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ABSTRACT
In this paper, we confine over selves to obtain some results on fixed point theorems for a new

category of expansive mappings called (y,o) expansive mapping in b- metric spaces. Our results
are with much shorter proof and generalize many existing results in the literature. We also have
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given some examples to support our results.
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I. INTRODUCTION

During the last 95- years a lot of fixed point theorems have
been established and we find that Banach contraction
principle is at the base of the most of these results established
so far. The concept of metric spaces has been generalized in
many directions. The notion of a b-metric space was
introduced by Czerwik in [11, 12] and during the last few
years by many authors a lot of fixed point theorems have been
proved in b-metric spaces. Recently, Samet et. al.[30] studied
a new class of (o, y) type contraction anda- admissible
mapping

The following definitions are required in sequel.

2. PRELIMINARIES
Definition 2.1 ([6]) Let X be a nonempty set. A mapping d :
X x X — [0, ) is called b-metric if there exists a real number
b > 1 such that for every x, y, z € X, we have

(i) dxy)=0ifandonlyifx=y

(i) d(x,y) =d(y, x)

(iii)y  d(x, 2) <b[d(x, y) + d(y, 2)]

In this case the pair (X, d) is called a b-metric space.
There exists many examples in the literature (see[6-8])(BS)
showing that every metric function is a b-metric function with
b =1, while the converse is not true, i.e. the class b- metric is
effectively larger than that of ordinary metric spaces.

Definition 2.2 [ 15] Let {x,,} be a sequence in a b-metric
space (X, d).
Q) {x,} is called b-convergent if and only if there
is x € X such that d(x,, x) > 0asn — .
(i)  {x,} is called b-Cauchy sequence if and only if
d(x,, X)) > 0asn, m— oo,

A b-metric space is said to be complete if and only if each
b-Cauchy sequence in this space is b-convergent.
Recently, Samet et al.[30] considered the following family
of functions and presented the new notion of (a - w)-
contractive and o - admissible mappings.

Definition 2.3 ([31]) Let ¢ denote the family of all
functions v : [0, 00) — [0, o) which satisfy the following :
(M Y1 W (t) < oo for each t > 0, where y " is the
nth iterate of y/;
(i) w is non-decreasing.

Definition 2.4 ([31]) Let (X, d) be a metric space and T : X
— X be aself-mapping. T is said to be an (o, y) — contractive
mapping if there exists two functions a : X x X — [0, )
and y € ¢ such that

a(x, )d(Tx, Ty) < wy(d(x,y)) forall x,y € X.

Definition 2.5 ([31]) Let (X, d) be a metric space and T : X

— Xand a: X x X — [0, o). T is said to be a-admissible if
X, yeX aX,y)>21l= o(Tx, Ty) > 1.

Now we present an example of a-admissible mappings.

Example2.6 Let X be the set of all non-negative real
numbers. Let us define the mapping

o XxX—[X, o) by

27V ifx =

“(X’y):{o, i]]:x<;}
and define the mapping T : X — X by Tx = 2*for all x €
X. Then T is a-admissible.
Let K denote all functions y : [X, ©) —
[X, o) which satisfy the following
properties:
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(M vy is non-decreasing;

(ii) Y1 W (@) <o for each a> 0, where ¢ ™ is the
nth iterate of &;

(i)  y(@+b)=y(@)+wy(h)

Lemma 2.7 [31] If y:[X, o) — [X, «) is a non-decreasing
function, then for each a > 0,

lim y™(a) impliesy (a) <a.

n —oo

Definition 2.8 [26] Let (X, d) be a metric space and T : X

— X be a given mapping. We say that T is (v, a)-

expansive mappings if there exist two functions v : [X,

o) — [X, o) and a : X X X — [X, «©) such that
v(d(Tx,Ty)) = a(x, y)d(x, y) forallx,y e X.

In what follows, we present the main results of Samet et al.

[11].

Theorem 2.9 [31] Let (X, d) be a complete metric space
and T : X — X be an a-y contractive mapping satisfying the
following conditions:
(i) T is a-admissible;
(i) there exists Xo € X such that a(xo, TXo) > 1;
(ii) T is continuous.
Then T has a fixed point, that is, there exists x € X
such that Tx = x

Theorem 2.10 [31] Let (X, d) be a complete metric space
and T : X — X be an a-y- contractive mapping satisfying
the following conditions:

(i) T is a-admissible;

(i) there exists Xo € X such that a(xo, TXo) >1;

(ii) if {xn} is a sequence in X such that a(xn, Xn+1)

> 1 for all n and x, — x € Xas n -, then
a(xn, x) > 1 for all n.

Then T has a fixed point.

Samet et al. [31] added the following condition (H) to the
hypotheses of Theorem 2.10 and Theorem 2.10 to assure the
uniqueness of the fixed point:

@)  Forall x,y € X, there exists z € X such that a(x,

z)>1and a(y,z)>1.
We introduce here a new notion of (v, a)-
expansive mappings as follows:
Let K denote the set of all functions y : [0, +o0) — [0, +o0)
which satisfy the properties:

(i) v is non-decreasing ;

(i)  X=1 bt/ (a) < +o for each a > 0, where y/

is the j" iterate of y ;

(iii)  y(at+tb)y=y(@+y(b), Vabel0,+o)
Lemma 2.11 [31] If v : [0, +00) — [0, +o©) is a non-
decreasing function, then for each a > 0,

limn_1 W"(@) = 0 implies v (a) < a.
Definition 2.12 [26] Let (X, d) be a metric space and T :
X — X be a given mapping. We say that T is an (y,a) -
expansive mapping if there exist two functions y € K and
o : X x X — [0, too) such that

(A)  y(d(Tx,Ty)) = alx,y)d(xy)

forall x,y € X.

Remark 2.13 If T : X — X is an expansion mapping, then T
is an (y , a)-expansive mapping, where a(x, y) = 1 for all x, y
€ Xand y (a) =saforall a>0andsomes € [0,1).
Throughout this paper we shall making use of the
standard notations and terminologies of nonlinear
analysis.

3. MAIN RESULTS

Theorem 3.1 Let (X, d) be a complete b- metric space with
constantb>1and T : X — X be a bijective, (y, o) - expansive
mapping satisfying the following conditions:

(i) T-1 is a-admissible;
(ii) there exists Xo € X such that a(x,, T 1xy) > 1;
(ii) T is continuous.

Then T has a fixed point, that is, there exists z € X
such that Tz = z.
Proof : Let us define the sequence {xn} in X by x,=
Txp4q, foralln €N,
where Xo € X is such that a(x,, T™x,) > 1. Now, if x,=
Xn4+1 TOr any n € N, then from the definition {Xn} it can be
easily seen that x, is a fixed point of T. Hence, without loss
of generality, we may assume x, # x,,, foreachneN.
It is given that a(x,, x;) = a(x,, T 'x,). Recalling that

T~1 is a-admissible, therefore, we have
a(T xy, T7x;) =alxy, x1) =
1
Using mathematical induction, we obtain
(31.1) a(xp, xpe1) 21 forallneN.
Using (3.1.1) and applying the inequality (A) with x = x,,,
andy = x,,,, We obtain
d(xp, Xp41) <

y(d(Tx, Ty)) = w(d(xn-1, Xn))
Therefore, by repetition of the above inequality, we have
that

a(xy, Xp41)d Xy, Xpyq) <

d(xp, xpi1) < W(d(xg,x1)), forallneN.

For any n > m >0, we have
d(Xm, Xn) < bd(Xm, Xm+1) + b%d(Xme1, Xms2) + . . .
1, Xn)

< (by™+ b2y™+ | ..+ b™™y™1)d(Xo, X1)
From Y-, b y/(a) < +oo for each a > 0, it follows that
{xn} is a Cauchy sequence in the complete metric space
(X, d). So, there exists z € X such that x,, — z as n — ~+o0.
From the continuity of T, it follows that X, = TXn+1 — Tz as
n — +oo. By the uniqueness of the limit, we get z = Tz, that
is, z is a fixed point of T . This completes the proof.
In what follows, we prove that Theorem 3.1 still holds for
T not necessarily continuous, assuming the following
condition:
(B): If {x,} is a sequence in X such that a(x,, x,,;) >1
for all nand {x,}— u € X as n —»+oo, then
(3.1.2) a(xy, T 1xy) =1, foralln.

+ b™Md (X
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Theorem 3.2 If in Theorem 3.4 we replace the continuity of
T by the condition (B), then the result holds true.
Proof: Following the proof of Theorem 3.1, we know that
{xn} is a sequence in X such that
d(x,, xp41) =1forallnand {x,}— z € X as n — +o. Now,
from the hypothesis (3.1.2), we have
(3.2.1) a(T x,, T 'z) >1, forallneN.
From (3.2.1), (3.1.2) and b-triangular inequality, we have
d(T™'z, z) < b(d(T7'z, Xpi1) + d(Xpyq, 2))
=ba(T 1z, T 1x,)d(T 'z, T 'x,)
+bd(xpe1, 2)
< by(d(xy, 2) +bd(xn41, 2))
Continuity of y at t = 0 implies that (T™z, z)=0asn —
+o0. Thatis, T"'z = z.
Consider, Tz=T(T 'z)=(TTT 1)z = z. This gives an end
to the proof. Q

We now present some examples in support of our
results.

Example 3.3 Let X = [0, +0) endowed with standard
metric d(X, y) = |x —y| for all x, y € X. Define the mappings
T:X—Xanda: X xX — [0, +w) by

T 2x—£, x=>1, d ( )
X = an o(X, =
=, xe[0,1) y

0, x,y €]0,1),
{% , otherwise

Clearly, T is an (y,a)-expansive mapping with y(t) = t/4
forall t> 0.

In fact, for all x, y € X, we have id(Tx, Ty) > a(x, y)d(x,
y)-

Moreover, there exists Xo € X such that o(xg, T 1xy) > 1. In
fact, for x, = 1, we have a(1, T11) = 1.

Obviously, T is continuous, and so it remains to show that
T~ is a-admissible. For this, let x,y € X such that a(x, y)
>1. This implies that x >1 and y > 1, and by the definitions
of T~ and a, we have

T‘lx:;—f + % >1, T'lyzg + % >1 and a(T x, T 1y)
= ]_’

Then T~ is a-admissible.

Now, all the hypotheses of Theorem 3.4 are satisfied.
Consequently, T has a fixed point. In this example, 0 and %

are two fixed points of T.

Example 3.4 Let X = [0, ) endowed with the standard
metric d(X, y) = [x —y| for all x, y € X. Define the mappings
T:X—>Xanda: X x X — [0, ©) by
Vx, x>1,
T = {3xemJ)
0, x,y €][0,1),
{E , otherwise

and alX, y) =

Due to the discontinuity of T at 1, Theorem 3.1 is not
applicable in this case. Clearly, T isan (v, o)-expansive

mapping with y (t)=t/4 forall t>0. In fact, for all x,y € X,
we have

i d(Tx, Ty) = a(x, y)d(x, y).

Moreover, there exists Xo € X such that o(xo, T"*Xo) > 1. In
fact, for xo=1, we have o1, T711) =1

Now, let X,y € X such that a(x,y) >1.

This implies that x>1, y >1 and by the definition of T~* and
o, we have

T=1x = x4 >1, T ly = y1/4 >1 and

aT™x, Tly) = 1. Then T7lis o-

admissible.

Finally, let {x»} be a sequence in X such that a(xn, Xn+1) >
1foranand {Xn,}—>x€Xasn—oo.

Since a(xn, Xn+1) = 1 for all n, by the

definition of a, we have x,, >1 for all n and

x>1. Then a(T1x,, T~1x)=1.

Therefore, all the required hypotheses of Theorem 3.2 are
satisfied, and so T has a fixed point. Here, 0 and 1 are two
fixed points of T.

Remark 3.5 As in the previous example, the expansion
mapping theorem is not applicable in this case either. To
ensure the uniqueness of the fixed point in Theorem 3.1
and 3.2 we consider the condition:

(C): Forall z,, z, € X, there exists z € X such that a(z;, z) >
land a(z,, 2) > 1.

Theorem 3.6 Adding the condition (B) respectively to the
hypotheses of Theorem 3.1 and Theorem 3.2, we get the
uniqueness of the fixed point .

Proof Theorem 3.1 and 3.2, the set of fixed points is hon-
empty. We shall show that if z; and z, are two fixed points
of T, thatis, T(z,)= z; and T(z,) = z,, then z; = z,.
From the condition (C), there exists z € X such that
(3.6.1) a(z4, z) > 1land a(z,,2)>1

Recalling the a-admissible property of T-1, we obtain
from (3.6.1)

(3.6.2) a(zy, T"'z) 21 and a(z, T7'z) > 1, foralln
EN

Therefore, by repeatedly applying the a-admissible
property of T™1, we get

(3.6.3) a(zy, T™™2) 21 and a(z,, T™"z) > 1, forallne
N..

Using the inequalities (3.2.1) and (3.6.3), we obtain

a(Zl, T_nZ) < 0((21, T_nZ)d(Zl, T_nZ) < \V(d(zl,
T—n+1z))

On repeating the above inequality implies we obtain
o(zy, T™"2) < v (d(z1,2)), forallneN.

Thus,we have Tz »>zasn —oo.

Using the similar steps as above, we obtain T~z — z, as
n — oo.

Now, the uniqueness of the limit of Tz
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gives us z; = z,. 17. Kang, SM: Fixed points for expansion mappings.
This completes the proof. Math. Jpn. 38, 713-717 (1993)

18. Karapinar E.: Fixed points results for a-admissible
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