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ARTICLE INFO ABSTRACT
Published Online: Introduced the homological algebra and presented some interesting basic properties of the notion.In
19 January 2022 this paper we extend the above notion to homology groups and tried to proof the some similar basic

Corresponding Author:  properties of the topological homolog groups. We also studied more about the random graph groups of
Abdel Radi Abdel the homology order to find necessary and sufficient conditions for which the hematology is discrete.
Rahman Abdel Gadir We followed the analytical induction mathematical method and we found that studying homology
Abdel Rahman groups may be more important than cohomology groups.
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1. INTRODUCTION

Algebra homology is twentieth century field of mathematics that can trace its origins and connection and homology is one of the
main idea of algebraic topology. Algebra's topology is one of the most important creation in mathematics which uses algebra tools
to study homological groups.The most important of this invariants are homology groups, cohomology groups. The goal of this paper
is to acquire uses study of some classes of algebraic homology (some underline geometry notation). Homology groups, graph and
topology theory and cohomological diminution of random graph groups.

2. SIMPLICIAL COMPLEXES AND HOMOLOGY GROUPS
For now we shall deal mainly with dimensions 2 and 3. Animpticit exercise throughout this is to generalize all the definitions and
proof to higher dimensions.

Definition (2.1):
An oriented 0 — simplex is apoint P: Anoriented 1- simplex is a directed line segment P, P, . An oriented 2 = simplex is triangle
P; P, P; with a prescribed order.
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Figure No.2.1 An Oriented 2-Simplex
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Notice that the simplex of opposite orientations is (defined to be) the negative of the simplex:
1.pP,=—-P,P# PP (1)
2.PP,P; = P,P;P, = P;P P, = —PP,P; = —P,P;P,= —P,P, P; 2
An oriented 3 — simplex is a tetrahedron . P, P, P; P, with a prescribed orientation.

P1

P3

Figure No. 2:2 An Oriented 3-Simplex

Notice that 2- Simplexes:

, 1 2 3
P;P; P, = sign [i j k] P, P, P, 3)
And this extend to higher dimensions.
, 1 2 3 4
P,P; P, P, = sign [l. ik e] P, P,P; P, (4)

The equation 9% = 0. [1]

Theorem 2.2 : Let K be a simpelical complex. Then the homomorphism
on, = on: G,(k) - G, —2(k)
Is trivial that is, 02 = 0
Proof: first we show that is enough to check this on simplexes, since these generate Cy,
Then simply calculate: for example in dimension 2 we have
61(62(P1P2P3)) = 61(P2P3 - PP+ P P) = (P3 —P,) - (P3 —P)+ (P, —P)=0
Corollary 2.3: By (K) = 0p41(n + 1 (k)) is a sub group of Zn (k) = ker (8,,).[5]

3. HOMOLOGICAL ALGEBRA
We compute homology groups, and to construct the homology groups of pair of spaces. These turn out to be stronger invariants
from chain groups.

Definition 3.1:
A chain complex < A, 9> is a doubly infinite sequence A = {...,A,,A;, A, A_1,A_5, ... }
Of Belgian groups Ax, together with A collection d = {6k| k € z} Of homeomorphisms such that d,: A, - A,_;
And 0k0k-1 =0
For braving we shall sometimes denote the chain complex by< A, 8> A. in a chain complex, it is clear that the image of 9, is a
subgroups of the kernel of 9;_, [3]

Definition 3.2:
If A is a chain complex, then the kernel z, (A)of 9, is the group of K- cycles, and the image B, (A) = 0y41(Ax+1)

Is the group of K- boundaries, the factor group
Hy(A) = Z;(A)/Bk(4)
Is the K the homology group of A. [11]

Example 3.3:
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Let X be the one — dimensional simplicial complex shown in figure 3.3

P3

5

P1 PZ

Figure No. 3:3: The Simplicial Complex X

And let y be the sub complex consisting of the edge P; P;
We know that

Hx)=Z [2]
Geometrically, shrinking P, P5 to a point collapses the rim of the triangle, as shown in figure 3.4

Figure No. 3.4 The Simplicial Complex X with Edge P, P; Shrunk to a Point

Theorem 3.4The Chain Complex(3.1) is Exact:

The exact sequence is called the exact homology sequence of the pair (A, A*). If the chain complexes arise from a pair of

topological spaces. In this case , we obtain for subcomplex L of the simplicial complex K,
Oxk+1 ixk jxk

= 5 Ho(L) 5 = Ho(k) 5 = Hy(k, L)

0k ixk—1 ixk—1 ixk—1
— > Hy_1(L) — > Hy_1(k) — - Hy_4(k, L) —

j*1 j*1 j*0
— = H;(KL) — - Hy(k) — Hoy(k, L) - 0.[9]

4. Graph:

Example 4.1 Two important families graphs are the complete graphs and the complete bipartite graphs. The complete graphs on n
vertices is the graph K, that has n vertices and a collection of edges such that each pair of distinct vertices is joined by a single edge

(see figure 4.1)
Ks

Kz

Ka Ks

Figure NO. 4.1: The Complete Graphs Kz , K3, K4, Ks [8]
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Definition 4.2:

The complete bipartite graph K,,,, is a graph having mtn vertices, respectively, such that:
i. Each edge joined a vertex in V,,to a vertex in 1/,
ii. Each pair of vertices V € V,, and V € V, is joined by a single edge.

Examples 4.3 Of Complete Bipartite Graphs are Shown in Figure 4.3

Kis K3
Figure NO. 4.3: The Complete Bipartite Graph Kis, K23, Kas [€,

K33

Theorem 4.4: Let G and GY be graphs with vertex sets Viand V. respectively if there is a homeomorphism h: G —» G" that’s maps
V; bigectvely to V;then G and G are isomorphic and the function h,V; — V,.defined by hv (V) is a graph isomorphism.

Proof:
If we drop the assumption in this theorem that h maps the vertex set of G bigectvely to the vertex set of G, then it does not necessarily
follow that G and G~ are homeomorphic but not isomorphic.

G

Figure No. 4.4 Graphs G and G~ are Hometmorphic but not Isomorphic [9]

5. L2- COHAMOLOGY
Definition 5.1 We define the cellular
L?- cohamology by H(”Z)()?. I = ker(d?) /tm(dP~)
We have affodge decomposition
Gy (M.T) = Ker (A,)@umd + &md* [5]

Theorem 5.2 L?- cohomology and in particular L?- Bett numbers have the following basic properties. Here, let X be a normal
covering of a finite GW- complex X with covering group 7.

1. Assume ["is finite, then X is itself a finite GW- complex and it (ordinary) Bett number bg’z) X.n= %bl’(}?)

Proof:

If I"is finite. all Hebert spaces in question are finite dimensional.

Consequently, im (d) is antomatically closed, and there is no difference between L2- cohamology and ordinary cohomology with
complex coefficients of X in particular.

bP(X) = dim Hp (X, 1) = dim(HE,(X.1)) = 111.bF, (X. 1) [8]
Proposition 5.3: For G afinite group, the homologyH * (G, m).*> 0, is totsion of exponent |G| for any G- module M.
If M= Z with travial G- action, we write H * (G) = H = (G, Z) here are some useful properties:
1. H,(G) = G/|G,G].
2.If G = F /R were F is a free group and R is normal subgroup of F then H,(G) = R n [F,F]/[F,R](Hopf.sformular)
3.If G = B; = B, is the amalgamated free product of B, and B, over a common subgroup A. then there is an exact sequence

2543 \ Abdel Radi Abdel Rahman Abdel Gadir Abdel Rahman?, IJMCR Volume 10 Issue 01 January 2022




“Co-Homological Dimension of Random Graph Groups”

e Hy(BY) @Hy(B;) » Hi(G) > H;_1(A) »n
4.H,(GXZ) = Hy(6)@H;_1(G) [12]

6. COHOMOLOGY
Definition 6.1:

Given a cohomology filtration F= F" of an R-module A the associated graded module is the graded, R-module denoted by Gr
(A,F) and defined by

FP
Fp+1

Gr(A,F)P

[10]

Definition 6.2:
A straight forward verification shows that b2 = 0 Thus, the Hoch child differential defines the two complexes :

b b b
0 - CJ(A) > C}(A) > C}(A) > ....(C.10)
0 C2) S i) S i) S . (c.11)
The cohomology group of the complexes (C.10) and (C.11) are called the cyclic cohomology and the Hochschild home age groups
of the complexescc-101 and can cohomology. respectively, of the algebra A and are denoted by
He?(A) = Z7(A)/B}(4)
He?(A) = Z3(A)/B1(A) [7]

Definition 6.3:
A cohomology theory for Paws of Spaces with values in the category of R-modules consists of a family (h"Inez) of
contravariantfunctors
h™:ToP(2) > R — MoD
and a family 8™ | nez of natural transformations
8™ h" lok — h"[5]

Definition 6.4:
LetT = " — c be acontinuous Linear functional possessing the cyclic invariance property:
Twyw, = (=D Tw,w;,, wy € FT=w, eFk+i=n
Each functional of this form will be called a graded track of degree non £2. [5]

Definition 6.5:

Given a brigaded cohomology spectral sequence EF?, dr and aggraded R-module A* we say the spectral Sequence converges to
A" and write

EPi=AP+a

If:

1. For each (p, q) there exists an 7, so that dr: E?"%*""" - EPis 0 for all r > r,, in particular there is an injection E*'%, —

Ep forallr > n,.
2. there is a convergent filtration of A*, so that for each n, thelimit
EZ" =N,psro EF? is isomorphic to the associated graded = Gr(4*). [6]

Definition 6.6:
If M is an A-module and p > 0, then the path exterior power of M, denoted by AP M, is the abelian group with the following
Presentation.
Generators: A xMx,...,xM (P factorsm).
Relations: For all a,a’ € A and m;,m; € M,

(a,mi,...,mi + mi,...,mp)= (a,mi,...,mi,...,mp)-}- (a,mi,...,mi,...,mp)
For all i,

Iml-

(a +a',m, ...,mp) = (a,mi, ...,mp)(aa’,mi,...,mi,...,mp) = (a,mi, e, a ,...,mp)

For all i
(a,mi, ...,m,,) =0if m; = m; for somei #j
if p=0,then A°M = A,andif p = 1, then
AM = M [11].
Definition 6.7:
For a based space x, we define the reduced cohomology of
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x to be
E~9(x) = E%(x,*)
These results a direct Sussi decomposition:
E*(x) = E*(x) @E*(*)
That is natural with respect to based maps for *€ Acx, the Summand E*(A) maps isomorphic ally under the maps E*(x) - E*(4),
and the exactness axiom implies that there is a reduced long exact sequence

S5
c..> ETTYA) > E9(x,A) » E7%(x) » E72(4) > -
The unreduced cohomology groups are recovered as the special cases.
E*(x) = E"(xy) [10].

Definition 6.8:

A cochain complex G is a z-graded R-module with a graded homogeneous homomorphism of degree = 1. It is customary to
denote the components of a cochain complex by Superscripts c2 and call the graded homeomorphisms
d?:cq - %1 [6].

RESULTS
we showed that the discuss of the constant mean Co-homological dimension of random graph groups and we found the following
results:
1.  We showed that the homology group gives accurate and high-speed results.
2. The ability of the graph or the diagram to any group through the homology and Possibility of calculating the constant mean
cohomological dimension of random graph a group.

CONCLUSION
we calculated the constant mean co-Homological dimension of random graph groups, we also discuss many concepts of Simplicial
complexes and Homology groups Homological algebra, basic theories of graph and Homology.
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