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1. INTRODUCTION 

The concept of statistical convergence was formally 

introduced by Fast [8] and Schoenberg [18] independently. 

Although statistical convergence was introduced over fifty 

years ago, it has become an active area of research in recent 

years. It has been applied in various areas such as 

summability theory (Fridy [9] and Salat [15]), topological 

groups (Cakalli [1], [4]), topological spaces (Maio and 

Kocinac [10]), locally convex spaces (Maddox [11]), measure 

theory (Cheng et al [5]), (Connor and Swardson [6]) and 

(Miller [12]), Fuzzy Mathematics (Nuray and Savas [14] and 

Savas [25]). In recent years generalization of statistical 

convergence has appeared in the study of strong summability 

and the structure of ideals of bounded functions, (Connor and 

Swardson [7]). Mursaleen and Edely [13] extended the notion 

of statistical convergence of single sequence to double 

sequences. Fridy and Orhan [9] introduced the concept of 

lacunary statistical convergence of single sequence. Savas 

and Patterson [17] extended the concept of lacunary statistical 

convergence of single sequence to double sequences. Yildiz 

[19] introduced the concept of lacunary statistical delta 2 

quasi Cauchy sequences. In this paper we have further 

extended this concept to double sequences and established 

some essential results using analogy.

 

Definition 1.1: ([13]): A real double sequence 𝑥 = (𝑥𝑗𝑘) is statistically convergent to a number l if for each 𝜀 > 0, the set 

{(𝑗, 𝑘), 𝑗 ≤ 𝑛 𝑎𝑛𝑑 𝑘 ≤ 𝑚: |𝑥𝑗𝑘 − 𝑙| ≥ 𝜀} 

has double natural density zero. In this case we write 𝑠𝑡2 − lim
𝑗𝑘

𝑥𝑗𝑘 = 𝑙  and we denote the set of all statistically convergent double 

sequences by  𝑠𝑡2. 

Definition 1.2 ([17]).The double sequence 𝜃𝑟,𝑠 = (𝑗𝑟 , 𝑘𝑠) is called double lacunary if there exist two increasing sequences of integers 

such that 𝑗0 = 0, ℎ𝑟 = 𝑗𝑟 − 𝑗𝑟−1 → ∞ as 𝑟 → ∞ and 𝑘0 = 0, ℎ𝑠 = 𝑘𝑠−𝑘𝑠−1 → ∞ as 𝑠 → ∞. Let 𝑗𝑟,𝑠 = 𝑗𝑟𝑘𝑠, ℎ𝑟,𝑠 = ℎ𝑟ℎ𝑠
̅̅̅ and 𝜃𝑟,𝑠 is 

determined by 𝐼𝑟,𝑠 = {(𝑗, 𝑘): 𝑗𝑟−1 < 𝑗 ≤ 𝑗𝑟 𝑎𝑛𝑑 𝑘𝑠−1 < 𝑘 ≤ 𝑘𝑠}, 𝑞𝑟 =
𝑗𝑟

𝑗𝑟−1
, 𝑞�̅�=

𝑘𝑠

𝑘𝑠−1
 and 𝑞𝑟,𝑠 = 𝑞𝑟𝑞�̅�. 

Definition 1.3 ([17]): Let 𝜃𝑟,𝑠 be a double lacunary sequence, the double number sequence 𝑥 is double lacunary statistical convergent 

to 𝐿 provided that for every 𝜀 > 0, 

lim
𝑟,𝑠

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑥𝑗,𝑘 − 𝐿| ≥ 𝜀}| = 0. 

Definition 1.4 ([19]): A sequence (𝑥𝑘) in ℝ is called lacunary statistically 𝛿2 quasi-Cauchy, or 𝑆𝜃 − 𝛿2 quasi- Cauchy if the 

sequence (∆2𝑥𝑘) is lacunary statistically quasi-Cauchy, i.e. 
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lim
𝑟

1

ℎ𝑟

|{𝑘 ∈ 𝐼𝑟: |∆3𝑥𝑘| ≥ 𝜀}| = 0 

For every positive real number 𝜀, where ∆3𝑥𝑘 = 𝑥𝑘+3 − 3𝑥𝑘+2 + 3𝑥𝑘+1 − 𝑥𝑘 for each positive integer 𝑘. 

Definition 1.5 ([19]): A real valued function 𝑓 defined on a subset 𝐴 of ℝ is called lacunary statistically 𝛿2 ward continuous, or 

𝑆𝜃 − 𝛿2 ward continuous on 𝐴 if it preserves lacunary statistically 𝛿2 quasi-Cauchy sequences in 𝐴. 

The set of lacunary statistical 𝛿2  ward continuous functions on 𝐴 will be denoted by ∆3𝐶𝑆𝜃(𝐴). 

 

2. MAIN RESULTS 

A double sequence (𝑥𝑗𝑘)  in ℝ is called double lacunary statistically 2-quasi-Cauchy if  𝑆𝜃𝑟,𝑠
− lim ∆𝑥𝑗,𝑘 = 0, where ∆𝑥𝑗,𝑘 =

𝑥𝑗+1,𝑘+1 − 𝑥𝑗,𝑘 for each positive integers 𝑗, 𝑘. The set of double lacunary statistically 2-quasi-Cauchy sequence will be denoted by 

∆𝑆𝜃𝑟,𝑠
. If we put |∆3𝑥𝑗,𝑘| instead of |∆2𝑥𝑗,𝑘| in the above definition given in [3] we have: 

Definition 2.1: A double sequence (𝑥𝑗,𝑘) in ℝ is called double lacunary statistically 𝛿2 2-quasi-Cauchy, or 𝑆𝜃𝑟,𝑠
− 𝛿2 2-quasi-

Cauchy if the sequence (∆3𝑥𝑗,𝑘) is double lacunary statistically 2-quasi-Cauchy, i.e. 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |∆3𝑥𝑗,𝑘| ≥ 𝜀}| = 0 

For every positive real number 𝜀, where ∆3𝑥𝑗,𝑘 = 𝑥𝑗+3,𝑘+3 − 3𝑥𝑗+2,𝑘+2 + 3𝑥𝑗+1,𝑘+1 − 𝑥𝑗,𝑘 for each positive integers 𝑗, 𝑘. 

We note that any 𝑆𝜃𝑟,𝑠
− 2quasi Cauchy double sequence is also 𝑆𝜃𝑟,𝑠

− 𝛿2 − 2quasi Cauchy, so is an oscillating sequence, so is a 

Cauchy double sequence, so is a convergent sequence, but the converses are not always true. Thus the inclusions 

𝐶 ⊂ ∆𝑆𝜃𝑟,𝑠
⊂ ∆3𝑆𝜃𝑟,𝑠

, hold strictly, where ∆3𝑆𝜃𝑟,𝑠
 denotes the set of 𝑆𝜃𝑟,𝑠

− 𝛿2 − 2quasi−Cauchy double sequences and 𝐶 denotes 

the set of Cauchy double sequence of points in ℝ. 

Definition 2.2: A real valued function 𝑓 defined on a subset 𝐴 of ℝ is called double lacunary statistically 𝛿2ward continuous, or 

𝑆𝜃𝑟,𝑠
− 𝛿2 ward continuous on 𝐴 if it preserves double lacunary statistically 𝛿2 2quasi-Cauchy double sequences in 𝐴. 

The set of double lacunary statistical 𝛿2  ward continuous functions on 𝐴 will be denoted by ∆3𝐶𝑆𝜃𝑟,𝑠
(𝐴). 

Proposition 2.1: If (𝑥𝑗,𝑘) and (𝑦𝑗,𝑘) are double lacunary statistically 𝛿2 2quasi-Cauchy double sequences, then (𝑥𝑗,𝑘 + 𝑦𝑗,𝑘) is a 

double lacunary statistically 𝛿2 2quasi-Cauchy double sequences. 

Proof:  Let (𝑥𝑗,𝑘) and (𝑦𝑗,𝑘) are double lacunary statistically 𝛿2 2quasi-Cauchy double sequences. To prove that (𝑥𝑗,𝑘 + 𝑦𝑗,𝑘) is a 

double lacunary statistically 𝛿2 2quasi-Cauchy double sequence, take any 𝜀 > 0. Then we have 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠
|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |∆3𝑥𝑗,𝑘| ≥

𝜀

2
}| = 0 and lim

𝑟,𝑠→∞

1

ℎ𝑟,𝑠
|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |∆3𝑦𝑗,𝑘| ≥

𝜀

2
}| = 0. 

Hence 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: ∆3(𝑥𝑗,𝑘 + 𝑦𝑗,𝑘)} ≥ 𝜀| = 0. 

This completes the proof. 

Proposition 2.2 Let 𝑓 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠
(𝐴), 𝑔 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠

(𝐴) then 𝑓 + 𝑔 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠
(𝐴). 

Proof: Let 𝑓 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠
(𝐴), 𝑔 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠

(𝐴). To prove that the sum 𝑓 + 𝑔 is double lacunary statistically 𝛿2 ward continuous on 

𝐴, take any (𝑥𝑗𝑘) ∈ ∆3𝑆𝜃𝑟,𝑠
. Then (𝑓(𝑥𝑗𝑘)) ∈ ∆3𝑆𝜃𝑟,𝑠

 and (𝑔(𝑥𝑗𝑘)) ∈ ∆3𝑆𝜃𝑟,𝑠
. Let 𝜀 > 0 be given. Since (𝑓(𝑥𝑗𝑘)) ∈ ∆3𝑆𝜃𝑟,𝑠

 and 

(𝑔(𝑥𝑗𝑘)) ∈ ∆3𝑆𝜃𝑟,𝑠
, we have 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠
|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |∆3𝑓(𝑥𝑗𝑘)| ≥

𝜀

2
}| = 0 and lim

𝑟,𝑠→∞

1

ℎ𝑟,𝑠
|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |∆3𝑔(𝑥𝑗𝑘)| ≥

𝜀

2
}| = 0. 

Hence 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |∆3 (𝑓(𝑥𝑗𝑘) + 𝑔(𝑥𝑗𝑘))| ≥
𝜀

2
}| = 0. 

This completes the proof. 

On the other hand, the product of a constant real number and 𝑓 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠
 is an element of ∆3𝐶𝑆𝜃𝑟,𝑠

. 

Thus ∆3𝐶𝑆𝜃𝑟,𝑠
 is a vector space. 

In connection with double lacunary statistically 𝛿2 − 2quasi−Cauchy double sequences and convergent sequences the problem 

arises to investigate the following types of continuity of functions on ℝ: 

(𝛿2𝑆𝜃𝑟,𝑠
𝛿2): (𝑥𝑚,𝑛) ∈ ∆3𝑆𝜃𝑟,𝑠

⇒ (𝑓(𝑥𝑚,𝑛)) ∈ ∆3𝑆𝜃𝑟,𝑠
 

(𝛿2𝑆𝜃𝑟,𝑠
𝑐): (𝑥𝑚,𝑛) ∈ ∆3𝑆𝜃𝑟,𝑠

⇒ (𝑓(𝑥𝑚,𝑛)) ∈ 𝑐 
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(∆𝑆𝜃𝑟,𝑠
): (𝑥𝑚,𝑛) ∈ ∆𝑆𝜃𝑟,𝑠

⇒ (𝑓(𝑥𝑚,𝑛)) ∈ ∆𝑆𝜃𝑟,𝑠
 

(𝑐): (𝑥𝑚,𝑛) ∈ 𝑐 ⇒ (𝑓(𝑥𝑚,𝑛)) ∈ 𝑐 

(𝑆𝜃𝑟,𝑠
): (𝑥𝑚,𝑛) ∈ 𝑆𝜃𝑟,𝑠

⇒ (𝑓(𝑥𝑚,𝑛)) ∈ 𝑆𝜃𝑟,𝑠
 

(𝑐𝑆𝜃𝑟,𝑠
𝛿2): (𝑥𝑚,𝑛) ∈ 𝑐 ⇒ (𝑓(𝑥𝑚,𝑛)) ∈ ∆3𝑆𝜃𝑟,𝑠

 

We see that (𝛿2𝑆𝜃𝑟,𝑠
𝛿2) is double lacunary statistically 𝛿2-ward continuity of 𝑓, (𝑆𝜃𝑟,𝑠

) is 𝑆𝜃𝑟,𝑠
-sequential continuity of 𝑓, and (𝑐) 

is ordinary continuity of 𝑓.bIt is easy to see that (𝛿2𝑆𝜃𝑟,𝑠
𝑐) implies (𝛿2𝑆𝜃𝑟,𝑠

𝛿2), and (𝛿2𝑆𝜃𝑟,𝑠
𝛿2) does not imply (𝛿2𝑆𝜃𝑟,𝑠

𝑐), and  

(𝛿2𝑆𝜃𝑟,𝑠
𝛿2) implies (𝑐𝑆𝜃𝑟,𝑠

𝛿2), and (𝑐𝑆𝜃𝑟,𝑠
𝛿2) does not imply  (𝛿2𝑆𝜃𝑟,𝑠

𝛿2), (𝛿2𝑆𝜃𝑟,𝑠
𝑐) implies (𝑐), and  (𝑐) does not imply 

(𝛿2𝑆𝜃𝑟,𝑠
𝑐). 

Now we give the implication  (𝛿2𝑆𝜃𝑟,𝑠
𝛿2) implies (∆𝑆𝜃𝑟,𝑠

). 

Theorem 2.1: If 𝑓 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠
(𝐴), then 𝑓 ∈ ∆𝐶𝑆𝜃𝑟,𝑠

(𝐴). 

Proof: Suppose that 𝑓 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠
(𝐴). Let (𝑥𝑚,𝑛) ∈ ∆𝑆𝜃𝑟,𝑠

(𝐴). Then the double sequence 

(𝑥1,1, 𝑥1,1, 𝑥1,1, 𝑥2,2, 𝑥2,2, 𝑥2,2, … . , 𝑥𝑚−1,𝑛−1, 𝑥𝑚−1,𝑛−1, 𝑥𝑚−1,𝑛−1, 𝑥𝑚,𝑛 , 𝑥𝑚,𝑛, 𝑥𝑚,𝑛) is in ∆𝑆𝜃𝑟,𝑠
(𝐴), so is in  ∆2𝑆𝜃𝑟,𝑠

(𝐴). Since 𝑓 is in 

∆2𝐶𝑆𝜃𝑟,𝑠
(𝐴), then the double sequence 

(𝑦𝑚,𝑛) = (𝑓(𝑥1,1), 𝑓(𝑥1,1), 𝑓(𝑥1,1), 𝑓(𝑥2,2), 𝑓(𝑥2,2), 𝑓(𝑥2,2), … . , 𝑓(𝑥𝑚−1,𝑛−1), 𝑓(𝑥𝑚−1,𝑛−1), 

𝑓(𝑥𝑚−1,𝑛−1), 𝑓(𝑥𝑚,𝑛), 𝑓(𝑥𝑚,𝑛), 𝑓(𝑥𝑚,𝑛)) 

is in ∆2𝑆𝜃𝑟,𝑠
(𝐴). Then (𝑓(𝑥𝑚,𝑛)) ∈ ∆𝑆𝜃𝑟,𝑠

(𝐴). 

Corollary 2.1:  If 𝑓 ∈ ∆3𝐶𝑆𝜃𝑟,𝑠
(𝐴), then 𝑓 is continuous. 

Proof: The proof follows immediately from the preceding theorem, so is omitted. 

We note that any double lacunary statistically 𝛿2 ward continuous function is 𝐺-sequentially continuous for any regular 

subsequential sequential method (see [2]) 

Theorem 2.2: If a real valued function 𝑓 is uniformly continuous on a subset 𝐴 of ℝ, then (𝑓(𝑥𝑚,𝑛)) is double lacunary statistically 

𝛿2 2quasi-Cauchy double sequence of points in 𝐴. 

Proof: Let 𝑓 be uniformly continuous on 𝐴. Take any 2quasi-Cauchy double sequence (𝑥𝑚,𝑛) of points in 𝐴. Let 𝜀 be any positive 

real number. Since 𝑓 is uniformly continuous, there exists 𝛿 > 0 such that |𝑓(𝑥) − 𝑓(𝑦)| <
𝜀

3
 whenever |𝑥 − 𝑦| < 𝛿. 

As (𝑥𝑗,𝑘) is a 2quasi-Cauchy double sequence, for this 𝛿 there exist 𝑚0, 𝑛0 ∈ ℕ such that |𝑥𝑗+1,𝑘+1 − 𝑥𝑗,𝑘| < 𝛿 for 𝑗, 𝑘 ≥ 𝑚0, 𝑛0. 

Therefore |𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)| <
𝜀

3
 for 𝑚, 𝑛 ≥ 𝑚0, 𝑛0, so the number of indices of 𝑗, 𝑘 for which  |𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)| ≥

𝜀

3
 is 

less than 𝑚0, 𝑛0. Hence 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |∆3𝑓(𝑥𝑗,𝑘)| ≥ 𝜀}|

= lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)| ≥ 𝜀}|

≤ lim
𝑟,𝑠

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 𝑓(𝑥𝑗+2,𝑘+2)| ≥
𝜀

3
}|

+ lim
𝑟,𝑠

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |2𝑓(𝑥𝑗+2,𝑘+2) − 2𝑓(𝑥𝑗+1,𝑘+1)| ≥
𝜀

3
}|

+ lim
𝑟,𝑠

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)| ≥
𝜀

3
}| ≤ lim

𝑟,𝑠→∞

𝑚0𝑛0

ℎ𝑟,𝑠

+ lim
𝑟,𝑠→∞

2𝑚0𝑛0

ℎ𝑟,𝑠

+ lim
𝑟,𝑠→∞

𝑚0𝑛0

ℎ𝑟,𝑠

= 0 + 0 + 0 = 0. 

This completes the proof. 

Theorem 2.3: The uniform limit of double sequence of double lacunary statistically 𝛿2 ward continuous functions is double lacunary 

statistically 𝛿2 ward continuous. 

Proof: Let (𝑓𝑚,𝑛) be a double sequence of double lacunary statistically 𝛿2 ward continuous functions on a subset 𝐴 of ℝ and (𝑓𝑚,𝑛) 

is uniformly convergent to a function 𝑓. To prove that 𝑓 is double lacunary statistically 𝛿2 ward continuous on 𝐴, take a double 

lacunary statistically 𝛿2 2quasi-Cauchy double sequence (𝑥𝑗,𝑘) of points in 𝐴, and let 𝜀 be any positive real number. By the uniform 

convergence of (𝑓𝑚,𝑛), there exist positive integers 𝑚1, 𝑛1 such that  

|𝑓(𝑥) − 𝑓𝑗,𝑘(𝑥)| <
𝜀

3
 for 𝑚, 𝑛 ≥ 𝑚1, 𝑛1 and every 𝑥 ∈ 𝐴. As 𝑓𝑚1,𝑛1

 is double lacunary statistically 𝛿2 ward continuous on 𝐴, it 

follows that 
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lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓𝑚1𝑛1
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑚1𝑛1

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑚1𝑛1
(𝑥𝑗+1,𝑘+1) − 𝑓𝑚1𝑛1

(𝑥𝑗,𝑘)| ≥
𝜀

3
}| = 0. 

Now 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)| ≥ 𝜀}| 

= 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)

− [𝑓𝑚1𝑛1
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑚1𝑛1

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑚1𝑛1
(𝑥𝑗+1,𝑘+1) − 𝑓𝑚1𝑛1

(𝑥𝑗,𝑘)]| ≥
𝜀

3
}| 

≤ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 𝑓𝑚1,𝑛1
(𝑥𝑗+3,𝑘+3)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |−3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓𝑚1,𝑛1
(𝑥𝑗+2,𝑘+2)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |3𝑓(𝑥𝑗+1,𝑘+1) − 3𝑓𝑚1,𝑛1
(𝑥𝑗+1,𝑘+1)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗,𝑘) − 𝑓𝑚1,𝑛1
(𝑥𝑗,𝑘)| ≥

𝜀

3
}| 

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓𝑚1,𝑛1
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑚1,𝑛1

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑚1,𝑛1
(𝑥𝑗+1,𝑘+1) − 𝑓𝑚1,𝑛1

(𝑥𝑗,𝑘)| ≥
𝜀

3
}|

= 0 + 0 + 0 + 0 + 0 = 0.

 

So 𝑓 preserves double lacunary statistically 𝛿2 2quasi-Cauchy double sequences. This completes the proof  of the theorem. 

Theorem 2.4: The set of double lacunary statistically 𝛿2 ward continuous functions on a subset 𝐴 of ℝ isva closed subset of the set 

of continuous functions on 𝐴. 

Proof: Let 𝑓 be an element in the closure of the set of double lacunary statistically 𝛿2 ward continuous functions on 𝐴. Then there 

exists a double sequence (𝑓𝑚,𝑛) of points in the set of double lacunary statistically 𝛿2 ward continuous functions such that 

lim
𝑚,𝑛→∞

𝑓𝑚,𝑛 = 𝑓. To shows that 𝑓 is double lacunary statistically 𝛿2 ward continuous, consider a double lacunary statistically 𝛿2 

2quasi-Cauchy double sequence (𝑥𝑗,𝑘) of points in 𝐴. Since (𝑓𝑗,𝑘) converges to 𝑓, there exist positive integers 𝑁1, 𝑁2 such that for 

all 𝑥 ∈ 𝐴 and for all 𝑚, 𝑛 ≥ 𝑁1, 𝑁2,  

|𝑓𝑗,𝑘(𝑥) − 𝑓(𝑥)| <
𝜀

12
. As 𝑓𝑁1,𝑁2

 is double lacunary statistically 𝛿2 ward continuous on 𝐴, we have that 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓𝑁1,𝑁2
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑁1,𝑁2

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑁1,𝑁2
(𝑥𝑗+1,𝑘+1) − 𝑓𝑁1,𝑁2

(𝑥𝑗,𝑘)| ≥
𝜀

3
}|

= 0.

 

Now 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)| ≥ 𝜀}|

= lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘)

∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)

− [𝑓𝑁1,𝑁2
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑁1,𝑁2

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑁1,𝑁2
(𝑥𝑗+1,𝑘+1) − 𝑓𝑁1,𝑁2

(𝑥𝑗,𝑘)]| ≥
𝜀

3
}|

≤ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 𝑓𝑁1,𝑁2
(𝑥𝑗+3,𝑘+3)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |−3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓𝑁1,𝑁2
(𝑥𝑗+2,𝑘+2)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |3𝑓(𝑥𝑗+1,𝑘+1) − 3𝑓𝑁1,𝑁2
(𝑥𝑗+1,𝑘+1)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗,𝑘) − 𝑓𝑁1,𝑁2
(𝑥𝑗,𝑘)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓𝑁1,𝑁2
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑁1,𝑁2

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑁1,𝑁2
(𝑥𝑗+1,𝑘+1) − 𝑓𝑁1,𝑁2

(𝑥𝑗,𝑘)| ≥
𝜀

3
}|

= 0 + 0 + 0 + 0 + 0 = 0. 

Thus 𝑓 preserves double lacunary statistically 𝛿2 2quasi-Cauchy double sequences. This completes the proof of the theorem. 
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Corollary 2.2: The set of double lacunary statistically 𝛿2 ward continuous functions on a subset 𝐴 of ℝ is complete as a subset of 

the set of continuous functions on 𝐴. 

Theorem 2.5: The set of functions on a subset 𝐴 of ℝ which map 2quasi-Cauchy double sequences to double lacunary statistically 

𝛿2 2quasi-Cauchy double sequences is closed as a subset of the set of continuous functions on 𝐴. 

Proof: It is easy to see that any function which maps 2quasi-Cauchy double sequence to double lacunary statistically 𝛿2 2quasi-

Cauchy double sequences is continuous. Let 𝑓 be an element in the closure of the set of functions on 𝐴 which map 2quasi-Cauchy 

double sequences to double lacunary statistically 𝛿2 2quasi-Cauchy double sequences. Then there exists a double sequence  

( 𝑓𝑚,𝑛) of points in the set of functions on a subset 𝐴 of ℝ which map 2quasi-Cauchy double sequences such that lim
𝑚,𝑛

𝑓𝑚,𝑛 = 𝑓. To 

show that 𝑓 maps 2quasi-Cauchy double sequences to double lacunary statistically 𝛿2 2quasi-Cauchy double sequences, consider a 

2quasi-Cauchy double sequence (𝑥𝑗,𝑘) of points in 𝐴. Since (𝑓𝑗,𝑘) converges to 𝑓, there exist positive integers 𝑁1, 𝑁2 such that for 

all 𝑚, 𝑛 ≥ 𝑁1, 𝑁2, |𝑓𝑗,𝑘(𝑥) − 𝑓(𝑥)| <
𝜀

3
. As  𝑓𝑁1,𝑁2

 maps 2quasi-Cauchy double sequences to double lacunary statistically 𝛿2 2quasi-

Cauchy double sequences, we have that  

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓𝑁1,𝑁2
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑁1,𝑁2

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑁1,𝑁2
(𝑥𝑗+1,𝑘+1) − 𝑓𝑁1,𝑁2

(𝑥𝑗,𝑘)| ≥
𝜀

3
}| = 0. 

Now 

lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)| ≥ 𝜀}|

= lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘)

∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 3𝑓(𝑥𝑗+2,𝑘+2) + 3𝑓(𝑥𝑗+1,𝑘+1) − 𝑓(𝑥𝑗,𝑘)

− [𝑓𝑁1,𝑁2
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑁1,𝑁2

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑁1,𝑁2
(𝑥𝑗+1,𝑘+1) − 𝑓𝑁1,𝑁2

(𝑥𝑗,𝑘)]| ≥ 𝜀}|

≤ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗+3,𝑘+3) − 𝑓𝑁1,𝑁1
(𝑥𝑗+3,𝑘+3)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |−3𝑓(𝑥𝑗+2,𝑘+2) + 3(𝑥𝑗+2,𝑘+2)| ≥
𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |3𝑓(𝑥𝑗+1,𝑘+1) − 3𝑓𝑁1,𝑁1
(𝑥𝑗+1,𝑘+1)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓(𝑥𝑗,𝑘) − 𝑓𝑁1,𝑁1
(𝑥𝑗,𝑘)| ≥

𝜀

3
}|

+ lim
𝑟,𝑠→∞

1

ℎ𝑟,𝑠

|{(𝑗, 𝑘) ∈ 𝐼𝑟,𝑠: |𝑓𝑁1,𝑁2
(𝑥𝑗+3,𝑘+3) − 3𝑓𝑁1,𝑁2

(𝑥𝑗+2,𝑘+2) + 3𝑓𝑁1,𝑁2
(𝑥𝑗+1,𝑘+1) − 𝑓𝑁1,𝑁2

(𝑥𝑗,𝑘)| ≥
𝜀

3
}|

= 0 + 0 + 0 + 0 + 0 = 0. 

Corollary 2.3: The set of functions that map 2quasi-Cauchy double sequences to double lacunary statistically 𝛿2 2quasi-Cauchy 

double sequences in 𝐴 is complete in the set of continuous functions on 𝐴. 
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