= {1+((1+p/xi)171)“}2
Now log-likelihood density is

;x20,; (o, 8,4)>0, x>0

| :nlna+nIn,8+nlnﬂ—22n“logxi +(/1—1)Zn:Iog(1+ﬂ/xi)

i=1 i=1

(o 4)2”)|og{(1+ﬂ/ X’ 71}7zilog[l+{(1+ﬁ/ x): -1

(3.1)
Differentiating (3.1) with respect to a, p and A we get,

) —11° log{(L+ B/ x,)* -1}
14+ 1 %) T
B o @B
ap’ /;’ @ )Zx(1+ﬂ/x) Ma )Z{(1+ﬂ/x) —Ix;
_Za/iz":{(“ﬂ/xi) B+ B
= x[1+{@+ B/ X.)ﬂ -]
@+ B1%) log(L+ B/ x)
6/1 /1 ;'09(1+ﬂ/x)+(a 1); logL+ A7 x) -1
—2a2n:{(1+ﬂ/ %) =1 (L+ A1 %) log(L+ B x)
1+{1+ Bl x) -1

6—77+Zlog{(1+ﬂ/x|)* - 22[(1+ﬁ/

Equating above three nonlinear equations to zero and solving
simultaneously for a, f and A, we get the maximum likelihood

estimate ¢4, [3 and A of the parameters o, f and A. By using

computer software like R, Matlab, Mathematica etc for
maximization of (3.1) we can obtain the estimated value of a,
B and A. For the confidence interval estimation of a, B and A
and testing of the hypothesis, we have to calculate the
observed information matrix. The observed information
matrix for a, B and A can be obtained as,

Ull UlZ Ul3
U= U21 Uzz Uzs
U31 U32 U33
where
U.. = ol o o
Yoot TR dadp’ P dal
ol ol o

=—-,U,=—, U, =——
21 opoa 22 5/3’2 23 002
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ol ol ol
Up=—7- Up=" Uy=—7
oAoa ofoA oA
Let Q=(, 5, 1) denote the parameter space and the
corresponding MLE of € as Q:(&,ﬁ, ﬂt), then
(Q—Q)—) N{O,(U (Q))’l} where U(Q) is the

Fisher’s information matrix. Using the Newton-Raphson
algorithm to maximize the likelihood creates the observed
information matrix and hence the variance-covariance matrix
is obtained as,

var(@)  cov(é, B) cov(é,A)
(U (Q)]_lz cov(@, B) var(B)  cov(B,A)
cov(@, A1) cov(B, 1)  var(d)

(3.2)
Hence from the asymptotic normality of MLEs, approximate
100(1-a) % confidence intervals for o, B and A can be
constructed as,

a+Z,,SE(q), f+2Z,9SE(S) and,
A+Z,,SE(A)

where Z ,, is the upper percentile of standard normal variate

V. APPLICATIONS TO REAL DATASET

In this section, we illustrate the applicability of logistic
inverse Lomax distribution using two real datasets used by
earlier researchers.

Dataset-I

This is a real data set represents the remission times (in
months) of a random sample of 128 bladder cancer patients
(Lee & Wang, 2003): sorted data

0.08, 0.20, 0.40, 0.50, 0.51, 0.81, 0.90, 1.05, 1.19, 1.26, 1.35,
1.40, 1.46, 1.76, 2.02, 2.02, 2.07, 2.09, 2.23, 2.26, 2.46, 2.54,
2.62,2.64, 2.69, 2.69, 2.75, 2.83, 2.87, 3.02, 3.25, 3.31, 3.36,
3.36, 3.48, 3.52, 3.57, 3.64, 3.70, 3.82, 3.88, 4.18, 4.23, 4.26,
4.33,4.34, 4.40,4.50, 451, 4.87, 4.98, 5.06, 5.09, 5.17, 5.32,
5.32,5.34,5.41,5.41,5.49,5.62, 5.71, 5.85, 6.25, 6.54, 6.76,
6.93,6.94, 6.97, 7.09, 7.26, 7.28, 7.32, 7.39, 7.59, 7.62, 7.63,
7.66, 7.87,7.93, 8.26, 8.37, 8.53, 8.65, 8.66, 9.02, 9.22, 9.47,
9.74, 10.06, 10.34, 10.66, 10.75, 11.25, 11.64, 11.79, 11.98,
12.02,12.03, 12.07, 12.63, 13.11, 13.29, 13.80, 14.24, 14.76,
14.77,14.83, 15.96, 16.62, 17.12, 17.14, 17.36, 18.10, 19.13,
20.28, 21.73, 22.69, 23.63, 25.74, 25.82, 26.31, 32.15, 34.26,
36.66, 43.01, 46.12, 79.05

The MLE:s are calculated by utilizing the optim() function in
R software (R Core Team, 2020) and (Mailund, 2017) by
maximizing the likelihood function (3.1). We have obtained
Log-Likelihood value is | = -409.4909 and the MLE’s with
their standard errors (SE) and 95% confidence interval for o,
B, and A are presented in Table 1.

Table 1. MLE and SE and 95% confidence interval for a, 3
and A

Parameter MLE SE 95% ACI
alpha 2.87951 0.25522 (2.3793, 3.3797)
beta 38.51405 6.56328 (25.6500, 51.3781)

lambda  0.35313 0.02929 (0.2957, 0.4105)

We have displayed the graph of the profile log-likelihood
function of a, B, and A in Figure 3 (Kumar & Ligges, 2011)
and observed that the MLEs are unique.

Figure 3. Graph of profile log-likelihood function of a, B, and
A

o

Fined quanties
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Figure 4. The Q-Q plot (left panel) and P-P plot (right
panel) of LIL distribution

Dataset-11

The data given below represents the fatigue life of 6061-T6
aluminum coupons cut parallel to the direction of rolling and
oscillated at 18 cycles per seconds (cps) which consists of 101
observations with maximum stress per cycle 31,000 psi. This
data set was originally analyzed by (Birnbaum & Saunders,
1969).

70, 90, 96, 97, 99, 100, 103, 104, 104, 105, 107, 108,
108, 108, 109, 109, 112, 112, 113, 114, 114, 114, 116, 119
120, 120, 120, 121, 121, 123, 124, 124, 124, 124, 124, 128
128, 129, 129, 130, 130, 130, 131, 131, 131, 131, 131, 132,
132, 132, 133, 134, 134, 134, 134, 134, 136, 136, 137, 138
138, 138, 139, 139, 141, 141, 142, 142, 142, 142, 142, 142
144, 144, 145, 146, 148, 148, 149, 151, 151, 152, 155, 156
157, 157, 157, 157, 158, 159, 162, 163, 163, 164, 166, 166
168, 170, 174, 196, 212

We have obtained Log-Likelihood value is | =-455.9934 and
the MLE’s with their standard errors (SE) and 95%
confidence interval for a, 3, and A are presented in Table 2.

Table 2. MLE and SE and 95% confidence interval for o,
and A

Parameter MLE SE 95% ACI
alpha 9.0749 0.7225 (7.6588, 10.491)
beta 55.5687 3.6024  (48.508, 62.6294)

lambda  1.9797 01114 (1.7614, 2.1980)

We have displayed the graph of the profile log-likelihood
function of a, B, and A in Fig. 4 (Kumar & Ligges, 2011) and
observed that the MLEs are unique.

In Figure 5 we have presented the Q-Q plot (empirical
quantile against theoretical quantile) and P-P plot of LIL
distribution.

Nogim bog-hedhood

Pogatve 107-Hinihoos

oot vl 103~ haktood
T
-

Figure 5. Graph of profile log-likelihood function of a, B,
and A.

In Figure 6 we have presented the Q-Q plot (empirical
quantile against theoretical quantile) and P-P plot of LIL
distribution.
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F(x)={1—(1+,8x)_“}/1;x20,a>0,,B>O,A>O.

C. Generalized Exponential Extension (GEE)
distribution:
The probability density function of GEE introduced by
(Lemonte, 2013) having upside down bathtub-shaped hazard
function distribution with parameters& , # and 4 is

Fifted distribution function

foee (X, B.4) =afi (1+ ﬂx)“fl exp {1—(1+ ﬂx)“}

‘ [1— exp {1— (1+ ﬂx)“”ﬁil : x>0,

Empirical distribution function

Figure 6. The Q-Q plot (left panel) and P-P plot (right D. Generalized Exponential (GE) distribution:
panel) of LIL distribution The probability density function of generalized exponential

distribution (Gupta & Kundu, 1999) is.

To illustrate the goodness of fit of the LIL distribution, we foe (x;a,/l) —a i e‘“{l_e—“}OH ; (a,/l) 50,x>0
have select some well-known distribution for comparison

purpose which are listed blew,
E. Exponential power (EP) distribution:

A. Inverted Lomax (IL) distribution: The probability density function Exponential power (EP)
The cumulative probability distribution function of IL distribution (Smith & Bain, 1975) is
introduced by (Lan & Leemis, 2008) having upside down o o
bathtub-shaped hazard function distribution with parameters fep(X) = A% x%1 e(/1 ) exp {1—e(l X) }; x>0-
s and A is

where o and A are the shape and scale parameters,
i) respectively.

FiL (x) = {1+ (ﬂ/x)} x>0, #>0,4>0. For the assessment of potentiality of the proposed model we
have calculated the Akaike information criterion (AIC),
Bayesian information criterion (BIC), Corrected Akaike
information criterion (CAIC) and Hannan-Quinn information
criterion (HQIC) which are presented in Table 3 and Table 4
for date set I and 1.
Table 3. Log-likelihood (LL), AIC, BIC, CAIC and HQIC (dataset-I)

B. Exponentiated Lomax (EL) distribution:
The CDF of exponentiated lomax introduced by (Lan &
Leemis, 2008) can be written as

Distribution -LL AlIC BIC CAIC HQIC
LIL 409.4909  824.9818  833.5379  825.1753  828.4582
GEE 410.6013  827.2026  835.7586  827.3961  830.6789
IEL 409.9542  825.9084  834.4645  826.1020  829.3848
EL 410.0718  826.1436  834.6997  826.3372  829.6200
GE 413.0776  830.1552  835.8592  830.2512  832.4728
EP 426.6474  857.2948  862.9989  857.3893  859.6124

Table 4. Log-likelihood (LL), AIC, BIC, CAIC and HQIC (dataset-I1)

Distribution -LL AlC BIC CAIC HQIC
LIL 455.9934 917.9869 925.8322 918.2343 921.1629
GEE 456.4468 918.8935 926.7389 919.1409 922.0696
IEL 457.0925 920.1850 928.0304 920.4324 923.3610
EL 462.9163 931.8327 939.6780 932.0801 935.0087
GE 463.7324 031.4648 936.6951 931.5873 933.5822
EP 476.7897 957.5794 962.8096 957.6994 959.6967
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For the both datasets we have presented the Histogram and
the density function of fitted distributions and Empirical
distribution function with the estimated distribution function
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Figure 7. The Histogram and the density function of fitted distributions for data-I and data-I1 (first row) and Empirical
distribution function with estimated distribution function for data-I and data-11 (second row)

To compare the goodness-of-fit of the LIL distribution with
other competing distributions we have presented the value of
Kolmogorov-Simnorov (KS), the Anderson-Darling (W) and
the Cramer-Von Mises (A?) statistics in Table 5 and Table 6.

Itis observed that the LIL distribution has the minimum value
of the test statistic and higher p-value thus we conclude that
the LIL distribution gets quite better fit and more consistent
and reliable results from others taken for comparison.

Table 5. The goodness-of-fit statistics and their corresponding p-value (dataset-1)

Distribution  KS(p-value) W(p-value) AZ(p-value)
LIL 0.0297(0.9998)  0.0137(0.9998)  0.0898(0.9999)
GEE 0.0442(0.9636)  0.0394(0.9367) 0.2630(0.9631)
IEL 0.03888(0.9903)  0.0233(0.9929) 0.1607(0.9977)
EL 0.0405(0.9846)  0.0262(0.9871) 0.1798(0.9950)
GE 0.0725(0.5115)  0.1279(0.4652) 0.7137(0.5472)
EP 0.1199(0.0503)  0.5993(0.0223)  3.6745(0.0126)

Table 6. The goodness-of-fit statistics and their corresponding p-value (dataset-11)

Distribution ~ KS(p-value) W(p-value) A?(p-value)
LIL 0.0626(0.8241)  0.0527(0.8606) 0.3776(0.8703)
GEE 0.0755(0.6132)  0.0682(0.7640) 0.4132(0.8352)
IEL 0.0690(0.7224)  0.0858(0.6601) 0.5809(0.6658)

2175 |
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EL 0.1077(0.1916)  0.2341(0.2102) 1.4750(0.1826)
GE 0.1066(0.2014)  0.3112(0.1257)  2.0724(0.0840)
EP 0.1378(0.0433)  0.6942(0.0130) 4.5057(0.0050)
Journal for Research in Applied Science &

V. CONCLUSIONS

In this article, we have generated a three-parameter
continuous distribution named Logistic inverse Lomax
distribution. Some mathematical and statistical properties of
the proposed distribution are presented such as the shapes of
the probability density, cumulative density and hazard rate
functions, survival function, quantile function, the skewness,
and kurtosis measures are derived and established and found
that the proposed model is flexible and increasing and j-
shaped shaped hazard function. The model parameters are
estimated by using maximum likelihood estimation (MLE)
method. Two real datasets is considered to explore the
applicability and suitability of the proposed distribution and
found that the proposed model is quite better than other
lifetime model taken into consideration. We hope this model
may be an alternative in the field of survival analysis,
probability theory and applied statistics.
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