ISSN - 2320.7167

International Journal of Mathematics and Computer Research

ISSN: 2320-7167 Mathentalcs & Commatod Rasomrch
Volume 10 Issue 05 May 2022, Page no. — 2673-2681 - Vmu“;é
Index Copernicus ICV: 57.55, Impact Factor: 7.362 “-s =
DOI: 10.47191/ijmcr/v10i5.02 2022

Conserved Quantities of a Nonlinear Coupled System of Korteweg-De Vries
Equations

Joseph Owuor
Faculty of Applied Sciences and Technology, School of Mathematics and Actuarial Sciences, the Technical University of Kenya.

ARTICLE INFO ABSTRACT
Published Online: The conserved vectors from a system of coupled Kortewegde Vries equations that have modelled
07 May 2022 the propagation of shallow water waves, ion-acoustic waves in plasmas, solitons, and nonlinear

perturbations along internal surfaces between layers of different densities in stratified fluids, for
example propagation of solitons of long internal waves in oceans. Notable applications have been to
model shock wave formation, turbulence, boundary layer behavior, and mass transport. This paper
illustrates the computation of conserved quantities using two approaches. First, by the multiplier

Corresponding Author: method and by an application of new conservation theorem developed by Nail Ibragimov.

Joseph Owuor 2010 Mathematics Subject Classification. 47B47; 47A30.

KEYWORDS: coupled KdV equations; soliton; multipliers; conservation laws.

INTRODUCTION

Conserved quantities have been used to qualitatively understand solutions to partial differential equations and even to construct
exact solutions for the same. The dynamics of shallow-water waves, ionacoustic waves in plasmas, and long internal waves in
oceans can be studied by understanding coupled KdV equations, which can be deduced the classical kdv equation .

(D Ji+ adx+ Bk =0,
for o and B as constants, we let
(2) J(t,X) = u(t,x) + iv(t,x),
where i2= —1. Then substituting (2) into (1) and separating the real and imaginary parts, we obtain
(3) A1= U+ auuyx— ovve+ P = 0, A2 = Ve + auvy + ovux + fyvex= 0,

which is a nonlinear system of coupled KdV equations. This paper uses symmetries of kdV equation to construct conservation laws
for a nonlinear coupled kdV system (3).
Preliminaries
In this section, we outline preliminary concepts which are useful in the sequel.
Local Lie groups. [5] In Euclidean spaces R" of x = x'independent variables and R™of u = u* dependent variables, we consider the
transformations
Te: X =gl (Xuse), U “= X u%e),
involving the continuous parameter ¢ which ranges from a neighbourhood N "= N c R of € = 0 where the functions ¢' and *
differentiable and analytic in the parameter e.
Definition 0.1. The set G of transformations given by (4) is a local Lie group if it holds true that
(1) (Closure) Given T4, T2 € G, for e1,c2€ N ‘c N, then TuT2=Ts € G, = d(er,e2) € N.
(2) (Identity) There exists a unique To € G if and only if ¢ = 0 such that T, To= ToT,=T..
(3) (Inverse) There exists a unique T.—1 € G for every transformation T. € G,
where ceN'cN and c'eNsuchthat T.T—1=
Te—1Te=TO.
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Remark 0.2. Associativity of the group G in (4) follows from (1).
Prolongations. In the system,

(5) Ao T U Uy, ) = Ay =0,
the variables u“are dependent. The partial derivativest () = {uf'}, u() =
{-u% yees Ul = {uf’;,ﬂ }, are of the first, second, ..., up to the zth-
orders.
Denoting
© D= a0
= 7 tu; U
Y Ox " ou® Y oug

the total differentiation operator with respect to the variables x'and 5;’ , the Kronecker delta, we have
) Di(x?) =6, ", u® = D;(u®), uy; = Di(Di(u®)) -
where u“ defined in (7) are differential variables [8].
(1) Prolonged groups Consider the local Lie group G given by the transformations

(8)

7t = 991.(:[:1_ ’U«a, E), ( =7t g% =h° (:Ll u. E), wa = u,
e=0 e=0
|
where the symbol means evaluated on € = 0
e=0

Definition 0.3. The construction of the group G given by (8) is an equivalence of the computation of infinitesimal transformations

(9)

f,'l ~ I'J. + 5&(33?1 u(1)6= (P" — Il._ a(l o uﬁ(l‘ + ??(} (3:'.'1 u()')e, ,l;';(l — “’(I7

e=0 e=0

obtained from (4) by a Taylor series expansion of ¢'(x},u%e) and y'(x\,u%e) in € about € = 0 and keeping only the terms linear in ¢,
where

10) iz, ue) = 2210000 Oy (', u”, o)

Oe ‘6:0’

n*(z', u®) =

e=0

Oe
Remark 0.4. The symbol of infinitesimal transformations, X, is used to write (9) as
(11) T (14 X)2', 1%~ (14 X)u®
where
(12) X = gi(mi. “cx) 8 + T]“ (Tt un) 8 ,
! (')Tv ’ aua

is the generator of the group G given by (8).
Remark 0.5. To obtain transformed derivatives from (4), we use a change of variable formulae

(13) Di=Di(¢)D j,
where D jis the total differentiation in the variables x . This means that
(14) = Dy(u®), uly = Dy(al) = Di(al).
If we apply the change of variable formula given in (13) on G given by (8), we get
(15) Di(”) = Di(¢?), Dy(@®) = al Di(¢)
Expansion of (15) yields
(9“"j £ 0"‘] 7 8 U’Q . a?ﬁi’ﬂ
(16) TG E =
ox’ "ol T O ofi
The variablesy can be written as functions of x',u*,uq), that is
(17) uf = ¢ (a', u”, uy, €), ° = ul"
e=0

Definition 0.6. The transformations in the space of the variables x,u%ug) given in (8) and (17) form the first prolongation group
G,
Definition 0.7. Infinitesimal transformation of the first derivatives is
(18) U %= U+ G%,  where  G*= GHX,U%UG),€).
Remark 0.8. In terms of infinitesimal transformations, the first prolongation group G is given by (9) and (18).
(2) Prolonged generators
Definition 0.9. By using the relation given in (15) on the first prolongation group G given by Definition 0.6, we obtain [5, ?]
(19)
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Di(Xj + éje)(u“j + (j%) = Di(u* + %), which gives u?’ + C;?E -+ u? ED.,;fj e u? + D,,;-,rf‘g,and thus
(20) ¢ =Di(n®™) — u D;(£7), is the first prolongation formula.
Remark 0.10. Similarly, we get higher order prolongations [9] ,
(21)  &Gi*=Dy(&» — u%Di(e), ..., G, = Die( G001 1) — Ui%,i2,...,ix-1jDi(&).
Remark 0.11. The prolonged generators of the prolongations
GM,...,GH of the group G are

9 ‘ ) J
X=Xt XM =Xkl k>
(22) + (:f au? ) + C?lu"*"‘” o ﬁ _____ ix "=

where X is the group generator given by (12).
Group invariants.
Definition 0.12. A function I'(x,u®) is called an invariant of the group G of transformations given by (4) if
(23) rCa’, u®) =T, u®).
Theorem 0.13. A function I'(x',u“) is an invariant of the group G given by (4) if and only if it solves the following first-order linear
PDE:
[5]
ar

+ (2t u®) =0

S I
(24) XTI =& (x", u®) 0 .
due

ozt

From Theorem (0.13), we have the following result.
Theorem 0.14. The local Lie group G of transformations in R"given by (4) [8] has precisely n—1 functionally independent invariants.
One can take, as the basic invariants, the left-hand sides of the first integrals

(25) l//1(Xi,u“) = C1,.o, Wina(X,U%) = Cno,
of the characteristic equations for (24):

o dr’ du”
(26) =

{‘[.I":. ”rl} i.jl-:tl::_i,-.a_ ”-:t]'

Symmetry groups.
Definition 0.15. The vector field X (12) is a Lie point symmetry of the PDE system (5) if the determining equations
(27) XmA, =0, a=1,....m, w=>1],
Aa=0
are satisfied, where means evaluated on A, = 0 and X is the
A =0
a m-th prolongation of X.
Definition 0.16. The Lie group G is a symmetry group of the PDE system given in (5) if the PDE system (5) is form-invariant, that
is

(28) Ay T T Ty, Tiry) = 0.
Theorem 0.17. Given the infinitesimal transformations in (8), the Lie group G in (4) is found by integrating the Lie equations
(29)
[]"rl. i i = if i d”“ r i [y o | fi
— =§£ (', u"), =& =, —=n'(r,u"), u = u".
de e=i) de e=l)
Lie algebras.

Definition 0.18. A vector space V. of operators [5] X (12) is a Lie algebra if for any two operators, Xi,X; € V;, their commutator
(30) [Xi,Xj] = Xin— Xin, isin V. for all i,j =1,..r

Remark 0.19. The commutator satisfies the properties of bilinearity, skew symmetry and the Jacobi identity [5].

Theorem 0.20. The set of solutions of the determining equation given by (27) forms a Lie algebra[5].

Exact solutions. The methods of (G’/G)-expansion method [21], Extended Jacobi elliptic function expansion [22] and Kudryashov

[23] are usually applied after symmetry reductions.

Conservation laws. [10]

Fundamental operators. Let a system of zth-order PDEs be given by

(5).

Definition 0.21. The Euler-Lagrange operator ¢/0u”is
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o d J
31 — = -+ -1)"D;,,..., Dy, —,
(3 du®  du~ Z( )" D, Toud;,
r>1 122.-
and the Lie- Ba cklund operator in abbreviated form [5] is
@) X=¢6— d -+
Remark 0.22. The Lie- Ba“cklund operator (32) in its prolonged form is
9]
(39 5—+;a“+ZCu i

K>1 Wiiy...i

0 e

where (34) {ia = Di(Wa) + &uaij, ...,¢ial...ik = Dil...ik(Wa) + ujial...ix, j = 1,...,n. and the Lie characteristic function is

(35) We = e — dus.
Remark 0.23. The characteristic form of Lie- Ba cklund operator (33) is
d d
(36) =D+ We——+Dj, i (W)
ou® g, i

Remark 0.24. Noether’s Theorem is applicable to systems from variational problems
The method of multipliers.
Definition 0.25. A function A® ;r:i, u™, ey, - ) = A, isamultiplier of the PDE system given by (5) if it satisfies the condition

that [17]

(37) A“A,= DiT', where DiT'is a divergence expression.
Definition 0.26. To find the multipliers A%, one solves the determining equations (38) [3] ,
)
38 A°AL) = 0.
( ) 5'&“ ( )

Ibragimov’s conservation theorem . The technique [10] enables one to construct conserved vectors associated with each Lie point
symmetry of the PDE system given by (5).
Definition 0.27. The adjoint equations of the system given by (5) are

(39) T T L T 'u(,r)) =

where v*is the new dependent variable.
Definition 0.28. Formal Lagrangian L of the system (5) and its adjoint equations (39) is [10]

(40) L = vA.(X,u%Uqy,...,Uc)-
Theorem 0.29. Every infinitesimal symmetry Xof the system given by (5) leads to conservation laws [10]
(41) DT =0,
A(!:U
where the conserved vector
(42)
. . oL oL oL
T"=L+W* | —— —D; +D;Dp | — | —...| +
oud (93.5“ gy
oL oL oL

DiW) |5 = Dic 5o | |+ DiDR(W) | 52—

Main results

An illustrative example with a the classical kdV equation can be found in [6]. We now present our results in this section.
Nonlinear Coupled Korteweg-de Vries (KdV) Equations.
Lie point symmetries and solutions of the nonlinear coupled KdV Equations (3). The infinitesimal transformations of the Lie group
with parameter ¢ are
(@3) t =t+&(txuVv)e, X =x+&(tXUV)e, U =u+'(tx,uv)e v =Vv+5'(txu,Vv)e The vector field

(44)
) d
X = E(t:rut’) +£ (l‘muo)——l—n(l‘fcu't,)——H?(z‘:ruz)d
v
is a Lie point symmetry of (3) if
@5  xBIA, = 0XPIA, = 0.
A1=0, Ay=0 A1=0, Ay=0

Expanding (45) and and splitting on derivatives of v and u, we have an overdetermined system of ten PDEs, namely,
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(46)

P
S

Solving the system (46) yields

(47)

=0, & =0, £ =0, & =0, 5 , &=
: 25,;- =0,
= Ay + 3Ast, £ = A2z + adst + Ay, n" =

, ER=0, 35 —£ =0,
&m; F2aéiu — 355 =10
24zu + Aa, 7" = =240,

for arbitrary constants A1,A2,As,As. Hence from (47), the infinitesimal symmetries of the coupled KdV Equations (3) is a Lie algebra
generated by the vector fields

(48)

5

X =

ot

Xo =

d

—. X3
ox’

0
ox

=at— + —

0
ou’

0 d

Xy=3t—+aor——

ot ox

0.0.1. Commutator table. The set of all infinitesimal symmetries of coupled KdV equations forms a Lie algebra and vyield the
following commutation relations in Table 0.0.1.

[Xi,Xi] X1 X2 X3 Xa
X1 0 0 oX> 3X1
X2 0 0 0 X2
X3 -oX> 0 0 -2X3
X4 -3X1 -X2 2X3 0

A commutator table for the Lie algebra generated by the symmetries of coupled KdV equation.
0.0.2. Local Lie groups. The following Lie groups, for i = 1,2,3,4, are obtained

(49) T, :t=t+e, r=x, t=u, U =1

(50) T.,:t=t, r=x+¢€, i=u, v =1

(51) T.,:t=t, r=x+ael, u=u+e€3, U=1
(52) T., :t= te™, F=rze™, il =ue 4, §=uve

Conservation laws of the coupled KdV Equations (3). Construction of conserved vectors for the coupled KdV Equations (3) is
done using two methods; the method of multipliers and a theorem due to Ibragimov.

Conservation laws of (3) using the multipliers. We look for local conservation law multipliers for the system (3), whose
determining equations are given by

0 . .
(53) (s_ [A1A1 + AQAQ] - (5 [A Al + AzAg] == ,
U U
where
0 d 0 0 . 0
54)  — - D D, D? - D? e
(4) ou _ Ou "ou, T O, e Mgy o ST te
) 0 0 7] d 0
(55) = — —Di— — D, + D —— — D3 +oen
ov v vy d My OV
are the Euler-Lagrange operators and
(56)
D, = a+u6+va+u +uv 8+ua+va+
ot tou ov T Tou,  Tov,  Mow "o,
(57)
D + + + 0 + 0 + + + -
e =g T U T U T Upe 7 T Vg~ T U Ut TN
dx ou ov du, v, . c‘) ! Ov
are total derivatives operators. If we consider second order multipliers
(58) A" = A"(t,X,U, Uy, Uxx, V,Vx, V), n=1,.2,
then the determining Equations (53) become

2677 Joseph Owuor, IJMCR Volume 10 Issue 05 May 2022



“Conserved Quantities of a Nonlinear Coupled System of Korteweg-De Vries Equations”

(59)
% [Al{ut + autly — VU B Ugas } + A2 {0, + quv, + avu, B er}] =0,
(60)
% [Al{ut + auty — avvy B Upre b + AQ{'U.t + auv, + avu, 48 Tfrm}] =0.
Expanding (59)-(60) and splitting on derivatives of u and v yields an over-determined system of 22 PDEs, namely
" A =0, AL =0 A, =0, AL =0, A, =0, A7, =05 A, —ah;, =0,
B A, +alAl, =0, AL, =0, A2 =0, Al =0, A2 =0, AL+A2=0,

Al +a Ao+ Au) =0, AJ+a Au—Alw)=0, AJ—A)=0, A, =0, A2 =0,

Calculations reveal the solution of the system (61) as
(62)
1@ 2 2 1
A =5 caf{u® — v} + 2(:_1':1,1;) + (et + e5)u + (ert + )V + Calpy + CoUr + €7 — —Com,
| o
2 @ 2 2 1
A =5 cafu® — v} — 2(:3-tw+) + (1t + e)u — (Cat + ¢5)U + Collyy — C3Uzp + 08 — —C1 T,
a

/

for arbitrary constants c,...,Cs.
Remark 0.30. Essentially, the nonlinear coupled system of KdV Equations (3) has eight sets of local conservation law multipliers.
Solving (53),, we obtain conserved quantitites corresponding to each set of multipliers as shown below. (i) The multiplier

63) A[LA) = (tv,tu. — E) ,

(8
has the conserved vectors

(64)
. oo 1 , v
T] =tuv — ) T] :3 t{'U Uy + UVpy — U:r:u':f:} + _{'U:L' - ':CIU.'I,‘.’L'} + a |t | uv— —
« « 3

(ii) The multiplier
(66) AL A2) = (tu _— —tv),

a
has the conserved vectors

(67)
oty 9 U . 1, 9 1
Ty=—Au*—v'}——, Ty FB |t| ey — VU + {07 —ui} | + —{us — 2z }| +
2 o 2 «
3
at [% - m;2} - g{vg —u?}.
(iii) The multiplier
68) AL A3) = (;{u2 — 02} 4 Uy, —{;ﬂﬁ + UII}> ,
has the conserved vectors
(69)
3
Ti = ’Qg (% - m,‘2> . IT = g [(ug — V0" Uy — UQU;L.J,.} — QUVVzp+
i . k 2 1 o
(70) ﬁg (w2, —vl,] +wu, — v, +§— {E{U4 + vt} — 3?1.2?)2} :

(iv) The multiplier

PIT 12 2
(71) Ai A?I) - ({% + U.’L‘.’IJ}; O/[LL}Q—U} + u:;::r:)y

has the conserved vectors
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(72)
3
Qo . v

T, =3 (uzfu - 3)
(73)
-T:I,‘ . QQ 3 o3 , ; a 2 2 3 7

4 —E [(u U — uv )] + v, + v, + g(u — v )Ua:.r 4 {a;m; £ Ifa:a:}um:'

(v) The multiplier |
(74) Aé, AE) = (u, —v), has the conserved vectors
(75)
1 s ~ 02— u? ud .
j-:r: - 2{“2 o Uz}? :r; :6 ('UU-_-,;;,‘ — Ul + #) “+ a (? — 'UJUZ)-

(vi) The multiplier
(76)  Ag, A7) = (v, u), has the conserved vectors

3
(77) Té = uv, T()l :3 (vu;'r::r: + UVyy — u.’.r:’U:r:) + (UZ,U - %)

(vii) The multiplier

(78) A7, A?) = (1, 0), has the conserved vectors

(79) Tr=u, TF= %{uz - ‘UQ} 4B Upy
(viii) The multiplier has

(80) AL AZ) = (0,1)
the conserved vectors

(81) Tg = v, Tén = auv Jﬁ Vg
Remark 0.31. It can be shown that
(82) D,T! + D, T} =0,
A1=0, Az=0

fori=1,..8.
Remark 0.32. The expressions in (82) are eight conservation laws for the coupled KdV system (3).
Remark 0.33. The presence of multipliers
1 A2 1 A2
83)  ALAZ) =(1,0), ALAZ)=(0.1)

manifest that the coupled KdV equations are themselves conservation laws.
Conservation laws of (3) using Ibragimov’s theorem. In this section, we derive conserved vectors for coupled KdV equations (3) by
a new theorem due to Ibragimov. The adjoint equations for the nonlinear system coupled KdV Equations (3) are

(84)

A= fitaufe+avg + Bfize =0, Al =g — avfe + augy + Bgzze = 0.
The formal Lagrangian L for the nonlinear coupled system of the KdV Equations (3) and its adjoint Equations (84) is given by

(85) L = f{uw+ auus — avvy + g } + g{ve + 0uve + avity + Fger }

where f and g are new variables. We shall use the Lie point symmetries of the system (3) ,namely
(86)
X1= 0 X2= Ox, X3= atOx+ Ou, Xa = 3t0; + xOx— 2udy — 2v0y,
to derive conserved vectors corresponding to each symmetry below.
Case (i) The symmetry X; = 52, yields Lie characteristic functions given by

(87) Wl = —u;, WE=—uv
Hence by Ibragimov’s theorem [10], the associated conserved vector is given by
T =a [f{uu, — vv.} + g{lou, + wv }] + B{ e + gvrs )
(88) IV =a[f{—uu + vou} — g{vu; + uvy}]
F A frter + govie — e frr — VeGae — flltzr — GUtz }-
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Case (ii) The symmetry X, = 5.2, yields Lie characteristic functions
(89) Hfgl = Uy, H’722 = Uy

Therefore by Ibragimov’s theorem [10], the associated conserved vector is

(90)
T =—u,f—v.g, T3 =fu+gv+ 8{—u.for — 0@er + oty + gov2 )

Case (iii) The symmetry
9] d
91 Xg=at— + —
(1) s dr  Ou
yields Lie characteristic functions given by
(92) VVS =1- Q’t“:}z:- I’ir;z = _th":r:'

Hence by Ibragimov’s theorem [10], the associated conserved vector is given by

(93)
Tit =[f- Gt{uxz:f + U;rg} )
}I = )[U, + gv + t{ui f + 'Uf._q} ‘b’ t{ {;; - u;cf.c:c = VUgGuz + f;cu:c;l: + ._q;t"U:L':L'}
Case (iv) The symmetry
J 0 d d
%) X, =3t—4+1——2u— — 20—

ot " ox ou v
yields the Lie characteristic functions
95 W) = —2u— 3tu, — au,, W:=—2v— 3ty — zv,
Consequently by Ibragimov’s theorem [10], the corresponding conserved vector is given by
(96)
Ti =« [St{fuu:v - fUrU:r + quvy, + gU’M:I:H ‘1‘3 [31&{.}("”;:'3::1: + ._(]'U:z::r;z'}]
— 2{fu+ gv} — x{fus, + guv.},
T_,f: = :E{fut + g?’t} "3 [3 f:r:u:lr + gzUz + t{f;r:ut.u: + g:r?"i:z'})]
—a[2 flu® =o'} + 2g9uv) + 3t f{uu —vv} + g{ou + uv})]
73 [I{u‘rfr‘r + ’U:z'ga:;r - f:cu‘m" - gmfv.ﬁ“m} + 2{’11-,][.3?3: + '“gar:r}}

_:'5 [St{f:r':l:'“".[ + Q:;:.u:'f-"f + ffl-ti':ﬂ:l: + Q'Ut:;:;z:} + 4{.]0”:1':1: + 9"“:1:;::}] .
Remark 0.34. The appearance of arbitrary functions f(t,x) and g(t,x) in the conserved quantities proves the existence of infinite
conservation laws for coupled KdV system obtained by Ibagimov’s method.

CONCLUSION

In this paper, Lie group analysis was employed in studying a nonlinear coupled kdV system. We used multiplier approach to compute
conserved quantities for a nonlinear coupled kdv equations. A fourdimensional Lie algebra of symmetries was found for the
nonlinear coupled system of KdV equations. This was spanned by space and time translations, Galilean boost and scaling symmetries
where the scaling symmetry acts on four variables. Lastly, associated to each symmetry, we employed Ibragimov’s theorem in the
construction of infinitely many conserved quantities. From this work, one can see that mass, momentum and energy are conserved
quantities in the evolution of a nonlinear coupled KdV system. In fact, only some of the first laws have a physical interpretation.
Higher-order laws aid in understanding the qualitative properties of solutions. These conservation laws are very important in
explaining the integrability of a system and the effectiveness of numerical methods used in approximating solutions. The above
results show a very interesting property of the KdV equation. Most important to note is that the infinite number of conservation laws
for the coupled system show that the KdV equation is completely integrable, meaning that the behavior of the system can be
determined by initial conditions and can be integrated from the prescribed initial conditions. Indeed, the KdV equation gives rise to
multiple-soliton solutions thus emphasizing the importance of the KdV equation in the theory of integrable systems. The beautiful
KdV equation is ubiquitous, having applications in various settings. In future, the obtained conservation laws will be used to
construct exact solutions to the nonlinear coupled system of Korteweg-de Vries equations.
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