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I. INTRODUCTION
Galerkin method has been used as a numerical method to solve
differential equations for long time [1]. There have been many
researches on parabolic equations [2-5], but relatively fewer
researches on hyperbolic equations. This paper will derive
optimal L2-error estimates for continuous time Galerkin
approximation and fully discrete Galerkin approximations for
second order nonlinear hyperbolic partial differential
equations with nonzero initial and boundary conditions
0%u .
2=V (ax)Vu) + Z by(x, W, + f(xw),

i=1

at
(x,t) eQx(0,T)
u(x! 0) = (P(x)' x €N
1 6ux, 0) (1.1)
T P (x), x €N

Ju _ 4 4 Ju
a(®) 3= gD + @ (u + @@ 3

(x,t) €00 % (0,T)

where Q is a bounded regionin R™, 9Q is its smooth boundary
and nis its exterior normal direction.

The remainder of the paper is organized as follows. Sec. Il
presents the notations and preconditions. In Sec. 111 and Sec.
IV provide error estimates for continuous and discrete time
Galerkin methods, respectively. Sec. V contains a short
conclusion of the paper.

Il. PRELIMINARY
Let H5(Q)) and H(9Q) be Sobolev spaces [6] with norm

In addition, let

NP = - 2dq = ||af)12
11132 ;fﬂ'fll IAF I
,g9) = - gdQ
. 9) fﬂf g

(frg)=| f-gdo
o

Let X be a normal space with norm [|-||x. For function
f:[0,T] = X, define

T
1F 122, = f IF @It Il = sup IF @)l
0 <t<

We assume condition (A) exists in following discussion.
Condition (A):

Letd,, K;,i = 1,2,3,4,5, are constants.

()0 < dy <a(x) <K, x € Q;

a;(x) =0, x € 0Q, i=1,2

(ii) a(x) is smooth enough so that

(a) Bilinear form a(w, v) = (aVw, Vv) + (w, v) is O-regular
in HY(Q) . That is if f € L2(Q),w € H1(Q) and satisfy
a(w,v) = (f,v) forany v € H*(Q), then w € H?(Q)

1
(b) Vg € Hz(9Q), the weak solution vof elliptic problem

—V-(@vw)+v=0 XEN
o _ € 00
az-=4g x

satisfies [|[v]l, < K,|glz .
2

(i) a;(x), i = 1,2, is smooth enough so that

II-lls and ||, respectively, and let ||-[[ = [lllo, || = Ilo, lavls < Kslvls  Vve H%(aﬂ)
L2(Q) = H°(Q), L?(0Q) = H°(0%). 2 2
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(iv) aQ is smooth enough so that

1
[cos(n, x;) v|1 < K4|v|a Vv € Hz(0Q)
2 2

i=12--,n.

where cos(n, x;) is directional cosines of exterior normal n
(v) For (x,p) € QX R,b;i(x,p), bip(x,p), bix(x,p),

bipx (x' p)' bipp (x' P), i=12-,n, fp(x' P): fpp(x' P)
exist and are bounded by Ks. In addition, f(x,0) € L2(Q).
(vi) True solution u of problem (1.1) satisfies

Upy Uy Uy Uge € LZ(Q X [0, T]), i=1,2-,n,

u,u; € L°(H*(Q)) and u,, € L2 (H*(Q)).
Let finite dimensional space S" be a S7,,(Q) (m > 1) space.
That means S™ € H'(Q), and there exists constant K, such
that for vV v € H/ (Q),
xiensfhuv —xll, S K Hllj, 0<I<Li<j<m (21)

For vt € [0,T], it is obvious that there exists a unique
w(x, t) that satisfies

(aViw —u), W) + (W —u,v) =0, vveSh (2.2)
and also w(x,t) is a [0,T] » S" twice differentiable
mapping.

By (2.1) and [5], we obtain

Lemmal. Let u be the true solution of problem (1.1), w(x, t)
be determined by (2.2), and assume condition (A) exists, then
there is a constant K, independent ofh such that

” ar 0"u ©
otr s

otr
s =min(k,m), r=0,1,2

From [7], we have

(W — u)” (t) < K;hS

Lemma 2. Let u be the true solution of problem (1.1), w(x, t)
be determined by (2.2), and assume condition (A) exists, then
there is a constant Kgindependent ofh such that

aT "u
o -w| o <kw |5 o
= s

at” at”
s =min(k,m), r=0,1,2

For convenience, we will use C,C;, and & to represent

constants independent of h in the discussion below, and also,

they can represent different values in different expressions.

11l. CONTINUOUS TIME GALERKIN METHOD

The continuous time Galerkin approximation is defined as a
twice differentiable mapping U: [0, T] — S™ satisfying

0%U

ou
(F,v> + (aVU, VW) + (g + a, U + a, E,v)

1= (ix 0Uv) + FE ) Vvest g,
U(x,0) = 9o(x)
U (x,0)
ot = o(x)
where @, (x), Y, (x) € S™ are approximations of ¢ (x), ¥ (x),
respectively.

Lemma 3 .Let condition (A) exist, and u, U, wbe defined by
(1.1), (3.1) and (2.2), respectively, then

H
at

+ 1P
d
<c [ns(O)n% +[% 0

2
L®(L%(Q)

2
on
+ ey, + |57

a%n||? >
+ |52 e, oo ||
L2(L2() L®(H 2(09Q)) L®(H 2(00))
a%n||?
Tlae|| ,, o
L2(H ™ 2(0Q))

whereé =U—-wandn =w —u.
Proof. By (1.1), u satisfies

0%u ou
W,v + (aVu, VW) + (g + qqu + a, E,v)

= Z(bi(x, Wy, v) + (f(x,u),v) Vv e H(Q)
i=1
3.2
Subtracting (3.2) from (3.1) and using (2.2), we have

0%¢ ¢
(ﬁ,v> + (aVE, V) + (a ¢ + a, a,v)

n
= Z(bi(x, DUy, — b;(x, wuy, v)
i1

0%y
+(f(x' U) _f(xlu)lv) + 77 _ﬁ,v
an
—(an+ay5,v), Ve St (3.3)
Takingv = % € S", by inequality
d &)
—_ 2 < 2 _2
A1 < 1l + |5

and considering

0%y
T 92"
and

|(F (e, U) = £ w), )| < Co(lENZ + HImll + Nlv]?)

we obtain

2 2

o°n

L
acz|| T2

< linli* +

val oot aon? . |5 | o)
S |uel +||E|| + [larve |+ |aze| |+ @35>
982 a2n||?
< 2 _2 2 '
<c [nfn 0 o I
- 9¢ an 9f
+ Z (B YU, = bW, 52) = (aan + 50,22

Integrating both sides, and noticing
|zI> < |z < Gollzll}, VzeH'(Q) (34)
2
we have
N
2 4 ||
Il + |5 ©

Kl 2
< G IO + |2 O + Ml
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d2%n 2
atz

t &N
(e 5] )as
L2y 0 ‘

n t 3¢
+ ZJ- bi(x,U)Uy, — bl-(x,u)uxi,E) ds

+ J- (m + a, 6Ttl ;: ] (3.5)

We estimate the last second term on the right side of (3.5).

—)ds

4
. — bi(x, u)uxi,a) ds

Ot (5020, o) s

+Z fot ([bi(x' U) = bi(x, u)]wag_i) ds
+iZl J: (bi(x' u)"xi'g) ds
<c, f:(lls‘llﬁ,& +[% 2)‘“
+C U:(”EHZ + ||% 2) ds + “77“12,°°(L2(Q))]
; J: (bi(x, u)ﬂxi'%> ds
B (oo
=1’ ) o¢

L!E

(3.6)

Yds 3.7

i=1 0
t af
[ w ]| n)as
n

t af
[bl-xi (2, 1) + by, (%, Wy, | 3 n) ds

(b (x, u) )ds

|| ds + 111, ]

Z@awgﬂ

N Z [ oma s
5 2

N FT:

FellE@OIZ + |

NG|

<

ds + I 2) + ||e(0)||,2,3]

t
f (bin (X, Wuen + by (x, 1)1, fxi)ds‘
0

< G

- ||f||,301> ds + IEOIEs + 1,z o)

) (| WO (38)

By condltlon (A) (iv), (v) and (3.4),

O [ biGom costm,x), 52y ds
=170 t

n

< Z‘bf("' u)n cos(m, x,), )15

i=1

+ Z fo t (b, (x, 1) cos(n,xi)g—z,f) ds

LI
+ LZ;J; (bj, (x, w)u, cos(n, x;)n, €)ds

<G [In(t)l_% @12+ n(O]_11£(0)1:

+f(6

I€I1 +Inl_ 1IEI1> dS]

atl_t
< Cyo [Ilnll || +IEO)12
owZe) 110t LOHZ2(00))
t
n f ||f||%ds]+e||¢’(t)||% (3.9)
0

By (3.7), (3.8) and (3.9), we have

n ¢ af
b;(x, Wny,.,=—|d

> ) (rtmoon )

< 2e|lE@IE + €y

an
”n“LOO(LZ(Q) ||E L°°(L2(Q))

+HIEOIIF + Ilnlliw(

H
2
[ (nene + |5

)ds] (3.10)

Now we obtain the estimate of the last second term on the
right side of (3.5) from (3.6) and (3.10)

z J (bi(x, U)U,, — bi(x, u)uxi,a) ds
i=1"0

1 + ||—
Zow)  19tllom 200

< 2ell§®OIIf + Ciz

L. || -

L® LZ(Q)
e+, |2
L®(H2(09)) t
t af 2
+f (||f||§+||§ )ds] (3.11)
0

Similarly, we can obtain the estimate of the last term on the
right side of (3.5)

t
n 0¢
j(a1n+a2 5 at)ds‘

1
L®(H 2(0))

an*

L®H _%(BQ))

< ellEOIF + Cis [Ilnll2

2

©H 2(00))
0%n

+ [|—
at?

O lEOIE + fnen%ds] 3.12)
0

L2(H™2(0))
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Taking sufficient small &, we obtain following estimate from
(3.5), (3.11) and (3.12)

M@Mﬁﬁ

<Q¢WWh|

+ ”n”Loo(LZ(Q))

6217 2

- + [Inll?
||6t 100 LZ(Q) ot? L202(@) L®(H z(an))
‘3f wa20m) 1082|2430

+f0 <||€||§+||E )ds] (3.13)

From (3.13) and using Gronwall inequality, we get the
conclusion of lemma 3

Then we immediately get the following optimal L2-error
estimates for continuous time Galerkin approximation.

Theorem 1. Let u be the true solution of problem (1.1), U be

its Galerkin approximation determined by (3.1), w be

determined by (2.2). Assume condition (A) exists, and
a

also [|(U = w)(O)ly < Cish®, || W —w)(©)| < Cioh?

then there is a constant Cindependent ofh such that

|U - U —-u) < Ch®

0
u”Loo(LZ(ﬂ)) + ||a LOO(LZ(Q))

where s = min(k, m).

IV. FULLY DISCRETE GALERKIN METHOD

Dividing the interval [0, T] into J subintervals of equal length:

0=t <t; <
0,1,-,] — 1.
For any function gdefined at points ¢; = jAt,j =0,1,-,],
denoting g(t,-) by g’ . In addition, introducing following
notations:

- <t; =T, denoting At =tj,, —t;, j =

1'+1 1 j+1 j
g =50 +9%);
1 . . ) 1, .1 1
— _(qJt1 j -1 = Z (4713 J=3).
91=3@" +297+ 9" z(g 2ty 2).
097" = — (g — g,
t At )

1 1 1 L1
59 =5 (@ —g M =—(g"-g'2) @D

A

ZAt At
.1 .1
=5 (atg]+2 + 0.9’ 2) ;
0tg’ = (g =297 +g’ ™M

(At)?
1 sl i1
= E(atngrz - atg] 2)

Defining discrete Galerkin approximation as a sequence
{U7}]_, in S", which satisfies

(02U7,v) + (aVUH%, Vv) + (gj% + alUH% + a,8,U7,v)

= 2, (0 (202) 0, 1v) (7 (2052) )

- for Vv € S" (4.2)
U° = @(x)
0.U% = %, (@)
where j = 1,2,---] — 1. Functions ¢,(x), ¥, (x) € S" are
approximations of ¢ (x)and ¥ (x), respectively.

The existence of the solution of (4.2) can be obtained by using
Brouwer’s fixed point theorem.

Lemma 4. Let u be the true solution of problem (1.1),
{Uf}j=0 be its discrete Galerkin approximation determined
by (4.2), w be determined by (2.2). Assume condition (A)
exists, and ul®,ul® € L*(12(3Q)), ul® € L2(12(Q)), then
there is a constant C independent of h, At such that

nmm%m@ﬂww%m@>

an
<cl|e +Wgz*”wwwm>”&¢qm@
0%n 2
*llae +lnll, Ltw
L2(L2(Q) L®(H 2(69)) L®(H 2(69))
a2n||°
+ a—tZ s +(At)4]
LA(H™2(00))

whereé/ = U/ —w/, n/ = w/ —u/and

.1
&

2 —
I1€l1E= 2y =, max,

.12
2 +=
10:€ 1o g2y = max [[0:67*2
Proof. By (1.1), we have
((utt)j+1,v> + (aVuH%,Vv) + <g. 1+ aluj+1
+ Ufz(ut)J+ , >

n

= Z ([bi(x, u)uxi]j%,

i=1
for vv € H1(Q)(4.3)
Introducing

Yi = (utt)]q% - atzuji Sj = (ut)j_'% - 5tuj (4.4)
Subtracting (4.3) from (4.2), and using (2.2), we get
(08¢, 0) + (V8,1 70) + (@62 + 2,8,87,v)

4 4

- Z (bi (x, Uj+%> (Uxi)j% _

—(aan, 1+ ay (8 =), v) . vvesh (4.5)
4

v) + ([f(x, u)]j% , v),

[bi(x, u)uxi]ﬁl , v)

Takingv = 6,&7, and multiplying both side of (4.5) by 2At,
then addingj from 1 to m, considering
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e < e + e S (e + o)
We have -
[+ o™
<ol )], + loee?]
1
m L 1p2 2
2 (k" 1)
j=1
n
+ ;( ( ) i)j+%_[bi(x:u)uxi]j+%'6tfj>

+
M§ [IngERINgt

<f< ) - lfx u)]j+%'5t€j)
(

|

In the following we will estimate the right side of (4.6) term
by term.

At ii (bi (x’ Ui+%) (Ux); 1 = [ Mj)

+77 1_at77] 6t€])

1l
[y

J

- Z (s + (8o = 5),5)
j=1

< iz CICATICORREXZ)

SR (ACTMERIEH) [RIEE)
o iz (e () 1), .08

o iz (bo(50) ),

- [bl (x! u)uxi]j+l’ Stfj) (47)

Now we estimate four terms on the right side of (4.7),
separately.

< CZAtZ (”f“'

j=0

2) (4.8)

> ()~ ()] 0,0 )

i=1

o

>
~

Ms

1l
oy

J

= L 12
< o [InMayoqey) + 86 Y (673 &3))
j=0

(4.9)

RN CICMIRIEE)

j=11i

< At (b; <x, uj%) nj%cos(n, x;),8.&7)

()

* b (x' uf%) (“"i)ﬁ%] 5 nf%)

At ZZ( (v52) (&) m,.2)

j=1i=

For the right side of (4.10)

Z Z (x’ uj+%> 77;%‘:05("' x;), 6:87)

j=1i=1

S )= (e )]

]: =1

1l
ey

M= -
Mf M-

L

J

+At

[y
[y

j: i=

(4.10)

.1
cos(n, x), &’ +5>

+ Zn: (b; (x u, ) ;,1008(1, X7), £)

n

Z(b( +) Ty 2005(, %), £ %)

i=

m
< cfae ) |on/[s +

L (H2(00)
m—1 2
L1
+At Z ||§1+5
- 1
j=1

12
1

&2

At mlznl: (bi (x, UH%) (fxi)j%,é‘tff) te ||§m+§ ’ (4.11)
i
< clAtiZn:< Ei:% + el ,|atff+% + |atf"‘§) At ;Z([ ("'”jﬁ)
L4 e
b () () o 060,
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=G IIInIILw ra)t Atz ||6 e ‘ (4.12)

i CICOMEBIGARN
i=1

m
< G lAtZ” S ||” + Il 2oy

j=1
102
1
Hg

m-—1
.12
+At Z ”5“5 &2
Hl
j=1

+|
0

+e ||§'"+§ : (4.13)

By (4.10)-(4.13), we get

m n
At (b (xu 1) (nxl) 1.&5)
j=1i=1
m
SC7[ Z(II s’ +Iatnll__)+||n||Lw(Lzm))
j=1
10,2
+Hil2, s+ ¢
L®(H2(0) 1
- . 12 12 12
+At2(”€’+5 o X ) +2¢ ||em*
— 1 1

4.14)
For last term in (4.7)

53 (o o0

At — [bi(x, Wy, ] L 6t§f)

0[5 ([ ()

j=1i=1

= bt e (§0),0.8)| - @19)

wheret; < t; < t;,,. Below we will use the same notation,
which can represent different values in different places.
Since

(At)"'

[uee(§-1) + uee ()],

N

]+

b (x, J+l) = b))

4

(at)?

+by (x u]) [wee (1) +uee(f)] (4.16)

where 4i; € [uf,uj%].
Since
b (x, w*") = bi(x,ul) + by, (x, ) (W — )
j+1 _ 5,72
() S
and
b; (x,u/™1) = b;(x,u’) + by (x, w) (W™t — u))
(uj—l _ uj)z

+biuu(x, ﬁj_l) 2

where #; € [u!, u!*1], there is
[bi(xl u)]]_'_%

J 1 JAYCYIAR! j j-1
zbi(x:u)'i'Zbiu(x,u YW =2u +uwTh)

1 _ Wt —w)?

(uj—l _ uj)Z]

+biuu(x, ﬁ'j—l) 2

2
= b;(x,u)) +%

(At) [ o (%, ) (ut(t ))

+ b (2,74 (ut(fj_l))z] (4.17)
By (4.16) and (4.17), we have

by, (x, uj)[utt(fj—l) + utt(fj)]

e At iz (2 (2 102) - (i u))j%] ul,6.8))
< At Z Z ([bi (x, uj%) — (bi(x, u))]-+1] u,{i, 5th'> =1 z=1m 2
e ' A Atz ||atff+§ + (AD)* (4.18)

+(At)? Z ( [b (x u, ) and =0

j=ti=1 m n

— b;(x, uj“)] Uyt (E), Stg‘j) (a0 ;; G [bl (x, u]+1>
— i) (5), 68
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0[5 ([ (e,

j=1i=1

— bi(x, uj_l)] uxit(fj—l)' Stfj)

m . )
<Gy Atz o.7|| + any® (4.19)
j=0
From (4.15), (4.18) and (4.19), we get
m n
At Z (b (x u, 1) (uxl) — [bi(x, Wy, ] b 5t§f)
j=1i=1 a
m
< oAt ) [|ocg’*
-5

+ (At)* (4.20)

From (4.7)-(4.9), (4.14) and (4.20), we get estimate of the last
fourth term onthe right side of (4.6)

ZZ( (20,03) 0,01 -

m
< Cur 8 ) (Il + ] 8e1"2) + Il

[0 ), 108687 )

j=1
m
.12 .12
+HInl?2 +At2(”§’+5 +||oce’+2 )
LO(H2(90)) = 1
12
+ | é2 +(At)4]
1
291
+ 2¢ || g™ (4.21)

Now we estimate the last third term on the right side of (4.6)

s> (v,

j=1

) -l 6
<[ (1 (00,) 1 (x.5) )
j

=1
voe 3 (7 (s, D)= w68

]:1
.12 o142
< Cletz (”5“5 o ||at$1+5 )
j=
+Cro [unuLw (o) + @0 (4.22)

Since

1
(utt)j_,_% = (ue)’ + 7

tit1
f ugd‘) (1) (t]-Jr1 - ‘L')d‘[
¢

t]'—l
J-
t

J

u§4) (‘r)(tj_1 — ‘r)d‘rl

and

1 ti+
0t = (uy)) + ——— A0z If

L‘j_
+f u§4)(1)(tj_1 — T)gd‘rl ,
t

J

u§4) (1) (tj+1 — T)gd‘[

there is
J-1

AtZ”VJHZ < C13(At)4”ut4)”L2 (@)
=1

Thus, we get the estimate of the last second term on the right
side of (4.6)

Z (V,- - o, 55”)

=1

m
< Cua (8 ) 10201 + 11

j=1 - .
+Atz 2.6
‘=0

+ (AD)* (4.23)

Next, we estimate the last term on the right side of (4.6).
Introducing

Siv1—S;
R, =22 7
J At
and considering
Jj+1 _ j

% (6277]+1 + 02 J)
and

Mipae2 —Miyl g ) .

=5 (8 + 8,
hence

m
At Z (@ + (8 = 5,),8:87)
4

m
< G5 [0e Y (| 8’|’ o+ fopn )+Atz [
j=1

2

551

+l* +18m™ %1+ 18 s +
L®(H™2(0Q)) 2 2

m-1

2 12
+Sml?1 + 151171 + At E |Rj|” 1 +s||§m+z
2 2 - 2
j=1

(4.24)

Since

(ut)j+% = (ue) + N

tj—1
J-
t

J

1] rti+1
f u§3)(‘r) (41 — T)dr
tj

u§3) ©(tj-1 — ‘r)d‘rl
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and

tj+1 3) 2
u (D) (b4, — 1) dr

1
S = Jy_—
! = (u) + AAL

+ft.'

J

ugs) (‘r)(tj_1 — T)Zd‘[],

there is

2 2
IS5 < 151" < Cio@0* Ol (120m) 429)
Since

_Si+1 =S
Ri=""at

1 j+2
=4U O(2) (b2 — )z
Ej+1

+£?¢W@@—ﬂwl

j+1

- 2
4‘At |:J; £4)(Tj+1)(tf+2 _T) dr
Y@. 2
+ : u (%)t — 1) dr

Jj+1
where T, T; € [t;_q, t;1].there is

2t YR < YR < Coran)u ‘”Ile (o) (426)
= 7 =

Then we obtain the estimate of the last term on the right side
of (4.6) from (4.24), (4.25) and (4.26)

m
At Z (amj% +a; (5t77j - Sj), 5.:&7)

j=1

m
< Cyo |2 Z(Iamf o+ oz + i

Lo (2 (00)

12
™2+ 8t 2+ |||+ o
2 2

m—1
L1 2
+At Z ||§J+5
j=1 !

.0,
&en) = E(tj)

we deduce

1) || 4.30
ol = atwﬁ@) (+30)
| 8,0 |_l < ||6t (4.31)

L®(H"™ 2(60))

Taking e small enough, then when At is appropriately small,
we can obtain following estimate from (4.6), (4.21)-(4.23) and
(4.27)-(4.31)

12 1
||€m+5 1_|_ ||atfm+5
12 12
<Cy | &2 ) + ||at:f2
o .
atz Lz(ﬂ) Ot L® LZ(Q)
6277
+ +
- || 3ot * i)

LAH™ Z(am)
Hinll?, 5+ @0)"

2(00)
m-1 102 102

+At2(”§j+5 1+||at<;’f+z ) (4.32)
=1

From (4.32) and using Gronwall inequality, we deduced
conclusion of lemma4.

]
By lemmal, lemma2, lemma4, and considering

||77”1%°°(L2(Q)) < ||77||ioo(Lz(m)

and“atn”Lw(LZ(ﬂ)) = ||6t L°°(L2(Q))

we get the following optimal L2-error estimates for the fully
discrete Galerkin approximation.

Theorem 2. Let u be the true solution of problem
(1.1),{Uf}}=0 be its fully discrete Galerkin approximation
determined by (4.2), w be determined by (2.2). Assume
condition (A) exists, and also u™, u{® € L*(12(80)),u'® €
L*(L*(©)),and
-

< Gy (h° + (AD)D),
1

|2 +(46)%),

then there is a constant Cindependent of h and At such that
IU = ullzo 2y + 10:(U — Wz 20y < C(R° + (A1)?)
where s = min(k, m).

V. CONCLUSION

Galerkin approximation is an important numerical method for
differential equations. The main focus of this paper was to
provide the optimal L2-error estimates for continuous time
and fully discrete Galerkin approximations for a type of
second order nonlinear hyperbolic equations and give detail

12
+e|em (4.27)
In addition, from
tjy1 62
tn (At)z f atz (T)(t]'+1 - T)dT
tj—1 azn
+ L ﬁ(‘r)(tj_l - T)d‘[]
we can deduce
J-1 9212
ae Y ozn||” < € ||5 (4.28)
=1 12(12(@)
J-1 2
2 627]
8¢ ) [0p |2 < Coo|[5al| (4.29)
=1 2 L2(H™2(09))
and from
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proof. These are theoretical estimates. A possible further
research is practical numerical calculation to verify the
theoretical results.
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