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This paper discusses the modification of Varignon's theorem on quadrilaterals by dividing the sides 

of the quadrilateral into three, four, five to become 𝑛 parts. The process of proving it is done in a 

very simple way, namely by using congruence. The result obtained is that the area of the plane 

formed from the modification of Varignon's theorem has a relationship with the area of the basic 

quadrilateral. 
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I. INTRODUCTION 

Mathematics is the science of logic about shapes, 

arrangements, quantities and concepts that relate to one 

another in large numbers, which are divided into three fields, 

namely algebra, analysis and geometry [5]. Furthermore, in 

[10] said that Geometry is a branch of mathematics that deals 

with statements of shape, size, image and the nature of space. 

One of the many theorems in the field of geometry, 

especially those that discuss plane figures, is the Varignon 

Parallelogram theorem. The Varignon theorem was 

introduced by Pierre Varignon's (1654-1722) which is known 

as the Varignon's Parallelogram. The French academics of the 

Newton and Leibniz era provided strong evidence for the 

Varignon theorem that was published in 1731 [11]. In 2001 an 

area formed from Varignon was described [12]. The 

Varignon's Parallelogram theorem states The figure formed 

when the midpoints of the sides of a quadrilateral are joined in 

order is a parallelogram, and its area is half that of the 

quadrilateral [6]. 

Several evidences and cases of Varignon concave and 

cross-parallelograms have also been expanded at other points 

by dividing by three, four, or generally dividing n sides of each 

quadrilateral and investigated using the GeoGebra application 

[7] and the Sketpatch program [9]. Varignon theorem in 

triangles and its modifications have been discussed by Arisa 

et al. [13]. 

Based on the above conditions, the author will modify [10] 

Varignon theorem by dividing by three, four, five and in 

general dividing each side [9 and 7], then take the starting 

point of each side and connect it to form a modified 

quadrilateral. 

II. VARIGNON'S THEOREM 

The Varignon theorem was discovered by Pierre Varignon 

(1654-1722). Nine years after Varignon died, this theorem 

was published [11]. In 2001 in [12] explained the area formed 

from the Varignon theorem. 

 
Fig. 1: Varignon Parallelogram 

 

The Varignon Parallelogram theorem and its proofs have 

been discussed in [2, 6, 7, 8, 11, 12 and 15] stating that the 

quadrilateral formed is a parallelogram and the area is half of 

the basic quadrilateral, as described in Theorem 1. 

 

Theorem 1. (Theorem Varignon Paralellogram) Given any 

◻𝐴𝐵𝐶𝐷, if the sides 𝐴𝐵, 𝐵𝐶, 𝐶𝐷 and 𝐴𝐷 is divided into two 

parts of equal length are formed points 𝐴1, 𝐵1, 𝐶1 and 𝐷1. If 

the four points are connected, then formed a parallelogram 

and 𝐴1𝐵1𝐶1𝐷1 and 𝐿◻𝐴1𝐵1𝐶1𝐷1 =
1

2
 𝐿◻𝐴𝐵𝐶𝐷. 

 

Proof. Notice △ 𝐴𝐵𝐶 applies 𝐴1𝐵1 // 𝐴𝐶 and 𝐴1𝐵1 =
1

2
 𝐴𝐶, 

to △ 𝐶𝐷𝐴 apply 𝐶1𝐷1 // 𝐴𝐶 and 𝐶1𝐷1 =
1

2
𝐴𝐶 then 𝐴1𝐵1 // 
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𝐶1𝐷1 and 𝐴1𝐵1 =  𝐶1𝐷1. Next, △ 𝐴𝐵𝐷 apply 𝐴1𝐷1 // 𝐵𝐷 and 

𝐴1𝐷1 =
1

2
𝐵𝐷, to △ 𝐵𝐶𝐴 apply 𝐵1𝐶1 =

1

2
𝐵𝐷 then 𝐴1𝐷1 // 

𝐵1𝐶1 and 𝐴1𝐷1 = 𝐵1𝐶1. Because, 𝐴1𝐵1  =  𝐶1𝐷1, 𝐴1𝐷1  =

 𝐵1𝐶1, 𝐴1𝐵1 // 𝐶1𝐷1 and 𝐴1𝐷1 // 𝐵1𝐶1 then 𝐴1𝐵1𝐶1𝐷1 is a 

parallelogram. 

Then, using the midpoint theorem [3] and congruence [1 

and 14] on △ 𝐴𝐴1𝐷1, △ 𝐴1𝐵𝐵1, △ 𝐵1𝐶𝐶1, and △ 𝐶1𝐷𝐷1 we 

get:   

𝐿 △ 𝐴𝐴1𝐷1 =
1

4
𝐿 △ 𝐴𝐵𝐷,  (1) 

𝐿 △ 𝐴1𝐵𝐵1 =
1

4
𝐿 △ 𝐴𝐵𝐶, (2) 

𝐿 △ 𝐵1𝐶𝐶1 =
1

4
𝐿 △ 𝐵𝐶𝐷, (3) 

𝐿 △ 𝐶1𝐷𝐷1 =
1

4
𝐿 △ 𝐶𝐷𝐴. (4) 

Furthermore, equation (1), (2), (3) and (4) is substituted 

into the equation spacious ◻𝐴1𝐵1𝐶1𝐷1 obtained 

𝐿◻𝐴1𝐵1𝐶1𝐷1 = 𝐿◻𝐴𝐵𝐶𝐷 − 𝐿 △ 𝐴1𝐵𝐵1 − 𝐿 △ 𝐵1𝐶𝐶1 

 −𝐿 △ 𝐶1𝐷𝐷1 − 𝐿 △ 𝐷_1 𝐴𝐴_1, 

= 𝐿◻𝐴𝐵𝐶𝐷 −
1

4
𝐿 △ 𝐴𝐵𝐷 −

1

4
𝐿 △ 𝐴𝐵𝐶 

 −
1

4
𝐿 △ 𝐵𝐶𝐷 −

1

4
𝐿 △ 𝐶𝐷𝐴, 

= 𝐿◻𝐴𝐵𝐶𝐷 − (
1

4
𝐿 △ 𝐴𝐵𝐷 +

1

4
𝐿 △ 𝐵𝐶𝐷) 

 + (
1

4
 𝐿 △ 𝐴𝐵𝐶 +

1

4
𝐿 △ 𝐶𝐷𝐴)  

= 𝐿◻𝐴𝐵𝐶𝐷 −
1

4
𝐿◻𝐴𝐵𝐶𝐷 

 +
1

4
𝐿◻𝐴𝐵𝐶𝐷, 

= 𝐿◻𝐴𝐵𝐶𝐷 −
2

4
𝐿◻𝐴𝐵𝐶𝐷, 

𝐿◻𝐴1𝐵1𝐶1𝐷1 =
1

2
𝐿◻𝐴𝐵𝐶𝐷. ∎ 

 

III. MODIFICATION 

Modification of Varignon's theorem is to divide three, four, 

five to 𝑛 parts of each side of the quadrilateral then connect 

each point on the side of the quadrilateral so that another 

quadrilateral is formed in the initial quadrilateral. 

A. Quadrilateral with sides dividing by three 

In Figure 2, for each side of the quadrilateral is divided into 

three equal parts from side 𝐴𝐵 to form a points 𝐴1 and 𝐴2, 

from side 𝐵𝐶 to form a points 𝐵1 and 𝐵2, from side 𝐶𝐷 to 

form a points 𝐶1 and 𝐶2 from side 𝐷𝐴 to form a points 𝐷1 and 

𝐷2. 

 
Fig. 2: Quadrilateral divided by three 

 

Theorem 2. Given any ◻𝐴𝐵𝐶𝐷, if the sides 𝐴𝐵, 𝐵𝐶, 𝐶𝐷 and 

𝐷𝐴 each divided into three equal parts will form a points 

𝐴1, 𝐴2, 𝐵1, 𝐵2 , 𝐶1, 𝐶2, 𝐷1 and 𝐷2. If the points 𝐴1, 𝐵1, 𝐶1 and 

𝐷1 connected, then apply 𝐿◻𝐴1𝐵1𝐶1𝐷1 =
5

9
𝐿◻𝐴𝐵𝐶𝐷. 

 
Fig. 3: Illustration of proof of Varignon modification 

divided three 

 

Proof. To prove 𝐿◻𝐴1𝐵1𝐶1𝐷1 first shown 𝐿 △ 𝐴1𝐵𝐵1 , 𝐿 △

𝐵1𝐶𝐶1, 𝐿 △ 𝐶1𝐷𝐷1 and 𝐿 △ 𝐷1𝐴𝐴1. Pay attention to Figure 3 

then it is obtined   

𝐿 △ 𝐴1𝐵𝐵1 =
1

2
𝐵𝐵1 ⋅ 𝐴1𝐼. (5) 

 Since 𝐴1𝐵 =
2

3
𝐴𝐵 and by using the congruence we get  

𝐴1𝐼 =
2

3
𝐴𝐸. (6) 

 Furthermore, the value 𝐵𝐵1 =
1

3
𝐵𝐶 and equation (6) are 

substituted into equation (5) so that we get 

𝐿 △ 𝐴1𝐵𝐵1 =
2

9
𝐿 △ 𝐴𝐵𝐶. (7) 

In the same way, we get: 

𝐿 △ 𝐵1𝐶𝐶1 =
2

9
𝐿 △ 𝐵𝐶𝐷, (8) 

𝐿 △ 𝐶1𝐷𝐷1 =
2

9
𝐿 △ 𝐶𝐷𝐴, (9) 

𝐿 △ 𝐴𝐴1𝐷1 =
2

9
𝐿 △ 𝐴𝐵𝐷. (10) 

 Furthermore, equation (7), (8), (9) and (10) is substituted 

into the equation 𝐿◻𝐴1𝐵1𝐶1𝐷1 in Figure 2 is obtained 

𝐿◻𝐴1𝐵1𝐶1𝐷1 = 𝐿◻𝐴𝐵𝐶𝐷 − 𝐿  △ 𝐴1𝐵𝐵1 − 𝐿 △ 𝐵1𝐶𝐶1 

 −𝐿 △ 𝐶1𝐷𝐷1 − 𝐿 △ 𝐴𝐴1𝐷1 

 = 𝐿◻𝐴𝐵𝐶𝐷 −
2

9
𝐿 △ 𝐴𝐵𝐶 −

2

9
𝐿 △ 𝐵𝐶𝐷 

 −
2

9
𝐿 △ 𝐶𝐷𝐴 −

2

9
𝐿 △ 𝐴𝐵𝐷 

 = 𝐿◻𝐴𝐵𝐶𝐷 − (
2

9
𝐿 △ 𝐴𝐵𝐶 +

2

9
𝐿 △ 𝐶𝐷𝐴) 

 – (
2

9
𝐿 △ 𝐵𝐶𝐷 +

2

9
𝐿 △ 𝐴𝐵𝐷) 

 = 𝐿◻𝐴𝐵𝐶𝐷 −
2

9
𝐿◻𝐴𝐵𝐶𝐷 

 −
2

9
𝐿◻𝐴𝐵𝐶𝐷 

 = 𝐿◻𝐴𝐵𝐶𝐷 −
4

9
𝐿◻𝐴𝐵𝐶𝐷 

𝐿◻𝐴1𝐵1𝐶1𝐷1 =
5

9
𝐿◻𝐴𝐵𝐶𝐷. ∎ 

 

B. Quadrilateral with sides dividing by four 

In Figure 4, each side of the quadrilateral is divided into four 

equal parts from the side 𝐴𝐵 to form points 𝐴1, 𝐴2 and 𝐴3, 

from the side 𝐵𝐶 to form points 𝐵1, 𝐵2 and 𝐵3, from the side 

𝐶𝐷 to form points 𝐶1, 𝐶2 and 𝐶3 and from the side 𝐷𝐴 to form 

points 𝐷1, 𝐷2 and 𝐷3. 
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Fig. 4: Quadrilateral divided by four 

 

Theorem 3. Given any ◻𝐴𝐵𝐶𝐷, if the sides 𝐴𝐵, 𝐵𝐶, 𝐶𝐷 and 

𝐷𝐴 is divided into four equal parts will form a point 𝐴1, 𝐴2, 

𝐴3, 𝐵1, 𝐵2, 𝐵3, 𝐶1, 𝐶2, 𝐶3, 𝐷1, 𝐷2 and 𝐷3. If the points 𝐴1, 𝐵1, 

𝐶1 and 𝐷1 are connected, then apply 𝐿◻𝐴1𝐵1𝐶1𝐷1 =
10

16
𝐿◻𝐴𝐵𝐶𝐷.  

  

Proof. In the same way using the similarity in equations (7), 

(8), (9) and (10), it is obtained: 

𝐿 △ 𝐴1𝐵𝐵1 =
3

16
𝐿 △ 𝐴𝐵𝐶, (11) 

𝐿 △ 𝐵1𝐶𝐶1 =
3

16
𝐿 △ 𝐵𝐶𝐷, (12) 

𝐿 △ 𝐶1𝐷𝐷1 =
3

16
𝐿 △ 𝐶𝐷𝐴, (13) 

𝐿 △ 𝐴𝐴1𝐷1 =
3

16
𝐿 △ 𝐷𝐴𝐵. (14) 

Next, use the equation (11), (12), (13) and (14) into the 

equation subtitusikan 𝐿◻𝐴1𝐵1𝐶1𝐷1 is obtained  

𝐿◻𝐴1𝐵1𝐶1𝐷1 = 𝐿◻𝐴𝐵𝐶𝐷 − 𝐿  △ 𝐴1𝐵𝐵1 − 𝐿 △ 𝐵1𝐶𝐶1 

−𝐿 △ 𝐶1𝐷𝐷1 − 𝐿 △ 𝐴𝐴1𝐷1  

 = 𝐿◻𝐴𝐵𝐶𝐷 −
3

16
𝐿 △ 𝐴𝐵𝐶 −

3

16
𝐿 △ 𝐵𝐶𝐷  

 −
3

16
𝐿 △ 𝐶𝐷𝐴 −

3

16
𝐿 △ 𝐴𝐵𝐷  

 = 𝐿◻𝐴𝐵𝐶𝐷 − (
3

16
𝐿 △ 𝐴𝐵𝐶 +

3

16
𝐿 △ 𝐶𝐷𝐴) 

 – (
3

16
𝐿 △ 𝐵𝐶𝐷 +

3

16
𝐿 △ 𝐴𝐵𝐷)  

 = 𝐿◻𝐴𝐵𝐶𝐷 −
3

16
𝐿◻𝐴𝐵𝐶𝐷 

 −
3

16
𝐿◻𝐴𝐵𝐶𝐷  

 = 𝐿◻𝐴𝐵𝐶𝐷 −
6

16
𝐿◻𝐴𝐵𝐶𝐷  

𝐿◻𝐴1𝐵1𝐶1𝐷1 =
10

16
𝐿◻𝐴𝐵𝐶𝐷.  ∎ 

 

C. Quadrilateral with sides dividing by five 

In Figure 5, each side of the quadrilateral is divided into five 

equal parts from the sides 𝐴𝐵 forming points 𝐴1,𝐴2, 𝐴3 and 

𝐴4, from the side 𝐵𝐶 forming points 𝐵1,𝐵2, 𝐵3 and 𝐵4 from 

the side 𝐶𝐷 forming points 𝐶1, 𝐶2, 𝐶3 and 𝐶4 then from the 

side 𝐷𝐴 forming points 𝐷1,𝐷2, 𝐷3 and 𝐷4. 

 

 
Fig. 5: Quadrilateral divided by five 

 

Theorem 4. Given any ◻𝐴𝐵𝐶𝐷, if the sides 𝐴𝐵, 𝐵𝐶, 𝐶𝐷 and 

𝐷𝐴 is divided into five equal parts will form a points 𝐴1, 𝐴2, 

𝐴3, 𝐴4, 𝐵1, 𝐵2, 𝐵3, 𝐵4, 𝐶1, 𝐶2, 𝐶3 𝐶4, 𝐷1, 𝐷2, 𝐷3 and 𝐷4. If 

the points 𝐴1, 𝐵1 , 𝐶1 and 𝐷1 connected, then apply 

𝐿◻𝐴1𝐵1𝐶1𝐷1 =
17

25
𝐿◻𝐴𝐵𝐶𝐷.  

  

Proof. In the same way using the similarity in equation (7), 

(8), (9) and (10), it is obtained: 

𝐿 △ 𝐴_1 𝐵𝐵_1 =
4

25
 𝐿 △ 𝐴𝐵𝐶, (15) 

𝐿 △ 𝐵_1 𝐶𝐶_1 =
4

25
 𝐿 △ 𝐵𝐶𝐷, (16) 

𝐿 △ 𝐶_1 𝐷𝐷_1 =
4

25
 𝐿 △ 𝐶𝐷𝐴, (17) 

𝐿 △ 𝐴𝐴_1 𝐷_1 =
4

25
 𝐿 △ 𝐴𝐵𝐷. (18) 

  

Furthermore, equation (15), (16), (17) and (18) is 

substituted into the equation 𝐿◻𝐴1𝐵1𝐶1𝐷1 it is obtained  

𝐿◻𝐴1𝐵1𝐶1𝐷1 = 𝐿◻𝐴𝐵𝐶𝐷 − 𝐿  △ 𝐴1𝐵𝐵1 − 𝐿 △ 𝐵1𝐶𝐶1 

−𝐿 △ 𝐶1𝐷𝐷1 − 𝐿 △ 𝐴𝐴1𝐷1 

 = 𝐿◻𝐴𝐵𝐶𝐷 −
4

25
 𝐿 △ 𝐴𝐵𝐶 −

4

25
 𝐿 △ 𝐵𝐶𝐷 

−
4

25
 𝐿 △ 𝐶𝐷𝐴 −

4

25
 𝐿 △ 𝐴𝐵𝐷  

 = 𝐿◻𝐴𝐵𝐶𝐷 − (
4

25
𝐿 △ 𝐴𝐵𝐶 +

4

25
𝐿 △ 𝐶𝐷𝐴) 

 − (
4

25
𝐿 △ 𝐵𝐶𝐷 +

4

25
𝐿 △ 𝐴𝐵𝐷)  

 = 𝐿◻𝐴𝐵𝐶𝐷 −
4

25
𝐿◻𝐴𝐵𝐶𝐷 

 −
4

25
𝐿◻𝐴𝐵𝐶𝐷 

 = 𝐿◻𝐴𝐵𝐶𝐷 −
8

25
𝐿◻𝐴𝐵𝐶𝐷 

𝐿◻𝐴1𝐵1𝐶1𝐷1 =
17

25
𝐿◻𝐴𝐵𝐶𝐷. ∎ 

 

IV. CONCLUTIONS 

In this section, it will be determined in general that if each 

side is divided into n parts, then there is a comparison of the 

modified area of the Varignon quadrilateral with the area of 

the original quadrilateral to the sequence pattern. 

From the results for the side varignon divided by two, the 

side varignon modification divided by three, the side 

varignon modification divided by four and the side varignon 

modification divided by five, the rows obtained 

𝐿◻𝐴1𝐵1𝐶1𝐷1 =
2

4
,

5

9
,

10

16
,

17

25
, ⋯   
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From the above sequence, the modified area of the 

Varignon triangle can be written in the form 
𝑎𝑛

𝑏𝑛
 . Obviously 

𝑏𝑛 = (𝑛 + 1)2 so   

𝐿𝑛 =
𝑎𝑛

(𝑛+1)2. (19) 

Using Newton's binomial [4] translation or the system of 

linear equations above, the sequence for 𝑎𝑛 = 𝑛2 + 1. 

Furthermore, if it is substituted into equation (19) then we get  

𝐿𝑛 =
𝑛2+1

(𝑛+1)2.  
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