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 In this paper, we introduce the modified HDR-Sombor index, the HDR Sombor exponential 

and the modified HDR Sombor exponential of a graph. We compute the modified HDR 

Sombor index, the HDR Sombor exponential, the modified HDR Sombor exponential of 

chloroquine, hydroxychloroquine and remdesivir. Also we establish some properties of the 

HDR Sombor index. 
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I. INTRODUCTION 

Let G be a finite, simple, connected graph with vertex set 

V(G) and edge set E(G). The degree dG(u) of a vertex u is 

the number of vertices adjacent to u. We refer [1], for other 

undefined notations and terminologies. 

         The HDR vertex degree of a vertex u in G is dhr(u) = 

|{u,v V(G)/ d(u, v)= ⌈R/2⌉, where d(u, v) is the distance 

between the vertices u and v in V(G) and R is the radius of G 

[2].  

        The HDR Zagreb index was introduced by Alsinai et 

al. in [2], and it is defined as 

           
 

1 .hr hr

uv E G

HDRM G d u d v


       

 Now we call this index as the first HDR Zagreb index.  

In [3], Kulli introduced the second HDR Zagreb index of a 

graph G and it is defined as 

                   
 

2 .hr hr

uv E G

HDRM G d u d v


 
 

 Recently, some HDR indices were studied, for example, in 

[4, 5, 6].

  

The Sombor index was introduced by Gutman in [7] and 

defined it as 

      
 

2 2
.G G

uv E G

SO G d u d v


 
 

 

Recently, some Sombor indices were studied, for example, 

in [ 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21].

  

           The HDR Somber index was introduced in [22] and 

defined it as, 

                     
 

2 2
( ) .hr hr

uv E G

HDRSO G d u d v


 
 

           We propose the HDR Sombor exponential of a graph 

and it is defined as 

  
   

 

2 2

, .hr hrd u d v

uv E G

HDRSO G x x




 
  

        We now define the modified HDR Sombor index of a 

graph G as 

               

 

     2 2

1
.m

uv E G
hr hr

HDRSO G

d u d v




  

          We also propose the modified HDR Sombor 

exponential of a graph and it is defined as 

  
   

 

2 2

1

, .hr hrd u d vm

uv E G

HDRSO G x x




 
  

        We put forward the HDR inverse sum indeg index of a 

graph G and defined it as 

 
           

   

    

.hr hr
H

hr hruv E G

d u d v
ISI G

d u d v




        

   In this paper, we determine the modified HDR Sombor 

index, the HDR Sombor exponential, the modified HDR 

Sombor exponential of chloroquine, hydroxychloroquine 

and remdesivir. We establish some properties of the HDR 

Sombor index. 

  

II.   RESULTS FOR CHLOROQUINE 

Let G be the molecular structure of chloroquine. Clearly G 

has 21 vertices and 23 edges, see Figure 1.  

https://doi.org/10.47191/ijmcr/v10i7.07
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Figure 1. Graph of chloroquine 

 

      In G, the edge set E(G) can be divided into five 

partitions using HDR vertex degree of end vertices of each 

edge as given in Table 1. 

Table 1. Edge partition of G 

dhr(u), dhr(v) \ uv  E(G) Number of edges 

(2, 3) 2 

(3, 4) 7 

(3, 5) 5 

(3, 3) 2 

(4, 4) 2 

(1, 2) 3 

(1, 1) 2  

               

           In the following theorem, we determine the modified 

HDR Sombor index of chloroquine. 

Theorem 1. Let G be the molecular graph of chloroquine. 

Then   
2 7 5 19 3

.
513 34 6 2 5

m HDRSO G       

Proof: From definition and by using Table 1, we obtain 

    

     2 2

1m

uv E G
hr hr

HDRSO G

d u d v




  

       

 
2 2 2 2 2 2 2 2

2 7 5 2

2 3 3 4 3 5 3 3
   

     

        
2 2 2 2 2 2

2 3 2

4 4 1 2 1 1
  

  
 

        
2 7 5 19 3

.
513 34 6 2 5

               

      We compute the HDR Sombor and modified HDR 

Sombor exponentials  of chloroquine. 

Theorem 2. Let G be the molecular graph of chloroquine. 

Then 

(i)        13 5 34, 2 7 5HDRSO G x x x x  
 

                     
3 2 4 2 5 22 2 3 2 .x x x x     

(ii)      
1 11

13 345, 2 7 5m HDRSO G x x x x    

                  

11 1 1

53 2 4 2 22 2 3 2 .x x x x     

Proof: (i) Using definition and using Table 1, we have 

         

 
   

 

2 2

, hr hrd u d v

uv E G

HDRSO G x x




 
 

   

2 2 2 2 2 2 2 22 3 3 4 3 5 3 32 7 5 2x x x x        

    
2 2 2 2 2 24 4 1 2 1 12 3 2x x x    

 13 5 34 3 2 4 2 5 22 7 5 2 2 3 2 .x x x x x x x        
(ii) Using definition and using Table 1, we obtain 

       
   

 

2 2

1

, hr hrd u d vm

uv E G

HDRSO G x x




   

         
2 2 2 2 2 2 2 2

1 1 1 1

2 3 3 4 3 5 3 32 7 5 2x x x x        

         
2 2 2 2 2 2

1 1 1

4 4 1 2 1 12 3 2x x x      

         

1 1 11

13 34 3 252 7 5 2x x x x     

        

11 1

54 2 22 3 2 .x x x      

 

III.   RESULTS FOR HYDROXYCHLOROQUINE  

Let H be the graph of hydroxychloroquine and it has 22 

vertices and 24 edges, see Figure 2.                

                 
Figure 2. Graph of hydroxychloroquine 

 

The edge set of H can be divided into nine partitions using 

HDR vertex degree of end vertices of each edge as given in 

Table 2. 

Table 2. Edge partition of H 

dhr(u), dhr(v) \ uv  E(H) Number of edges 

(2, 3) 1 

(3, 3) 3 

(3, 4) 7 

(3, 5) 5 

(4, 4) 2 

(1, 3) 1 

(1, 2) 

(2, 2) 

(1, 1) 

2 

2 

1  

 

          In Theorem 3, we determine the modified HDR 

Sombor index of hydroxychloroquine. 

Theorem 3. Let H be the molecular graph of 

hydroxychloroquine. Then 

   
1 7 5 1 2 7

.
513 34 10 5 2 2

m HDRSO H        

Proof: From definition and by using Table 2, we obtain 

   

     2 2

1m

uv E H
hr hr

HDRSO H

d u d v




  
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2 2 2 2 2 2 2 2

1 3 7 5

2 3 3 3 3 4 3 5
   

     

      
2 2 2 2 2 2

2 1 2

4 4 1 3 1 2
  

    

      
2 2 2 2

2 1

2 2 1 1
 

   

       
1 7 5 1 2 7

.
513 34 10 5 2 2

                             

      We compute the HDR Sombor and modified HDR 

Sombor exponentials of hydroxychloroquine. 

Theorem 4. Let H be the molecular graph of 

hydroxychloroquine. Then 

(i)        13 3 2 5 34, 1 3 7 5HDRSO H x x x x x   
 

                 
4 2 10 5 2 2 22 1 2 2 1 .x x x x x      

(ii)      
1 11 1

13 343 2 5, 1 3 7 5m HDRSO H x x x x x     

               

1 11 1 1

10 54 2 2 2 22 1 2 2 1 .x x x x x      

Proof: (i) From definition and using Table 2, we get 

    

 
   

 

2 2

, hr hrd u d v

uv E H

HDRSO H x x




 
 

 

2 2 2 2 2 2 2 2 2 22 3 3 3 3 4 3 5 4 41 3 7 5 2x x x x x          

       

2 2 2 2 2 2 2 21 3 1 2 2 2 1 11 2 2 1x x x x      

 
     

13 3 2 5 34 4 21 3 7 5 2x x x x x      

     
10 5 2 2 21 2 2 1 .x x x x     

(ii) Using definition and Table 2, we obtain 

   
   

 

2 2

1

, hr hrd u d vm

uv E H

HDRSO H x x




 
 

        
2 2 2 2 2 2

1 1 1

2 3 3 3 3 41 3 7x x x      

       
2 2 2 22 2

1 11

3 5 1 34 45 2 1x x x     

        
2 2 2 2 2 2

1 1 1

1 2 2 2 1 12 2 1x x x      

       

1 11 11

13 343 2 4 251 3 7 5 2x x x x x      

      

1 1 1 1

10 5 2 2 21 2 2 1 .x x x x      

 

IV.   RESULTS FOR REMDESIVIR 

Let R be the molecular structure of remdesivir. Clearly R has 

41 vertices and 44 edges, see Figure 3.  

              
                 Figure 3. Graph of remdesivir  

  

           In R, the edge set of R can be divided into 12 

partitions using HDR vertex degree of end vertices of each 

edge as given in Table 3. 

Table 3. Edge partition of R  

dhr(u), dhr(v) \ uv  E(R) Number of edges 

(1, 2) 7 

(1, 3) 5 

(2, 2) 2 

(2, 3) 8 

(3, 3) 4 

(3, 5) 3 

(3, 4) 

(4, 5) 

(5, 5) 

(5, 6) 

(5, 7) 

(6, 7) 

4 

4 

3 

2 

1 

1  

 

         In Theorem 5, we determine the modified HDR 

Sombor index of remdesivir. 

Theorem 5. Let R be the molecular graph of remdesivir. 

Then 

   
7 5 44 8 3

5 10 15 2 13 34

m HDRSO R     

 

                  
4 4 2 1 1

.
5 41 61 74 85

      

Proof: From definition and by using Table 3, we obtain 

   

     2 2

1m

uv E R
hr hr

HDRSO R

d u d v




  

      
2 2 2 2 2 2 2 2

7 5 2 8

1 2 1 3 2 2 2 3
   

     

     
2 2 2 2 2 2 2 2

4 3 4 4

3 3 3 5 3 4 4 5
   

     

   
2 2 2 2 2 2 2 2

3 2 1 1

5 5 5 6 5 7 6 7
   

      

           
7 5 44 8 3

5 10 15 2 13 34
       
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4 4 2 1 1

.
5 41 61 74 85

             

      We compute the HDR Sombor and modified HDR 

Sombor exponentials of remdesivir. 

Theorem 6. Let R be the molecular graph of remdesivir. 

Then 

(i)    ,HDRSO R x
 

       
5 10 2 2 13 3 2 347 5 2 8 4 3x x x x x x     

 

        
5 41 5 2 61 74 854 4 3 2 1 1 .x x x x x x     

         
 

(ii)    
1 1 11

5 10 132 2, 7 5 2 8m HDRSO R x x x x x     

                      

11 11

343 2 4154 3 4 4x x x x     

                     

1 1 11

61 74 855 23 2 1 1 .x x x x     

Proof: (i) From definition and using Table 3, we get 

    

 
   

 

2 2

, hr hrd u d v

uv E R

HDRSO R x x




 
 

 

            

2 2 2 2 2 2 2 21 2 1 3 2 2 2 37 5 2 8x x x x        

            

2 2 2 2 2 2 2 23 3 3 5 3 4 4 54 3 4 4x x x x        

           
2 2 2 2 2 2 2 25 5 5 6 5 6 6 73 2 1 1x x x x      

 
        

5 10 2 2 13 3 2 347 5 2 8 4 3x x x x x x       

       
5 41 5 2 61 74 854 4 3 2 1 1 .x x x x x x       

(ii) Using definition and Table 3, we obtain 

   
   

 

2 2

1

, hr hrd u d vm

uv E R

HDRSO R x x




 
 

        
2 2 2 22 2 2 2

1 11 1

1 3 2 31 2 2 27 5 2 8x x x x       

       
2 2 2 2 2 2 2 2

1 1 1 1

3 3 3 5 3 4 4 54 3 4 4x x x x        

        
2 2 2 2 2 2 2 2

1 1 1 1

5 5 5 6 5 7 6 73 2 1 1x x x x        

  

1 1 1 11 1

5 10 13 342 2 3 27 5 2 8 4 3x x x x x x       

   

1 1 11 11

61 74 8541 5 254 4 3 2 1 1 .x x x x x x       

  

V.      MATHEMATICAL PROPERTIES OF THE HDR 

SOMBOR INDEX                              

Theorem 7. Let G be a nontrivial connected graph. Then 

           
1  .( )HDRMHDRSO G G  

Proof:  For any positive numbers a and b, 
 

                     
  .a b a b  

 

Applying the above inequality, we obtain     

   
 

    
 

2 2
  .hr hr hr hr

uv E G uv E G

d u d v d u d v
 

  

Thus 

           
 

1  ( ).HDRMHDRSO G G
 

Theorem 8. Let G be a connected graph. Then 

         
1 2 HHDRM G ISI G HDRSO G  

          
12 2 2 .HHDRM G ISI G

     The upper bound holds if and only if G is regular. 

Proof: For any two numbers a, b>0, we have 

       22 2 2 2    2   .a b a b a b a b      

Thus   
2 2 2 2  2a b a b a b     

and 

      
2

 hr hrd u d v  

               2 2 2 2

hr hr hr hrd u d v d u d v    

            2 .hr hrd u d v  

  Thus      
2

 hr hrd u d v  

                  2 2
 hr hr hr hrd u d v d u d v     

             2 .hr hrd u d v  

 Hence        hr hrd u d v  

              
   

   

2 2 2
.hr hr

hr hr
hr hr

d u d v
d u d v

d u d v



   

 By the definitions, we have 

       
1 2 .HHDRM G HDRSO G ISI G  

Also we have 

          2 2
 

1

2
hr hr hr hrd u d v d u d v   

                 
2

2 . hr hr hr hrd u d v d u d v   

Thus      
   

   

2 2 2 2 hr hr
hr hr

hr hr

d u d v
d u d v

d u d v
 


 

                  2 .hr hrd u d v  

By the definitions, we have 

       
12 2 2 .HDRSO G ISI G HDRM GH   

The equality in the above inequality holds if and only if G is 

regular. 

 

VI. CONCLUSION                            

In this paper, we have introduced the modified HDR-

Sombor index and the modified HDR Sombor exponential 

of a graph. We have computed the modified HDR Sombor 

index, the HDR Sombor exponential, the modified HDR 

Sombor exponential of chloroquine, hydroxychloroquine 
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and remdesivir. Also we have obtained some properties of 

the HDR Sombor index. 
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