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1. INTRODUCTION

Let X and Y be a normed spaces on the same field K, and f : X — Y be a mapping.
We use the notation H . H61 (H . Hg) for corresponding the norms on X and Y. In this paper,
we investigate the stability of functional equation deriving quadratic from mappimng non-
Archimedean (n,3)-normed space. In fact, when X is a non-Archimedean (n,[3)-normed

space with norm H . H 4 and that Y is a Banach non-Archimedean (n,()-normed space

with norm with norm H . Hﬁ

We solve and prove the Hyers — Ulam — Rassias type stability of functional equation
deriving from mapping quadratic in non-Archimdean (I, 3)-normed space, associated to
the quadratic functional equation.

k

f(%iikﬂ%-ia?j)+f<%iiﬂk+j—szj)—2 f(II;:l
7=1 7=1 7=1 j 1

J=1 J=

)—2;f<:£j) =0,
" (1.1)

The study of the functional equation stability originated from a question of S.M. Ulam
[24], concerning the stability of group homomorphisms. Let (G, *) be a group and let

<G’, o, d) be a metric group with metric d(-, ) Geven € > 0, does there exist a 6 > 0
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such that if f: G — G’ satisfies

d<f<x*y),f<x) of<y)> <5

for all z,y € G then there is a homomorphism h : G — G’ with

(1) () <+

for all z € G 7, if the answer, is affirmative, we would say that equation of homomophism
h(:v *y) = h(y) o h(y) is stable. The concept of stability for a functional equation arises

when we replace functional equation by an inequality which acts as a perturbation of the
equation. Thus the stability question of functional equations is that how do the solutions
of the inequality differ from those of the given function equation?

The Hyers [8] gave firts affirmative partial answer to the equation of Ulam in Banach
spaces.

Next The stability of quadratic functional equation was proved by Skof [23] for mappings
f: E1 — E, where F; is a normed space and Es is a Banach space . Cholewa [5] noticed
that the theorem of Skof is still true if the relevant domain F; is replaced by an Abelian
group. The functional equation:

f(z+y)+f(z+y) —2f(2) —2/(0)

is called the quadratic functional equation.
The functional equation:

f<93;y> +f<:’3§y> RUORORL

is called a Jensen type the quadratic functional equation.

The first work on the stability problem for functional equations in non-Archimedean
spaces was started by Moslehian and Rassias [11]. Moslehian and Sadeghi [10] investigated
the stability of cubi functional equations in non-Archimedean normed space. Next the
mathematicians Xiuzhog Yang, Yachai lui, and Nazek Alessa set up the quadratic equation
in non-Archimedean (n,3)-normed space

Recently, in [3, 9, 25| the authors studied the Hyers-Ulam-Rassia stability for the
following quadratic functional equation in non-Archimedean (n,3)-normed space:

fle+2y) + fz—2y) =4f(x+y) +4f(x —y) —6f(2) + f(2y) + f(—2y)

—4f(y) —4f(—v)
(1.2)

> ot + Y dlvi—u)=20-1) ) o(v) (13)

1<i<y<l ISSANAN) 1<i<l

In this paper, we solve and proved the Hyers-Ulam-Rassias type stability for quadratic
functional equation (1.1), ie the quadratic functional equation with 2k —variables . Under
suitable assumptions on spaces X and Y, we will prove that the mappings satisfying the
quadratic functional equation (1.1). Thus, the results in this paper are generalization of
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those in [3, 9, 25] for quadratic functional equation with 2k — variables.

The paper is organized as followns:

In section preliminaries we remind some basic some basic properties about in non-Archimedean
(n,3)-normed space in [10, 11, 25] such as We only redefine the solution definition of the
quadratic equation function.

Section 3: is devoted to prove the Hyers-Ulam stability of the quadratic functional equa-
tion (1.1) when when X is a non-Archimedean (n,3)-normed space with norm H . H 4 and

that Y is a Banach non-Archimedean (n,3)-normed space with norm with norm H . H 3

2. PRELIMINARIES

2.1. (n, ﬁ)—normed spaces.
Definition 2.1.
Let {:En} be a sequence in a normed space X.

(1) A sequence {In}zo:l
In}nzl converges to zero.

in a space X is a Cauchy sequence iff the sequence {l’n+1 —

(2) The sequence {a:n}zozl is said to be convergent if, for any € > 0, there are a positive
integer N and = € X such that
‘ Tn —:EH <eVn >N,

for all nm > N. Then the point x€ X is called the limit of sequence x,, and
denote lim,, o T, = .

(3) If every sequence Cauchy in X converges, then the normed space X is called a
Banach space.

Definition 2.2.

Let X be a linear space over R with dimX > n, n € Nand 0 < § < 1 let H,,H :
X" — R. be a function satisfying the following properties:

(1) ||z1, ...,y ) = 0 if and only if x4, ..., z,, are linearly dependent,
(2) ||z1, s Ty , is invariant under permutations of =1, ..., z,

(3) |laxyi,...,zp , = ‘a‘ﬁ‘ X1y eeey Ty

(4)

4

Ty ey Ty Y + zHﬁ < Ha:l,...,:cn,yHﬁ + H:El,...,:Bn,zHﬁ,‘v’:El,...,a:n,y,z € X and

D is called a linear (n, ﬁ)-normed space or an (n, ﬁ)-normed space.

a € R. Then the function

* Note that the concept of a linear (n, ﬁ)-normed space is a generalization of a

is called an (n, ﬁ)-norm on X and the pair

linear n-normed space (ﬁ = 1) and of a linear n-normed space (n = 1)

Definition 2.3.
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A sequence {a:n} in a linear (n, ﬁ)-normed space X is called a convergent sequence if
there is € X such that lim,, Ha:n —x, 21, 29, "'>Zn—1H5 =0 for all zq, 2z9,..., 2,1 € X.

*Note we call that {a:n} convergent to xor that x is the limit of {l’n}, witer {a:n} — T
as n — oo or lim,, . T, = T.

Definition 2.4.

A sequence {a:n} in a linear (n, ﬁ)-normed space X is called a Cauchy sequence if
limy, 1100 Ha:n — T, 21, 22, ""Z"_lHﬁ =0 for all z1, 29, ..., 2,1 € X.

Definition 2.5.

A linear (n, ﬁ)-normed space in which every Cauchy sequence is convergent is called a
complete (n, ﬁ)-normed space.

2.2. The properties of (n, ﬁ)—normed spaces.

Lemma 2.6.

Lemma 2.7.

Let (X, H’ - Hﬁ) be a linear (n, ﬁ)-normed space, k > 1, 0< < 1. If x; € X and

T1, 21,29, .0y 2n—1|| = 0 for all 2y, 2o, ..., 2,1 € X, then z; = 0.

For a convergent sequence {a:n} in a linear (n, ﬁ)-normed space X,

lim Ha:n,zl,zg,...,zn_lH = H lim a:m,zl,ZQ,...,zn_lH =0
6 n—oo ﬁ

n—oQ

for all 2z, 29, ..., 2,1 € X.

2.3. non-Archimedean (n, ﬁ)—normed spaces. In this subsection we recall some basic

notations from [9,10] such as non-Archimedean fields, non-Archimedean normed spaces
and non-Archimedean Banach spaces.

A valuation is a function ‘ . ‘ from a field K into [0, 00) such that 0 is the unique element
having the 0 valuation,

rl=0&7r=0

‘r . s‘ = ‘7" |s|,Vr,s € K
and the triangle inequality holds, i.e.,

‘r—l—s‘ < ‘7" + ‘s‘,‘v’r,s e K.

A field K is called a valued field if K carries a valuation. The usual absolute values of
R and C are examples of valuation. Let us consider a valuation which satisfies a stronger
condition than the triangle inequality. If the strong triangle inequality is replaced by

‘r + s‘ < mazz{‘r‘, ‘s‘},‘v’r,s e K,

then the function } . } is called a non-Archimedean valuation. Clearly, }1} = } — 1} =1
and ‘n‘ < 1,Vn € N. A trivial example of a non-Archimedean valuation is the function
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‘ . ‘ talking everything except for 0 into 1 and ‘0‘ = (. In this paper, we assume that the
base field is a non-Archimedean field with ‘2‘ # 1, hence call it simply a field.

Definition 2.8. Let be a vecter space over a filed K with a non -Archimedean ‘ . ‘ A
function H . H X — [0, oo) is said a non -Archimedean norm if it satisfies the follwing
conditions:

(1) :EH = 0 if and only if z = 0;

2) mH - }TH):UH(T €K,z € X):

),

) . H) is called a norm -Archimedean norm space.

(3) :E—l—gHﬁmaa:{Ha: )yH}a:,yEXhold.

Then <X ,

Definition 2.9.

A sequence {:En} in a norm -Archimedean (n, ﬁ)-normed space X is a Cauchy sequence

if and only if {a:n — :Em} — 0.

Definition 2.10. Let {a:n} be a sequence in a norm -Archimedean normed space X.

o
(1) A sequence {a:n} in a non -Archimedean space is a Cauchy sequence iff the
n=1 o
sequence {In+1 — In} converges to zero.
n=1

(2) The sequence < z,, ¢ is said to be convergent if, for any € > 0, there are a positive
integer N and x € X such that

for all n,m > N. The we call x€ X a limit of sequence z,, and denote lim,, ., x, =
Z.

Tn —:EH <eVn >N,

(3) If every sequence Cauchy in X converger, then the norm -Archimedean normed
space X is called a norm -Archimedean Bnanch space.

Definition 2.11.

Let X be a real space with dimX > n over a scalar filed K with a non -Archimedean
nontrivial valuation } . }, , where n is a positive integer and [ is a constant with 0 < 5 < 1.
A real-valued function let H, e H : X™ — R. is called an (n, ﬁ)-norn on X satisfying the
following properties:

1) |

x1,...,x,|| =0 if and only if x4, ..., x,, are linearly dependent,

2473| LY VAN AN, LIMCR Volume 09 Issue 11 November 2021



@) |

(3) Hazzl,...,:cn

is invariant under permutations of x4, ..., x,
= Ja’
= |«

B

(4) HIO + Tiyeeey T 3

L1yeey Ty

L1y .-y Ty

< mal’{Hl’o,...,l’n

D is called a non -Archimedean (n, ﬁ)-normed space or an (n, ﬁ)-

Ty ey Ty },Vl’o,l’l,...,In € X and
B

67
a € K. Then the function

normed space.

* Note that the concept of a non -Archimedean (n, ﬁ)-normed space is a non
-Archimedean n-normed space if (ﬁ = 1) and a a non -Archimedean [F-normed
space if n=1 respectively.

is called an (n, ﬁ)-norm on X and the pair

2.4. Solutions of the equation. The functional equation

f(:c—l—y) —l—f(:c—y) :2f(at) —I—Qf(y)

is called the quadratic equation. In particular, every solution of the quadratic equation
is said to be an quadratic mapping.

3. STABILITY RESULTS.

Here, we consider ‘k“ # 1 and examine the Hyers-Ulam stability of the functional equa-
tion (1.1) when when X is a non-Archimedean (n,3)-normed space with norm H . H 4 and

that Y is a Banach non-Archimedean (n,3)-normed space with norm with norm H . H p

Under this setting, we can show that the mapping satisfying (1.1) is quadratic. These
results are give in the following.

Theorem 3.1.

Suppose That X is a non-Archimedean (;-normed space and that Y is a complete
non-Archimedean (I, 5)—normed space, where [ > 2 , 0 < 3,81 < 1. Let € € [0, 00),
pE (0, oo) with Gip > ( and let

p: Y —0,00)
be a function. Suppose that a mapping

f: X% .Y
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satisfying f(0) = 0 and the inequality

k

K K K K
f<zl'j+%zl'k+j> +f<zfj_%2$k+j> —22f<17j)
j=1 j=1 j=1 j=1

J=1

k
l‘ .
—22f< I;{:+J>,Zl,22,...,zl_1

J=1
» k
el 22 v
b

< 6<
for all zj,xpy; € X forall j =1 — k and 21, 29,...,21-1 € Y . Then there exists a
unique quadratic mapping

B

p
3 )QO(Zl,ZQ,...,Zl_l) (31)

k
L

7=1

H:X—->Y
satisfying
p
Hf(:ﬂ) — H(l’),Zl,Zg, vz < ek:‘(2k:)‘5‘ Ha: ) gp(zl,zz, ...,zl_l) (3.2)
for all z € X and 21,29, ...,2n_1 € Y .
Proof. Replace (1’1,1’2,...,l’k,l’k+1,l’k+2,,...,l’gk) by (:E,:B,...,:E,0,0,...,O) we have
p
Qf(k‘:c) - Qk‘f(a:),zl,zg, vz <e- k:H:c , gp(zl,zz, ...,zl_l) (3.3)
6 1
for all z € X and 2y, 29,...,21.1 €Y
and dividing both sides by |(2k)?|, we get
fkx 3 P
H (k; ) _f(x),zl,zg,...,zl_l <e-k|(2k)7° Ha: , gp(zl,z’g,...,zl_l) (3.4)

for all x € X and zy, 29, ..., 2-1 € Y . Replacing x by k"z in (3.4)

and dividing both sides by |k"?

, we get

3 R1y Ry eeny RI—1

H fkntiz)  f(kma)

il jn
B
1 1 nBy p
s | e 22 o)
1 n p
— . = 1-(Bp—B)
— e k‘(%)ﬁ L ﬁ‘ HI 61g0(2’1,z2,...,zl_1) (3:5)
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for all z € X and 2y, 29, ..., 2,1 € Y. Since p3; > [ and ‘k“ # 1, we obtain that

S

lim

n—oQ

=0 (3.6)
B

3 R1y Ry eeny RI—1

for allz € X and z1,29,...,21.1 €Y

. It follows from (3.6) that the sequence {f(knm) } is Cauchy sequence for all z € X.

k"x
Since Y is completes space, the sequence {f( )} coverges. So one can define the
mapping H: X — Y by

(3.7)

for all z € X.
It follows from (3.1) and (3.7) and lemma 2.7 that

HH(i%%—%i k+3> +H<ij——zxkﬂ> —22}1(1«,)

J=1 =1
b X

_2ZH< IZ‘—J)?ZMZ% y Rl—1
Jj=1 B

k
_2Zf<k‘”1’j _2Zf<kn$2+j>>ZI>Z2,--.,ZI_1
k
(Sl 3
<ZHI{: T )gp zl,zg,...,zl_l)

and so for all z;, zpy; € X forall j =1 — k. and 21, 22,..., -1 € Y. Since p3; > 3 and
‘k“ # 1, we get

R (e s

k
— 22H<$2+j>,21,22, ceey Rl—1

J=1

B

< lim €|k

n—oQ

7

)QO L1y Ry eeny R]— 1)

= lim e|k"(@P—F)

n—oo

=0
B

for all zj, xpy; € X for all j =1 — k. and 21, 22, ..., 211 € Y. By lemma 2.6, we get
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H(i:ﬂﬁ—%izkﬂ) (g %i k+J)—2gH(%)_ggH(ﬂf?j):0

for all z;, xy4; € X for all j =1 — k. So mapping H is quadratic.

replace x by kx in (3.3) and dividing both sides by [(2k?)?|, we get
k2x kx
H f(k2 ) — f(/{,‘ ) 3 R1y Ry eeny RI—1
B
<e€- k“(Qk‘z )k::c gp 21, 22, ...,zl_l) (3.8)

Thus, by(3.3) and (3.8)

/{?2
Hf(l’) - %72172’/27 ey Zl-1

f(K2x) f (k)
k2 k

s 3 R1y B2y euey Rl—1

S mal’{"@ - f($)>zlaz27 sy Zl—1

)

B
<ma:c{e k‘} zl,zz,...,zl 1 ,E- k‘} 21{:2 21,22,...,2’1_1)}
(3.9)
Since pf; > 3 and ‘k“ # 1, we obtain
p

Hf(:ﬂ) — S 21y 22y eeey 211 §e-k:‘k:_26 gp(zl,z’g,...,zl_l) (3.10)

for all z € X. and z1, 29, ..., z_1 € Y. By induction on n, we can conclude that

f(k"x
Hf(:ﬂ) — %,zl,zz, vz <e-k|( 21,22, ...,zl_l) (3.11)
B

for all x € X,n € N. and 21, 29, ..., z-1 € Y. Replacing x by kzx in (3.11)

and dividing both sides by |k°|, we get
flkx)  f(k"tz Al p
H (k: ) - (ka )>ZI>Z2>--->ZI—1 Se'k‘}(%‘) A" Hk‘:E 61g0(21,z2,...,zl_1)

(3.12)
for all z € X,n € N. and 21, 29, ..., z-1 € Y. It follow from (3.3) and (3.12)
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H.f(l’) - f(];i:l’))zl)z% ceey Rl-1

&

for all z € X,;n € N. and 21, 22, ..., 211 € Y. Passing the limit as n — oo (3.11), we can
get (3.2) Next, we prove the uniqueness of H. Assume that H; : X — Y is an additive
mapping satisfing (3.2). Then we have

p
, p(21, 22, ., 2101) (3.13)

<e- k:‘k:_w

H(ZL’) — H1 (l’),Zl,Zg, ceey Rl—1

B

= ’ p—n8

H(k:":v) — H; (k:"a:), 21y 20y ey 211

B
< ‘k‘_"ﬁ ma:c{HH(k:"a:) — f(k:":v),zl,z’g,...,zl_l ,
B
"f(kn$) _Hl(kn$)7zlaz27"'>zl—1 }
B
<e- l{:}l{:_"ﬁ (2]{:)_ﬁ } K"z )2 gp(zl,zz, ...,zl_l)
— . ks kpﬁl_ﬁ‘n‘(2k‘)_6 Ha: ;) gp(zl,zz, ...,zl_l) (3.14)

for all z € X and 2z, 29, ..., 2,1 € Y . Taking the limit as n — oo, we have

=0
B

for all z € X and 21, 29, ..., 211 € Y. By lemma 2.6, we get H(a:) = H, (a:) forallz € X
. So H is the unique additive mapping satisfying (3.2)Let

HH(ZL’) — H1 (l’),Zl,Zg, ceey Rl—1

O

Theorem 3.2.

Suppose That X is a non-Archimedean (;-normed space and that Y is a complete
non-Archimedean (I, 5)—normed space, where [ > 2 , 0 < 3,81 < 1. Let € € [0,00),
pE (0, oo) with Gip < (6 and let

oY [0, 00)
be a function. Suppose that a mapping

f: X% .Y
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satisfying f(0) = 0 and the inequality
k k k k k
1w g m) 1 (X g mw) —2 3 f()
j=1 j=1 j=1 j=1 j=1
k
-2 Z f(zckﬂ) 21y 22y eeey 211
<e( X, + Z ol

7=1
for all zj,xpy; € X forall j =1 — k and 21, 29,...,21-1 € Y . Then there exists a
unique additive mapping

B

) (2’1, 29y .ees zl_l) (3.15)

55)

H:X—-Y
satisfying

< ek"k‘_ﬁ : gp(zl,zz, ...,zl_l) (3.16)

Hf(x) — H(2), 21,22, ..., 211

B
for all z € X and 21, 29,...,21.1 €Y .

Proof. Put x; = x and xp4; =0 for all j =1 — k in (3.15),we get

Qf(k‘:c) —Qk‘f(a:),zl,zz,...,zl_l gp(zl,z’g,...,zl_l) (3.17)

for all z € X and 21, 23,...,2-1 € Y replace x by 7 and dividing both sides by ‘25‘ in
(3.17) we get we get

<e- ‘2_5‘1{:‘1{:_7’51

p
:EHﬁ gp(zl,zz, ...,zl_l) (3.18)

f(z) - k:f(%),zl,zz, 2
B8

for all x € X and 2, 29, ..., 1.1 € Y . Replacing z by ;7 in (3.18)

k:nf(km) /{;n+1f(kf+1),z1,z2, ey Zn1

B
< 6‘2_6‘ AV e i N P ; gp(zl,zz, ...,zl_l)
1
- 6‘2—5‘ k| g8 ‘k—ﬁlp(n+1) T Z gp(zl,zz, ...,zl_l) (3.19)
1

for all x € X and 21, 29, ..., -1 € Y. Since pf; < § and ‘k“ # 1, we obtain that

k?n—l—lf(k:f_i_l) - k:"f(%),zl,zz, ceey Rl—1

lim

n—oo

=0 (3.20)
B
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for all z € X and z1,29,...,21.1 €Y

. It follows from (3.20) that the sequence {k:"f(k%)} is Cauchy sequence for all z € X.
2l

Since Y is completes space, the sequence {k:"f( n)

coverges. So one can define the
mapping H: X — Y by

T

H(z) := lim k“f(%g) (3.21)
for all z € X.
It follows from (3.15) and (3.21) and lemma 2.7 that

k k k k k
1 1
‘H(E [L’j—l-EE [L’]H_j)—l-H(E [L’j—EE [L’]H_j)—QE H([L’J)
J=1 J=1 J=1 J=1 J=1
k T
-2 E H< 2+J>7217Z27"'7Zl—1

J=1

B
n n k k
1 1
Jj=1 Jj=1 j=1 j=1

k k
_2Zf<k_nx§> _2Zf<k_nx2+J>>ZI>Z2>"'7ZI—1
j=1 i=1
i p i p
) (ZH’f‘“%’ F Y e )M)
j=1 Y= '
n k »
<Z‘ )&(21,22,...,21_1)
= B

and so for all z;, zpy; € X forall j =1 — k. and 21, 22,..., -1 € Y. Since p3; <  and
‘k“ # 1, we get

() (o) 0

= 7=1

k
— 22H<$2+j>,21,22, ceey Rl—1

J=1

B

< lim €|k

n—oo

— lim e|k(B—P1p)

n—oo

Ly

=0
B

for all zj, xpy; € X for all j =1 — k. and 21, 22, ..., 211 € Y. By lemma 2.6, we get

k k k K :
H(ij_|_%;;pk+j) —I—H(;[L’j—l—i;fﬂk—l—j) 22[’](1'9)—2;}](%) =0

for all z;, xy4; € X for all j =1 — k. So mapping H is quadratic.
replace x by 7 in (3.18) and multiplying both sides by ‘kﬂ‘, we get
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W(i) _ k:f(%),zl,zz,...,zl_l

k? 5
< ek|27°] . K° H% ; gp(zl,zg,...,zl_l) (3.22)
Thus, by(3.17) and (3.22)
2 X
f(l’) —k f(ﬁ)’ L1y B2y ey Rl—1
B
SmaI{ kf(%) _f(I)7217227"'7Zl—1 ; sz(%) _kf(%)azlaz%'“azl—l }
B B

_ x||P B T ||P
< ma:c{ek‘- ‘2 ﬁ‘HE 61S0(Z1’Z2""’Zl_1)’6k. ‘2 6‘ k2P ‘ 2 51S0(2’1,2’2,...,Zl—1)}
(3.23)
Since pf; < B and ‘k“ # 1, we obtain
'f(a:) — k:zf(%),zl,zz, vzl <e- k:‘k:_pﬁl x ! gp(zl,zg, ...,zl_l) (3.24)
6 1
for all z € X. and z1, 29, ..., z_1 € Y. By induction on n, we can conclude that
Hf(:v) — k"f(%),zl,zg, e 2im|| <e- k:‘k;—w ng ; gp(zl,zz, ...,zl_l) (3.25)
6 1

for all z € X,n € N. and 21, 22, ..., z-1 € Y. Replacing x by 7 in (3.11)
and multiplying both sides by ‘kﬂ‘, we get

kﬂ k—pﬁ1

k;f(%) _kn+1f(l{;:+1)>zlaz2>"'>Zl—1 <e-k t

P
5 ¢(z1, 22, .., 21)  (3.26)

1

for all x € X,n € N. and z1, 29, ..., ;-1 € Y. It follow from (3.17) and (3.43)

H.f(l’) - kn+1f(kf+1)7217227"'>Zl—1

’ @(21,22, "'>Zl—1) (327)

B1

T

<e- k‘k—?&

for all z € X,n € N. and 21, 22, ..., 211 € Y. Passing the limit as n — oo (3.59), we can
get (3.16) Next, we prove the uniqueness of H. Assume that H; : X — Y is an additive
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mapping satisfing (3.16). Then we have

'H(l’) — H1 (l’),Zl,Zg, ceey Rl—1

B
k‘nﬁ H(%) — Hl(%),zl, 22y eeey Zl—1

B

< k"7 mafv{ 'H(%) - f(%),zl,@,---,zl_l ,
B
H-f(%) _Hl(%),Zth, y Rl—1 }
B

<e-k LB || f—ph % Zlgp(zl,zg, ...,21_1)
=€~ k“kﬂ—p& n‘k_pﬁl x Z QO(Zl,ZQ, ---,Zl—l) (328)

for all z € X and 2z, 29, ..., 2,1 € Y . Taking the limit as n — oo, we have
=0

‘ B
for all x € X and z1, 29, ..., ;-1 € Y. By lemma (1.4), we get H(a:) = H (a:) forall x € X
. So H is the unique additive mapping satisfying (3.16) Let

H(l’) — H1 (l’),Zl,Zg, ceey Rl—1

O

Theorem 3.3.

Suppose That X be a vector space and that Y is a complete non-Archimedean (/, 3)—normed
space, where [ > 2,0 < 3 < 1. Let

@ X2 - [0,00)
be a function such that

1
lim ‘W‘Q@<kn$1,kn$2,...,knl'k,kfnl'k+1,kfnl'k+2,...,knl'gk) =0 (3.29)

for all z;,x44; € X forall j =1 — k, and

suppose that a mapping
¥ Y —[0,00)

be a function. The limit

kP

lim ma:z{ gp(k:i_la:l, K tey, . kK 2y, 0,0, .., 0), 1<i< n} (3.30)
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exists for x € X, and it is denoted by ¢(x). Suppose that a mapping
f: X—=Y
satisfying f(0) = 0 the inequality

f(jéxﬁgf’”;j) +f<i% iz'}f) —QZf(%)

— =1

— QZ‘f(IIH— ) L1y R2yeeey B

S QO(I’l, L2y eeey Thy Lhot1y L2y -0y l’gk) . Q/J(Zl, 22y euny Zl—l) (331)

B

for all zj,xp4; € X forall j =1 — k and 21, 22,..., -1 € Y . Then there exists a unique
additive mapping
H:X—-Y

satisfying

< &(x)p (21, 22, -, 21-1) (3.32)
B
for all z € X and 2y, 29, ..., 211 € Y. Moreover, if

Hf(x) — H(x),21, 22, ..., 211

lim limma:c{ gp(k:i_lzcl, K2y, . K 2y, 0,0, ...,0), 1+h<i<n+h

h—o00 n—00

1
]

(3.33)
for all x € X, then H is a unique additive mapping satisfying (3.32).

Proof. Put z; = x,x44; = 0 for all j =1 — k in (3.31) and dividing both sides by ‘(21{:)5

we get

< ‘(%)—5 o(z,x,...,2,0,0,...,0)¢ (21, 22, ..., 21-1) (3.34)

for all z € X and 21, 29, ..., 21-1 € Y . Replacing x by k‘z in (3.34)

and dividing both sides by |k%|, we get

3 R1y Ry eeny RI—1

Litl i

B

< ‘(2]{:)_6 k=% gp(k‘i:c, k:izc,...,k:ia:,(),(),...,O)w(zl,zz,...,zl_l) (3.35)
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for all x € X and 21, 29, ..., 2,1 € Y, ¢ € N. Taking the limit as i — oo and considering
(3.29)

' f ki—l—lx f ]{?ZZL’
lim (ki—l—l ) o (kz )

1—00

3 R1y Ry eeny RI—1

=0 (3.36)
B

for all z € X and z1,29,...,21.1 €Y

. It follows from (3.36) that the sequence {f(izm) } is Cauchy sequence for all x € X.

Since Y is completes space, the sequence {f(izm)} coverges. So one can define the
mapping H: X — Y by
(3.37)

for all z € X.
It follows from (3.31), (3.54) and lemma 1.4 that

7=1 7=1 7=1 7=1 7=1
k
- 2ZH<xI;€+J>7Z1>Z2> y Rl—1
J=1 Jé]
n n k
27}520"{ ng f[kn<zg;j+ kZazkﬂ) +flk <Z ——Zxkﬂ»)] — Zf(k: xj>
Jj=1 Jj=1 j=1 j=1
k
X
_2Zf<kﬁ IZ‘—J))ZMZ% y Zl—1
J=1 B
< lim ‘k‘_"ﬁ gp(k:"a:, k‘"z,...,k:"z,(),(),...,O)w(zl,ZQ,...,zl_l)

and so for all z;, zpy; € X for all j =1 — k and 21, 29, ..., z1—1 € Y.Taking the limit as
i — oo and considering (3.29)we get

k k k k k k
HH(Z[L’j +%Zl’k+j> —I—H(Z[L’j — %Z[L’]H_j) —22H([L’j) —22H<$k—kjﬂ>
j=1 J=1 J=1 J=1 J=1 J=1

s R1y Ry eevy -1 = 0

for all zj, xpy; € X for all j =1 — k. and 21, 22, ..., 211 € Y. By lemma 1.4, we get

k

(Z% Zxkﬂ)w(g%_%gxw)_zzH(xj)_ng(%):o

j=1
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for all z;, xp1; € X for all j =1 — k. So mapping H is quadratic. Replace x by kx in

(3.34) and dividing both sides by

kﬂ‘, we get

s 1y Ry ey Rl—1

H f(k*z)  f(kz)
2 k

B

<:“k‘25

for all x € X, 21, 29, ..., z1-1 € Y. Considering (3.34), we get

/{?2
Hf(l’) - %72172’/27 sy Rl-1

B

< mag;{Hk—ﬁ

gp(:c,a:, ey x,0,0, ...,0), 'k‘_w

for all z € X, 21, 29, ..., 211 € Y. By induction on n, we get

k{ﬂ
H.f(l’) - %72&7227 ey -1
B
h—1 h—1 h—1
. mm{w(k: e K E T 0.0,,0) | n}w(%z%m’a_l)
k|

replacing x by kx in (3.40)and dividing both sides by ‘kﬂ‘, we get

3 R1y B2y eney Rl—1

H flkz)  f(k"*'z)
k o1

B
< gp(k:ha:, khz, ... kv k', kL k:h:E)
< mazx

‘k(h+1)ﬁ‘

Y

1 S h S n}w(zlaz% "'>Zl—1)

gp(k:":ﬂ, k'xz, ..., k"x, 0,0, ...,O)w(zl,zg, ...,zl_l)

gp(k:a:, kx, ..., kx,0,0, ...,0)}w(z1,z2,

for all x € X, 21, 22, ..., 211 € Y and n € N, which together with (3.34) implies .

(3.38)

>Zl—1)

(3.39)

(3.40)

(3.41)

2485

LY VAN AN, ILIMCR Volume 09 Issue 11 November 2021



km—l—l
Hf(k‘l’) — %, L1y B2y ey Rl—1

B
(a:, T, ..., x, kr kx, ..., k::E) gp(k:ha:, khz, ... khx, kha, kP, k:h:E)
‘]{;B‘ ’ ]{;(h+1)ﬁ‘

IN
3
IS
S
—
S

71 S h S n}w(zlaz% "'>Zl—1)

= max

{gp(k‘hz, khz, ... k'x, ko, kP, k:h:E)

k(h-l—l)ﬁ‘ 1<h< n}w(zl,z2, --->Zl—1)

{gp(k‘hz, khz, ... khx, ko, kP, k:h:E)
= max

A< h<n+1p¢(z1,2,...,2-1) (3.42)
)

for all x € X 21, 29, ..., 22k-1 € Y and n € N. This is completes the proof of (3.57) Taking
the limit as n — oo in (3.57). Now we need to prove the uniqueness of H. Let H' be
another additive mapping satisfying (3.48). Sence

lim K=ty Kt —te,, . kML
h—o0

B v

o5 o Tk,

h—o00 n—00

o(k"z) = lim lim mcw{

heti—1 heti—1 hti—1 :
k kxpiqi, k Tht2y -y K l’gk),l <1 §n}

kP

i—1 i—1 i—1
QO(/{? 1’1,/{5 1’2,...,/{5 Tk,

h—o00 n—00

= lim lim ma:z{

K kapir, K epyo, ..o k:i_lzzgk), 1+h<i<n+ h} (3.43)

for all x € X, 21, 29,..., 211 € Y, it follows from then H is a unique additive mapping
satisfying (3.49) that.
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HH(ZL’) — H/(I),Zl,ZQ, ceey Rl—1

B
~ lim leﬁ HH(!{:%) — ' (K'), 21, 2
B
< Jim |5 maa:{HH(k:ha:) TN YN
B
H f(Khz) — B (K@), 21, 20, oy 21
B

< lim o P 2)p (21, 22, .oy 2121) =0 (3.44)

for all z € X and 2y, 29,...,21.1 € Y. O

. From lemma 6, we conclude that the quadratic function H is unique.

Theorem 3.4.

Suppose That X be a vector space and that Y is a complete non-Archimedean (/, 3) —normed
space, where K > 1,0 < < 1. Let

@ X% [0, 00)

be a function such that

. Ty T2 Tk Thk+1 Th+2 Lok
lim |k (—,—,...,—, , —) — 0 3.45
for all z;, 2445 € X forall j =1 — k, and
suppose that a mapping
$: Y — [0, 00)
be a function. The limit
o(z) = lim maz{‘k(i_l)ﬁ‘gp(k‘_i:v, k~'x, ... k', 0,0, ...,0), 1<i< n} (3.46)

exists for x € X, and it is denoted by ¢(x). Suppose that a mapping

f: X—=Y
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satisfying f(0) = 0 the inequality

<ZIJ+Z“*3> +f<2xj if’f’;{“) —2éf(a;j)

j=1
- 2Zf<$k+J> 1y 22y +ey &

< (21,2, .oy Tk Thp1, Thsa, ooy Tog) '¢<Zl,22>---,zl—1) (3.47)

B

for all zj,x4; € X forall j =1 — k and 21, 22,..., -1 € Y . Then there exists a unique
quadratic mapping
H:X—->Y

satisfying

< P(x)p(z1, 22,0 21-1) (3.48)
B
for all z € X and 2y, 29, ..., 211 € Y. Moreover, if

Hf(:c) — H(l’),Zl,Zg, ey 2121

lim lim maa:{‘k(i_l)ﬁ‘gp(k:_ia?, k', .. k'2,0,0,...,0),1+h <i<n+ h} =0 (3.49)

h—o00 n—00

for all x € X, then H is a unique additive mapping satisfying (3.48).

Proof. Put x; = x,x34; =0 for all j =1 — k in (3.47) we get

Qf(k‘:c) — Qkf(a:),zl,zg, ozl < gp(:c,a:, 1, 0,0, ...,O)w(zl,zz, ...,zl_l) (3.50)

B

Dividing both sides by }2_5} and replace x by ¥ in (3.50) we get

Hf(a:)—kf(%),zl,z%...,zl_l
B

}2 6}@(i i i 0>0>--->0)¢(2’1,2’2>---,Zl—l) (351)

for all z € X and z1, 23, ..., z1-1 € Y . Replacing & by %7 in (3.51)

and multipling both sides by |k(~D?|, we get

B K

),21,22, ceey Rl—1

B

Lz $ 0 0,...,O)w(zl,zz,...,zl_l) (352)

(DB (2 il
k Sp(kil’ ki?“‘? kl? Y

< |27
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for all x € X and 21, 29, ..., 2,1 € Y, ¢ € N. Taking the limit as i — oo and considering
(3.45)

=0 (3.53)
B

lim

1—00

KA G) =K

),21,22, ceey Rl—1

for allz € X and z1,29,...,21.1 €Y
. It follows from (3.53) that the sequence {k:lf(kﬁ)} is Cauchy sequence for all x € X.

Since Y is completes space, the sequence {k‘l f(kﬁ)} coverges. So one can define the

mapping H: X — Y by

H () = lim K (1) (3.54)
for all x € X. It follows from (3.47), (3.53) and lemma 1.4 that
k 1k k 1 F k k -
k+j
H<Z[L’j + Ezzk+j> —I—H<Z[L’j - Ezzk+j> —22H([L’j) —22H< 2 )
j=1 j=1 j=1 j=1 j=1 j=1
3 R1y B2y eeey R1—1
B
k Lk k Lk
:nh_)rgo k‘nﬁ f[k‘"(;zj+E;xk+j> —|-f k_n<;$j_E;$k+j>]

k k
1 Lti
—22]3(@1’)) _2Z‘f<knii>’zl’22"“’zl_l
j=1 j=1

kP

B

< lim

n—oo

gp(k:_":v, E™"x, ...,k "x,0,0,... O)w(zl, 29y eeey zl_l)

and so for all z;, zpy; € X for all j =1 — k and 21, 29, ..., z1—1 € Y.Taking the limit as
n — oo and considering (3.45)we get

for all z;, xpy; € X for all j =1 — k. and 21, 22, ..., 22p,—1 € Y. By lemma 1.4, we get

k k k k k k
H(ij+%2xk+j) +H(ij_%zxk+j) _zzg(xj)_zsz(%) 0
j=1 j=1 j=1 j=1 j=1 j=1

for all z;, xy4; € X for all j =1 — k. So mapping H is quadratic.

k

k k k k k
H<ij+%zxkﬂ> +H<ij _ %mej) o3 n(s) _22H<%>
j=1 j=1 j=1 j=1 j=1

j=1

s R1y Ry eevy RI—1|| = 0

Replace x by £ in (3.51) and multiplying both sides by |k”|, we get
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T

Kf () - k:f(%),zl,zz,...,zl_l

B

< 277K gp(%, %,...,%,0,0,...,O)w(zl,ZQ,...,zl_l) (3.55)

for all x € X and z1, 29, ..., 2,1 € Y. Considering (3.51), we receive

Hf(:c) - k:zf(%),zl,zz,...,zl_l
B
_ r T X _ r X
< maa:{p o||k° SO(E’E""’E’O’O""’O)’ 1277 ||k gp(ﬁ,ﬁ
,...,%,0,0,...,0)}w(zl,zg,...,zl_1) (3.56)

for all x € X 21, 29, ..., -1 € Y. By induction on n, we get

T

Hf(ff) - k:"f(ﬁ),zl,zg, ey Zl—1

B

< maz{‘k(i_l)ﬁ‘gp(k‘_i:ﬂ, k~'x, ... k™', 0,0, ...,0)‘2_5 1< < n}w(zl,zg, ...,zl_l)

(3.57)
replacing x by ¥ in (3.57)and multiping both sides by ‘kﬂ‘, we get
k:f(%) — kn+1f(kf+lgg),z1,z2,...,zl_l
B
hang| T X xr T T x
S maa?{’k‘( ) ’Qp(ﬁ> ﬁ? ) ﬁ? ﬁ? ﬁ? sy ﬁ)>
1<h< n}w(zl,ZQ, ...,zl_l) (3.58)

for all x € X, 21, 22, ..., 211 € Y and n € N, which together with (3.50) implies .
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Hf(l’) - f(%))zlaz% sy Rl-1

< maa:{gp(z, L f,0,0, ...,0),

B

T

j(h=1)8
‘¢ kh’kh’" Bh

A

¢(2’1>Z’2>--->2’2k—1)

qunylghgn}

_ r T X
< mafc{‘k‘(h 1)5‘80(ﬁ> e 7 000,00,0), L < h < n}¢(21,22, o z2ee1)  (3.59)

for all x € X, 21, 29, ..., z1-1 € Y and n € N. passing the limit as n — oo in (3.57) , we get
(3.48). Now we need to prove the quadratic function uniqueness of H. Let H' be another
quadratic mapping satisfying (3.48). Sence

. hp 1 %
Jim [142[3 () = Jim s

= lim lim maa:{‘k:(h 18 ‘gp k:h’k:h"“’i 0,0,...,0),1+h§i§n+h}

) he1 T x x
Jirilomaz{‘k( )ﬁ‘gp(ﬁ, TR ﬁ,0,0, ...,0), 1<h< n}

h—00 n—00 k‘h’
(3.60)
for all x € X. It follows from (3.49) that.
HH(I’) — H/(I),Zl, 22y eeey Z2k—1
B
. T T
Y I s —
B
. h3 l’
< lim ‘k: ma:c{ 'H ) 21y 22y ooy Z1-1]| s
h—o0 k‘h
B
T
k‘h - (ﬁ)>z 22y 0eey &
B
m e8|~ _
< hlim k s0<ﬁ)¢(21,22,---,21_1) =0 (3.61)
for all z € X and 2y, 29,...,21.1 € Y. O

. From lemma 6, we conclude that the quadratic function H is unique.
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