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Wigner distribution is a tool for signal processing to obtain instantaneous spectrum of a signal.
From which, another representation of the Euler product can be obtained for Dirichlet series of the
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1. INTRODUCTION

The Wigner-Ville distribution is a transform technique used in
both the time and frequency domain for the signal processing
theory. The main characteristics of this transform is that it is
not limited by the uncertainty relation of time and frequency.
It was originally proposed by E.Wigner in the context of
quantum mechanics in 1932 [1] and later J.Ville introduced it
for signal analysis in 1948 [2]. The Wigner-Ville distribution
(abbreviated Wigner distribution hereafter) is defined by the
combination of the Fourier transform and correlation

calculation as

W, (@,t) = [ x(t+z/2)X(t—z/2)e " dz,

where X(t) isa conjugate of X(t).

This transformation has the advantage of high resolution of
signals compared with the Fourier transform and it is often
utilized as a tool to obtain instantaneous spectrum of signals.

In this paper, the author tries to give another proof of the
prime number theorem by using the Euler products for the
Dirichlet series of the Mobius function obtained from the

Wigner distribution analysis.

2. EULER PRODUCT OF THE DIRICHLET SERIES BY THE WIGNER DISTRIBUTION ANALYSIS

For the Dirichlet series given by

z(s) = Z::la(n)/ n®, we define the Wigner distribution function W, (,t) shown as

W, (o,t) = f:z(a —i[t+7/2]))-Z(c —i[t—7/2])e"“"dr

where S isacomplex number givenby S= o +it. As z(S) can be rewritten as
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] el a(n)elt logn
(o —it) = Z—G by real parameters & and t,then W, (@,t) can be given by
n=1 n

W, (@,1) = I: iif)exp[i(t +7/2)log k]iial)eXp[—i(t ~7/2)loglle™ dz

- @z a((g;"(') expli log(k / 1)t]expl[i log(kl)z / 2Je**d z

Put n =Kkl and rearranging the equation, we have

W, (@,t) = za(kn)a(')exp[u|og(k/|)t]j exp(ilogn-z/2)e " dr

- 2n2@ explilog(k / I)t]5(a) - k’%}

k.1

= Zﬂini(j(a) — Io%j . Za(k)a(l) exp[ilog(k /1t]

n=kl
where (@) is a Dirac delta function.

We let b(n,t) = Za(k)a(l)exp[i log(k /1)t], the Wigner distribution function of the Dirichlet series Z(S) becomes

n=kl

= b(n,t logn
W, (o, t) :2ﬁzu5 a)—i :

mm n’ 2

To obtain the Euler product by the Wigner distribution analysis, we have to prove following Lemmas
at first.
, . A& b(n,z
Lemmal Let 7=1t/2 and '=0c+ir,wehave z(S)=2(0) 12 ( - ).
= N

Proof; We utilize the property of the Wigner distribution shown as [3]
1 oo . _
[ W, (@12 dor = F(0) f (t).
21 o=

As the left side integral of this equation yields

i j_*:wz(a),tlz)e"ﬂtdt_zb(” 2 [ 'Og”]emdw:ib(”n” 2) exp( log nj W

n=1 n=1

then we have

2(o —it) = z(o)” Zb(nﬂt/Z) exp( 2Iognj.

n=1
From the definition of b(n,t), we cansee b(n,t) =b(n,—t), then Eq.(1) can be rewritten as

(o +it) = Z(a)’lz b(n.t/2) eXp( i%log nj = Z(G)li%

n°
Welet 7=t/2 and $' =0 +ir, Lemma.l can be obtained. (QED)

Lemma.2. Let a(n) be a multiplicative function, then b(n,t) is a multiplicative function satisfying
b(mn,t) =b(m,t)-b(n,t) when (m,n)=1.
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Proof; From the definition of b(n,t), we have
b(n,t) = Za(d)a(n/d)exp[it log(d? /n)].
din

Pt n=nn, and d=dd, ., which satisfy (nn,)=1 , (d,d,)=1 , then we can

2. a(d,d,)a(nn, /(d,d,)) exp[it log((d,d,)* /(n,n,))]

dyd, ‘ Ny

= Z a(d,)a(d, /n,)explit log(d; /n,)] Z a(d,)a(d, /n,)expl[itlog(d’ /n,)]

d;|n, da|n,

.Hence, it can be seen that b(n,t) isa multiplicative function. (QED)
From which, we can obtain the Euler product of the Dirichlet series as follows.

Theorem.1. The Dirichlet series Z(S) consisted of a multiplicative function gives the following Euler product.

Za(n) _ 2(0) H(1+Zb('° r)j o

=~ n

where S'=oc+ir.

Proof; Ifwelet g(n) be amultiplicative function, we have

> ) =TT+ 9(p)+ 9(p) + (P +--).

< +00 [4].

From Lemma.2, b(n,7) isa multiplicative function, thus we have

Zb(n ,7) H(l Zlo(p T)J

n=1

Then we can obtain Eq.(2) from Lemma.l. (QED)

3. EULER PRODUCT OF THE DIRICHLET SERIES OF THE MOBIUS FUNCTION

We try to obtain Euler products of the Dirichlet series of an absolute value of the Mobius function shown as follows;

write

Theorem.2. Let S=o +itand S'=0c+ir, where 7 =t/2, the Dirichlet series of the Mobius function has the Euler

product given by

Z Iﬂ(n)l 1

2. " )H(1+2p cos(zlog p)+ p*) , ©)

where m(o) = H(1+ p~),
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Proof; From Lemma.2, b(n,z) isamultiplicative function because it can be given by

b(n,z) = 3" u(k)u(l)explilog(k /1)1 = 3 u(d)u(n/ d)explizlog(d? /n)].

n=kI dn
From which, we have
b(p,7) = 2cos(zlog p), b(p®,7r)=1 and b(p",7)=0 (r=>3),
then we obtain 1+ ib(p_rsr) =1+2p~* cos(rlog p)+ p >
p

r=1

When we let m(s’) = ZLU( )|

n=1

, we have H(1+2p cos(rlog p)+p ™) =[[W+2p7 +p™) at s'=0, then
p

m(e) =[]+ p=) =[P

p 1- p 7
Then we have

Z|’u(n)| mél- )H(1+ 2p_s' cos(rlog p) + p~*') from Theorem.1. (QED)

n=1

4. ABSOLUTELY CONVERGENCE OF THE DIRICHLET SERIES OF THE MOBIUS FUNCTION
At first, we prove the following equation.

-2

‘1+2p‘5' cosrlog p)+ p %=1+ p* —2p % +(4p° +8p % +4p**)cos’(rlog p) .

Proof:

-2s

‘l+ 2p°cosftlogp)+ p

= ‘l+ 2p“p " cosftlog p)+ p*° p’“‘

= ‘l+ 2p “[cos(tlog p) —isin(tlog p)]cos(tlog p) + p >’ [cos(t log p) —isin(2tlog p)]‘

={[1+2p“ cos’(tlog p) + p > cos(2tlog p)]> +[-2p “ sin(tlog p)cos(tlog p) — p~>* sin(2tlog p)]*}'>

=1+ p ™ +4p 7 cos’(tlog p) +8p % cos’(tlog p) —2p 2 +4p~* cos?(tlog p).

(QED)
From Eq.(4), we have

-2s'

B p*O' -4 -o -c 20 -30 2
1 pzw\/l+p 2p 7 +(4p 7 +8p~7 +4p~7)cos(rlog p)

‘1 p~° cos(zlog p) + p
m( )

=(1- p‘“)\/1+ 4'3(11(1;25):)2 cos’(z log p)
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‘1+ 2p~°cos(tlog p)+ p™

From which, we have the maximum value shown as

2
_ (1 I
(1—p")\/1+4p“(i20] , (5)
1-p

Ay . . . s
Lemma.3: z |—s reaches a certain value including an infinity for o >0.

Proof:;

In regarding &, there is a number N , which satisfies

)] [a(m)]| %M ) |ﬂ( )
n

‘ n® m?®

exp(—itlogn) — exp(—it logm)

cos(tlog(m/n)) <¢ (o>0)

_ JIu(n)lz )] o)
n°

nZo‘ m26 m

. = |u(n) o . .
for m,n > N and this is a Cauchy sequence. Hence zg does not become an indefinite value, but it reaches to a certain
n=1

value including an infinity for o > 0.
(QED)

Theorem.3:

Z #(n) is absolutely convergent for 1/2 <o <1.
n®
n=1

Proof:

From Eq.(5), we have

= | 1(n) B (1+p 2

Z—'ﬂs, | <[Ja-p=)-T[,1+4p _piza , (6)
1 N p p 1_p

As 1+ p ) /A-p*)>1 and 1+4p° >1+p°,

Sf1epe Y ol (o)
[]j+av (bp”J 80 Cih ¥ b

When we let @ is a transfinite number and & is an infinitesimal, we have

20
p

o \2
H(l— p?)—>¢ for 0<o <1 and H 1+4p_0(j'+—p] —> o for 1/2< 0 <1 because
p

£ (20) isconvergentfor o >1/2.

We have |5-r| < S for any positive numbers, r and S [5], then we have |ga)| <m.
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© n w n
Hence, from Eq.(6), we have Z|ﬂ(s)| < +400. From Lemma.3, it can be seen that Zw is convergent for
n=1 n n=1
= n
1/2 < o <1and hence Z&S) is absolutely convergent for 1/2 <o <1.
. N
(QED)

Corollary:
The Riemann hypothesis is true.
Proof

= n
Z&S) is absolutely convergent for 1/2 < o <1, which is identical to the Riemann hypothesis [4].
1 N

(QED)
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