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1. INTRODUCTION

The concept of statistical convergence was formally
introduced by Fast [8] and Schoenberg [18] independently.
Although statistical convergence was introduced over fifty
years ago, it has become an active area of research in recent
years. It has been applied in various areas such as
summability theory (Fridy [9] and Salat [15]), topological
groups (Cakalli [1], [4]), topological spaces (Maio and
Kocinac [10]), locally convex spaces (Maddox [11]), measure
theory (Cheng et al [5]), (Connor and Swardson [6]) and
(Miller [12]), Fuzzy Mathematics (Nuray and Savas [14] and
Savas [25]). In recent years generalization of statistical

convergence has appeared in the study of strong summability
and the structure of ideals of bounded functions, (Connor and
Swardson [7]). Mursaleen and Edely [13] extended the notion
of statistical convergence of single sequence to double
sequences. Fridy and Orhan [9] introduced the concept of
lacunary statistical convergence of single sequence. Savas
and Patterson [17] extended the concept of lacunary statistical
convergence of single sequence to double sequences. Yildiz
[19] introduced the concept of lacunary statistical delta 2
quasi Cauchy sequences. In this paper we have further
extended this concept to double sequences and established
some essential results using analogy.

Definition 1.1: ([13]): A real double sequence x = (x;; ) is statistically convergent to a number | if for each & > 0, the set
{G,k),j<nandk <m: |xjk 1| = ¢}
has double natural density zero. In this case we write st, — li_g(n xj, = [ and we denote the set of all statistically convergent double
J

sequences by st,.

Definition 1.2 ([17]).The double sequence 6, s = (j, k) is called double lacunary if there exist two increasing sequences of integers
such that j, = 0,h, = j, —j,_y > ©asr - o and ky = 0,h; = ks—k,_; > ® as s - oo. Let j.¢ = j kg, h.s = h.hg and 6, ¢ is

determined by I s = {(j, k): j,—1 <j < jrand ks_y < k < kg}, q,

ir —_ k — 7
]'-ri1’ QS_RS: and qr,s = qr9s-

Definition 1.3 ([17]): Let 6, ; be a double lacunary sequence, the double number sequence x is double lacunary statistical convergent

to L provided that for every ¢ > 0,

. 1 .
lﬂlfs'{(]'k) € L |x1'.k - L| == €}| =0.

Definition 1.4 ([19]): A sequence (x;) in R is called lacunary statistically §2 quasi-Cauchy, or S, — §% quasi- Cauchy if the

sequence (A%x;,) is lacunary statistically quasi-Cauchy, i.e.
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1
lim—|[{k € L:|A3x,| = €}| =0
r h,
For every positive real number &, where A3x,, = xj,3 — 3x42 + 3x,41 — X fOr each positive integer k.

Definition 1.5 ([19]): A real valued function f defined on a subset 4 of R is called lacunary statistically §2 ward continuous, or
— 62 ward continuous on A if it preserves lacunary statistically 52 quasi-Cauchy sequences in A.
The set of lacunary statistical 52 ward continuous functions on A will be denoted by A3CS, (4).

2. MAIN RESULTS
A double sequence (x;) in R is called double lacunary statistically 2-quasi-Cauchy if S, —limAx;, = 0, where Ax;; =

Xj+1,k+1 — Xj for each positive integers j, k. The set of double lacunary statistically 2-quasi-Cauchy sequence will be denoted by
ASp, .. If we put |A%x; | instead of |A2x; | in the above definition given in [3] we have:

Definition 2.1: A double sequence (x;,) in R is called double lacunary statistically §2 2-quasi-Cauchy, or S, — 82 2-quasi-
Cauchy if the sequence (A%x; ) is double lacunary statistically 2-quasi-Cauchy, i.e.

lim —|{(] k) € L g |A%x | = e}| =0

s>
For every positive real number &, where A3 Xjk = Xj43k+3 — 3Xj42k+2 T 3Xj41k+1 — Xj i fOr each positive integers j, k

We note that any S,, . — 2quasi Cauchy double sequence is also Sp,_ — 8% — 2quasi Cauchy, so is an oscillating sequence, so is a
Cauchy double sequence, so is a convergent sequence, but the converses are not always true. Thus the inclusions

C CASg, < A359m, hold strictly, where A359T's denotes the set of S5 . — & 2 — 2quasi—Cauchy double sequences and C denotes
the set of Cauchy double sequence of points in R.

Definition 2.2: A real valued function f defined on a subset A of R is called double lacunary statistically §2ward continuous, or
So,s — 52 ward continuous on A if it preserves double lacunary statistically §2 2quasi-Cauchy double sequences in A.

The set of double lacunary statistical 52 ward continuous functions on A will be denoted by A3 CSHr,S(A).

Proposition 2.1: If (x;,) and (y;x) are double lacunary statistically &% 2quasi-Cauchy double sequences, then Xk +yjr) isa
double lacunary statistically 52 2quasi-Cauchy double sequences.

Proof: Let (x;,) and (y; ) are double lacunary statistically 62 2quasi-Cauchy double sequences. To prove that (x;, + ;) is a
double lacunary statistically §2 2quasi-Cauchy double sequence, take any £ > 0. Then we have

rlslinoom {(] k) € L g: |A%x; | > }| = Oandrlslinooi {(] k) € Lo |A3y; | = } =0.
Hence

lim —|{(, k) € Lo A3(x; + Yji)} = €| = 0.

TS—>00

This completes the proof.

Proposition 2.2 Let f € A3CS,, (A), g € A3CSp, (A) then f + g € A3CS,__(A).

Proof: Let f € A3C59T'S(A), g e A3659r’S(A). To 'prove that the sum f + g ’is double lacunary statistically § ward continuous on
A, take any (x;) € A3Sp, . Then (f(xj)) € A%Sq,  and (g(xj)) € A%Sp, .. Let & > 0 be given. Since (f(x;)) € A%S,,  and
(9(x31)) € A%Sg, , we have

Jim {G.0) € 1t |83 F ()| = 5} = 0 and Jim {G.0) € L |89 = 5} = 0.
Hence

A3 (f(x]k) + g(x]k))| }| =0.

lim f {([ k)EIrS

r,s—>0 r

This completes the proof.
On the other hand, the product of a constant real number and f € A3C56r,s is an element of A3 CSp, -

Thus A3CSQT'S is a vector space.

In connection with double lacunary statistically §2 — 2quasi—Cauchy double sequences and convergent sequences the problem
arises to investigate the following types of continuity of functions on R:

(62S6,,6%): (Ximn) € B3Sg, . = (f (Ximn)) € A3Sp, |
(628, €): (Xmm) € 83Sg, = (f(Xmn)) € €
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(8Sp,,): (Xmn) € BSg, ;= (f (Xmn)) € AS,.
(o): (xm,n) Ec= (f(xm,n)) Ec
(SGT_S): (xm,n) € SGT_S = (f(xmn)) € SBT_S
(¢S, 62): (Xmpn) € ¢ = (f(Xman)) € A3Sg,
We see that (5259m82) is double lacunary statistically §2-ward continuity of f, (Ser's) is Sp, ;-sequential continuity of £, and (c)
is ordinary continuity of f.blt is easy to see that (62Sg, .c) implies (6255, 6%), and (62Sy, ;62) does not imply (625,, c), and
(628, ,6%) implies (cSp, 6%), and (cSp, ;6%) does not imply (8%Sp, 62), (62Ss, ,c) implies (c), and (c) does not imply
(6259T’Sc).
Now we give the implication (52S,,  6%) implies (ASg, ).
Theorem 2.1: If f € A’CSy, (A), then f € ACSg,  (A).
Proof: Suppose that f € A*CSp, (A). Let (xXnn) € ASp, (A). Then the double sequence
(%11, X120 X1,1) X220 X220 X220 woe ) X101 ¥m—1,n-1> Xm-1,n-1> Xmn» Xmn» Xmn ) 1S iN ASp_ (A), 50 is in A%S,_ (A). Since f is in
A*CSg, ((A), then the double sequence ' '
(ym,n) = (f(x1,1)'f(x1,1):f(x1,1)»f(xz,z)»f(xz,z):f(xz,z)' '---'f(xm—l,n—l)'f(xm—l,n—l)!
f(xm—l,n—1):f(xm,n):f(xm,n)rf(xm,n))
isin A%S_ (A). Then (f (xmn)) € ASs, (A).
Corollary 2.1: If f € A3CS,__(A), then f is continuous.
Proof: The proof follows imrﬁediately from the preceding theorem, so is omitted.
We note that any double lacunary statistically 62 ward continuous function is G-sequentially continuous for any regular
subsequential sequential method (see [2])
Theorem 2.2: If a real valued function £ is uniformly continuous on a subset A of R, then (f (x,,.,)) is double lacunary statistically
82 2quasi-Cauchy double sequence of points in A.
Proof: Let f be uniformly continuous on A. Take any 2quasi-Cauchy double sequence (x,, ,,) of points in A. Let € be any positive

real number. Since f is uniformly continuous, there exists § > 0 such that |[f(x) — f(¥)| < gwhenever [x —y| < 6.

As (x; ) is a 2quasi-Cauchy double sequence, for this & there exist mg, ny € N such that |xj+1,k,r1 - xj,k| < § forj, k = mgy,n,.
Therefore |f (x4 1641) — F(00| < gfor m,n = my, ng, S0 the number of indices of j, k for which |f(xj41441) — f ()| ==
less than m,, n0 Hence

lim _|{<, k) € Ig: [A3F (x;0)| = €

TS—>00

= lim _|{(] k) € Lg: |f (%j+30043) = 3F (Xjw2mee2) + 3F (Kjuapea1) — (50| = €}

T, S—)OO

< hm— {64 € 1 (aans) = F O] 2 =

&
+ hm— |{(1 k) € Iyt [2f (xjs2.4002) = 2f Ganiea)] 2 5]

L . Myny
+ lim

r,8>00

+ llm— |{(1 k) € Lo |f (%41pee1) = FO50] 2 §}| =

=0+ 0 + 0=0.
This completes the proof.

r,S§—> 00 .5 r,s—>0

T,S 7,8

Theorem 2.3: The uniform limit of double sequence of double lacunary statistically §2 ward continuous functions is double lacunary
statistically 62 ward continuous.

Proof: Let (f;,,) be a double sequence of double lacunary statistically §2 ward continuous functions on a subset 4 of R and (f;,, )
is uniformly convergent to a function f. To prove that f is double lacunary statistically §2 ward continuous on 4, take a double
lacunary statistically 6> 2quasi-Cauchy double sequence (x; ) of points in A, and let & be any positive real number. By the uniform
convergence of (f,, ), there exist positive integers m4, n; such that

|f(x) - f]-,k(x)| < § for m,n = my,n, and every x € A. As f, ,, is double lacunary statistically 6% ward continuous on A4, it

follows that
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1 £
lim h_ {(] k) € Irs |fm1n1(xj+3 k+3) 3fm1n1 (xj+2,k+2) + 3fm1n1(xj+1,k+1) - fmlnl(xj,k)l = §}| =0.

r,S—00 r,5

Now

lim _|{(] k) € Irs |f(x}+3 k+3) - 3f(x]+2 k+2) + 3f(x]+1 k+1) f(x] k)| = E}l

T, S—>°0

1
lim — {(] k) € Irs |f(x]+3 k+3) - 3f(xj+2 k+2) + 3f(x]+1 k+1) f(x] k)

‘r's—>00 r,s

&
- [fm1n1 (xj+3,k+3) - 3fm1n1 (xj+2,k+2) + 3fm1n1 (xj+1,k+1) - fm1n1 (xj,k)” = §}|

1
< lim h_ {(] k) € Irs |f(x}+3 k+3) fmlnl(x]+3 k+3)| }|

r,s—>00 .5

&
+ lim h— {01 € 1 [=3F (420002) + Bfomymy i) 2 5]

r,S§—>00 r.s

&
+ lim — {(J k) € [rs |3f(x]+1 k+1) 3fm1,n1(xj+1,k+1)| = §}|
r.s

TS—>00

+ lim f {(] k) € Irs |f(xj k) fm1"1(x1 k)| }|

r,s—>©

o tim 7 00 € b, i) = 3o, G122 + 3o, G110) = o, C56) 2 5|
reve =04+0+0+0+0=0.

So f preserves double lacunary statistically 52 2quasi-Cauchy double sequences. This completes the proof of the theorem.
Theorem 2.4: The set of double lacunary statistically 52 ward continuous functions on a subset 4 of R isva closed subset of the set
of continuous functions on A.
Proof: Let f be an element in the closure of the set of double lacunary statistically §2 ward continuous functions on A. Then there
exists a double sequence (fm,n) of points in the set of double lacunary statistically 62 ward continuous functions such that

lim f,,, = f.To shows that f is double lacunary statistically §2 ward continuous, consider a double lacunary statistically §2

m,n—oo

2quasi-Cauchy double sequence (x; ;) of points in A. Since (f;x) converges to f, there exist positive integers N;, N, such that for
all x € A and for aII m,n = N, N,,
|f] () — f(x)| As fu,n, is double lacunary statistically &2 ward continuous on A, we have that

lim h {(] k) €1 : |f1v11v2(x1+3 k+3) 3fN1N2(x]+2 k+2) + 3fN1N2(x]+1 k+1) leNz(x] k)| = 3}|

r,s—>

=0.
Now
rlslinoo_ |{(] k) € I |f(x]+3 k+3) 3f(xj+2,k+2) + 3f(xj+1,k+1) - f(xj,k)| 2 5}|

= (G0
r,S—>00 r,s
€ Ls: |[f (%430043) = 3f (Njs2ev2) + 3F (Hsraerr) = F(Hi00)
€
- [le,Nz (xj+3,k+3) = 3fnun, (xj+2,k+2) + 3fnn, (xj+1,k+1) = fuun, (xj,k)” = §}|

1
< lim h_ {(] k) € L. |f(x1+3 k43) — fnan, (43, k+3)| }|
s

r,§—>0

€
+ lim h_ {(] k) €Ly | 3f(xj+z,k+2) + 3fN1,N2(xj+2,k+2)| = §}|

r,§—00 r,s
&
+r1}£“mf (0.5 € Lt 13 (xy11001) = Bfovuy ()| = §}|
+r151£>nooT {(I k) € Irs |f(x} k) fN1N2(x} k)| }|

1 £
+ lim - {(] k) €I: |f1\11 Nz(x]+3 K+3) — 3fN1,Nz(xj+2,k+2) + 3fN1,N2(xj+1,k+1) = fNun, (xj,k)l 2 §}|

r,s—>0 .S

=04+0+0+0+0=0.
Thus f preserves double lacunary statistically 62 2quasi-Cauchy double sequences. This completes the proof of the theorem.
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Corollary 2.2: The set of double lacunary statistically §2 ward continuous functions on a subset 4 of R is complete as a subset of
the set of continuous functions on A.

Theorem 2.5: The set of functions on a subset A of R which map 2quasi-Cauchy double sequences to double lacunary statistically
82 2quasi-Cauchy double sequences is closed as a subset of the set of continuous functions on A.

Proof: It is easy to see that any function which maps 2quasi-Cauchy double sequence to double lacunary statistically §% 2quasi-
Cauchy double sequences is continuous. Let f be an element in the closure of the set of functions on A which map 2quasi-Cauchy
double sequences to double lacunary statistically 52 2quasi-Cauchy double sequences. Then there exists a double sequence

( finn) of points in the set of functions on a subset A of R which map 2quasi-Cauchy double sequences such that lniﬁll fmn =f.ToO

show that f maps 2quasi-Cauchy double sequences to double lacunary statistically §2 2quasi-Cauchy double sequences, consider a
2quasi-Cauchy double sequence (x; ) of points in A. Since (fj,) converges to f, there exist positive integers N;, N, such that for
allm,n > Ny, N, |fj,k (x) — f(x)| < § As fy, N, Maps 2quasi-Cauchy double sequences to double lacunary statistically 82 2quasi-
Cauchy double sequences we have that

€
hm h_ {(] k) € I 5: |f1v1 N (x1+3 k+3) 3fnyn, (xj+2,k+2) + 3fN1,N2(xj+1,k+1) = fuun, (xj,k)| = §}| =0.

Now
rlslinoo_ |{(] k) € Irs |f(x]+3 k+3) - 3f(x]+2 k+2) + 3f(xj+1 k+1) f(x] k)| = g}|
J;L“oo—l{o 5)

€l |f(xj+3,k+3) - 3f(xj+2,k+2) + 3f(xj+1,k+1) - f(xj,k)
- [fN1 Nz(x]+3 k+3) - 3fN1 Ny (x1+2 k+2) + 3f1v1 N, (x]+1 k+1) - le,Nz(xj,k)” 2 5}|

< lim h_ {(l k) € I.: |f(x1+3 k+3) — leNl(x1+3 k+3)| }|

r,§—>©

+ lim h_ {(] k) €l | 3f(xj+2,k+2) + 3(xj+2,k+2)| = §}|

r,s—>00 r,s

€
+ lim — {(/ k) €I |3f(x1+1k+1) 3fN1,N1(xj+1,k+1)| = §}|

TS—)OO .5

+ lim f {(] k) e L |f(x1k) fN1N1(x1k)| }|

r,§—00

1 £

+ rlslinwh_ {(1 k) € Lt | fuon, (Ke3ice3) = 3fugn, (Kazienz) + 3fww, (Krake1) = Fuw, (%i0)| 2 §}|
=0+04+04+0+0=0.

Corollary 2.3: The set of functions that map 2quasi-Cauchy double sequences to double lacunary statistically 62 2quasi-Cauchy

double sequences in A is complete in the set of continuous functions on A.
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