
 

 

2436 Syed Shahnawaz Ali1, IJMCR Volume 09 Issue 10 October 2021 

 

Volume 09 Issue 10 October 2021, Page no. – 2436-2438 

Index Copernicus ICV: 57.55, Impact Factor: 7.184 

DOI: 10.47191/ijmcr/v9i10.07 

 

Study of S-Function in Relationship with Natural Transform 
 

Syed Shahnawaz Ali1, Sheeraz Ali2,   Farooq Ahmad3, D.K. Jain4                                                            
1Department of Mathematics school of Engineering (SSSUTM) Sehore 
2 Department of Mathematics (SSSUTM), Sri Satya Sai University of technology and Medical Sciences  
3Department of Mathematics, Govt. College for Women Nawakadal. J&K, 190001 
4Department of Engineering Mathematics & Computing, Madhav   Institute of Technology and Science. Gwalior (M.P.) India. 

474005 

 

ARTICLE INFO ABSTRACT 

Published Online: 

21 October 2021 

 

 

Corresponding Author: 

Farooq Ahmad 

The objective of this paper is to investigate natural transform  of the S -function defined and studied 

by Saxena and Daiya [4] in which Riemann–Liouville integrals are replaced by more general 

Prabhakar integrals. We analyze and discuss its properties in terms of Mittag-Leffler functions. 

Further, we show some applications of these natural transform in classical equations of mathematical 

physics, like the heat and the free electron laser equations, and in difference-differential equations 

governing the dynamics of generalized renewal stochastic processes. 

KEYWORDS: S-function, Natural transform, Riemann Liouville fractional Integrals, Mittag-Leffler Function. 

 

INTRODUCTION 

Partial differential equations and their applications arise 

frequently in many branches of physics, Engineering, and 

other sciences. There are many works that provided using 

integral transform method to solve some types of partial 

differential equations, for example in [06, 7] integral 

transform is used to solve boundary value problems and 

integral equations. 

Laplace transform is one of the most used in the mathematical 

and engineering community. Definition of the Laplace 

transform, notations, and Laplace transforms of some 

elementary functions can be found in [8]. 

Furthermore, one dimensional Laplace transform was 

extended to two dimensional and called as double Laplace 

transform. The first introduction of double Laplace transform 

was in [7]. Some operation calculus of double Laplace 

transform can be found in [9]. Double Laplace transform was 

used to solve heat, wave, and Laplace’s equations with 

convolution terms (see [10]), telegraph and partial integro 

differential equations. Sumudu transform was first introduced 

by [14] and some of its applications were given by [15]. The 

aims of this study are to generalize the definition of single 

Natural transform to double Natural transform and achieve its 

main properties, in order to solve telegraph, wave and partial 

integro-differential equations.

 

DEFINITIONS AND PRELIMINARIES USED IN THIS PAPER 

S-Function:  

The S -function defined and studied by Saxena and Daiya [10] as follows:  

(𝜶, 𝜷, 𝜸, 𝝉)
𝐒

𝐩, 𝐪
 [

𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙] =  ∑
(𝒂𝟏)𝒏 , (𝒂𝟐)𝒏 , … … … . . (𝒂𝒑)

𝒏
     (𝜸)𝒏𝝉,𝒌                     𝒙𝒏              

(𝒃𝟏)𝒏 , (𝒃𝟐)𝒏 , … … … . . (𝒃𝒒)𝒏           𝜞(𝒏𝜶 + 𝜷)       𝒏!

∞

𝒏=𝟎

 

Where, 𝒌 ∈ 𝑹, 𝜶, 𝜷, 𝜸, 𝝉 ∈ 𝑪. 𝑹(𝜶) > 𝟎, 𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑 , 𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒, 𝑹(𝜶) > 𝒌𝑹(𝝉) and  𝒑 < 𝒒 + 𝟏. The Pochhammer symbol (𝝉)𝝁   

defined interms of gamma function as follows: 

(𝝉)𝝁 =  
𝜞(𝝉 + 𝝁) 

𝜞(𝝉) 
= {

𝟏,                             𝝁 = 𝟎, 𝝉, 𝝁 ∈ 𝒄

𝝉(𝝉 + 𝟏)(𝝉 + 𝟐) … … (𝝉 + 𝝁 − 𝟏)
} 
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Natural transform:  

The Natural transform earlier called as N transform [7] was extensively surveyed by the authors in [3], where the  said transform is 

sketched out from the Fourier integral to define the complex inverse Natural transform as well. Albeit it combines the futures of 

Laplace and Sumudu transforms [1, 2] and therefore the region of convergence also includes both of them. Hence the Natural 

transform of the function f (t) ∈ 𝑅2 is given by the following integral equation [3, 7]. 

𝑁[𝑓(𝑡)] = ∫ 𝑒−𝑠𝑡𝑓(𝑢𝑡)𝑑𝑡
∞

0
 , 𝑅𝑒(𝑆) > 0, 𝑢(−𝜏1, 𝜏2)     

Provided the function f (t) ∈ 𝑅2 is defined in the set  

A= { f(t) |∃ M, 𝜏1, 𝜏2 > 0. |𝑓(𝑡)| < 𝑀  𝑒
|𝑡|

𝜏𝑗}. 

 

Lemma-I: 

For instance the Natural transform of the 𝑡𝑛, n > −1 is  given by [3] 

𝑁[ 𝑡𝑛] = ∫ 𝑒−𝑠𝑡  (𝑢𝑡)𝑛𝑑𝑡
∞

0
 , 𝑅𝑒(𝑆) > 0, 

 

                                                                                    =  𝑢𝑛 ∫ 𝑒−𝑠𝑡  𝑡𝑛𝑑𝑡
∞

0
 

                                                                                   =  𝑢𝑛 г(𝑛+1)

𝑠𝑛+1  

 

MAIN RESULTS 

In this section, we consider the natural transform of the generalized function of fractional calculus called S-function and making use 

of the given above lemma to derive following useful results. 

Theorem (1.1):  Let   A= { f(t) |∃ M, 𝜏1, 𝜏2 > 0. |𝑓(𝑡)| < 𝑀  𝑒
|𝑡|

𝜏𝑗}, and 𝑁[𝑓(𝑡)] be the  natural transform associated with S-function 

. Then there holds the following relationship 

𝑁 {
(𝜶, 𝜷, 𝜸, 𝝉)

𝐒
𝐩, 𝐪

 [
𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙]}   =   
1

𝑠
    

(𝜶, 𝜷, 𝜸, 𝝉)
𝐒

𝐩 + 𝟏, 𝐪
 [

𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑, 1

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙
] 

Provided the function f (t) ∈ 𝑅2. 

 

Proof: By using the definition of the generalized S -function of fractional calculus and the natural transform, we get 

𝑁 {
(𝜶, 𝜷, 𝜸, 𝝉)

𝐒
𝐩, 𝐪

 [
𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙]}  = 𝑁 {∑
(𝒂𝟏)𝒏 ,(𝒂𝟐)𝒏 ,………..(𝒂𝒑)

𝒏
     (𝜸)𝒏𝝉,𝒌                     𝒙𝒏              

(𝒃𝟏)𝒏 ,(𝒃𝟐)𝒏 ,………..(𝒃𝒒)𝒏           𝜞(𝒏𝜶+𝜷)       𝒏!

∞
𝒏=𝟎 } 

𝑁 {
(𝜶, 𝜷, 𝜸, 𝝉)

𝐒
𝐩, 𝐪

 [
𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙]}   =∑
(𝒂𝟏)𝒏 ,(𝒂𝟐)𝒏 ,………..(𝒂𝒑)

𝒏
     (𝜸)𝒏𝝉,𝒌                                   

(𝒃𝟏)𝒏 ,(𝒃𝟐)𝒏 ,………..(𝒃𝒒)𝒏           𝜞(𝒏𝜶+𝜷)       𝒏!

∞
𝒏=𝟎   𝑁{𝒙𝒏} 

By making use of lemma –I   in above equation, we get 

𝑁 {
(𝜶, 𝜷, 𝜸, 𝝉)

𝐒
𝐩, 𝐪

 [
𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙]}   = 

∑
(𝒂𝟏)𝒏 , (𝒂𝟐)𝒏 , … … … . . (𝒂𝒑)

𝒏
     (𝜸)𝒏𝝉,𝒌                                   

(𝒃𝟏)𝒏 , (𝒃𝟐)𝒏 , … … … . . (𝒃𝒒)𝒏           𝜞(𝒏𝜶 + 𝜷)       𝒏!

∞

𝒏=𝟎

 𝑢𝑛
г(𝑛 + 1)

𝑠𝑛+1
 

Or  

𝑁 {
(𝜶, 𝜷, 𝜸, 𝝉)

𝐒
𝐩, 𝐪

 [
𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙]}   =   
1

𝑠
    

(𝜶, 𝜷, 𝜸, 𝝉)
𝐒

𝐩 + 𝟏, 𝐪
 [

𝒂𝟏, 𝒂𝟐, . . 𝒂𝒑, 1

𝒃𝟏, 𝒃𝟐, … . 𝒃𝒒        ,   𝒙
] 

 

 

CONCLUSION 

This work deals with definition of Natural transform and S-

function. Fundamental properties of Natural transform are 

obtained. Further, some examples and applications on Natural 

transform are presented. Using Natural transform to solve 

some types of equations with variable coefficients will be a 

future work. 
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