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Young Bae Jun made effort in defining a remarkable structure namely cubic structure. Concept of
cubic sets which is inter linked with interval-valued fuzzy set and fuzzy set. Interval-valued fuzzy

set is another generalization of fuzzy sets that was introduced by Lotfi Asker Zadeh. Motivated by
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the theory of cubic structure our aim in this paper is to introduce the notion of Q - cubic bi-ideals
of near-rings. We also provide some results and study their related properties with examples.
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I. INTRODUCTION
The fundamental concept of fuzzy set was introduced by
Zadeh [14]. The study of fuzzy algebraic structures has
started with the introduction of the concept of fuzzy
subgroups in the pioneering paper of Rosenfeld [11]. Abou-
Zaid [1] introduced the concept of fuzzy subnear-rings and
studied fuzzy ideals in near-rings. The idea of fuzzy ideals
of near-rings was first proposed by Kim et al. [4]. After the
introduction of the concept of fuzzy sets by Zadeh, several
researchers were conducted on the generalization of the
notion of fuzzy set. Mason [5] introduced the notion of
strong regularity of a near-ring. In 1975 Zadeh [15]
introduced the concept of interval-valued fuzzy subsets (in
short written by i-v fuzzy sets), where the values of
membership functions are intervals of numbers instead of
the numbers. Thillaigovindan et al. [13] introduced interval
valued fuzzy ideals of near rings. Jun et al. [9] introduced
the concept of cubic sets. This structure encompasses
interval-valued fuzzy set and fuzzy set. Also Jun et al. [8]
introduced the notion of cubic subgroups. Chinnadurai et al.
[3] introduced Q-cubic ideals of near-rings. Many
researchers who are involved in studying, applying, refining
and teaching fuzzy sets have successfully applied this theory
in many different fields.

The purpose of this paper to introduce the notion of Q-
cubic bi-ideals in near-rings. We investigate some results,
examples and properties.

Il. PRELIMINARIES
Now we recall some known concepts related to Q-cubic bi-
ideals in near-rings from the literature which will be needed

in the sequel. Throughout this paper N stands for a right
near-ring.

Definition 2.1. [7] A near-ring is an algebraic system
(R, +,) consisting of a non-empty set R together with two

binary operations + and - such that (R,+) is a group not
necessarily abelian and (R,-) is a semigroup connected by
the following distributive law

x-(v+z)=x-y+x-zvalid forall
X, ¥, Z € R.We use the word near-ring to mean left near-
ring we denote x¥ instead of x = ¥.

Definition 2.2. [1] A non-empty subset S of a near-ring R is
called a subnear-ring of R if

[)Jx—yES
ii)xy € Sforall x,y € 5.

Definition 2.3. [12] A subgroup B of N is a bi-ideal of N if
ENE € B.

Definition 2.4. [12] A near-ring N is B-simple if it has no
proper bi-ideals. That is the only bi-ideals of N are {0} and
N itself.

Definition 2.5. [6] Let | be an ideal of R. For each
a+I,b+1 in the factor group R/l, we define

(@a+D+(B+D)=(at+b)+1
and(a +I)(b+ I) = (ab) +I. Then R/l is a near-ring
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which we call the residue class near-ring of R with respect
tol.

Definition 2.6. [2] A mapping p: X — [0,1] is called a
fuzzy subset of X.

Definition 2.7. [1] Let R be a near-ring and [t be a fuzzy
subset of R. Then [t is a fuzzy ideal of R if:
i) p(x— y) = min {u(x),u(¥)}

i) p(y+x —y) = p(x)

iii) p(xy) = p(y)

i) p((x +z)y —xy) = p(z) foral x,y,z ER.

A fuzzy subset with (i)-(iii) is called a fuzzy left ideal of R,
whereas a fuzzy subset with (i), (ii) and (iv) is called a fuzzy
right ideal of R.

Definition 2.8. [10] A fuzzy set fi in N is a fuzzy sub near-
ring of N if for all x,veEN,

i) plx—y) = min{ p(x), ()} and

i) u(xy) = min{ p(x), u(¥)}

Definition 2.9. [10] A fuzzy set it in N is a fuzzy bi-ideal of
Nifforall x, v € N,

i) p(x — y) = min{ p(x),u(y)}and

i) u(xyz) = min{ p(x),u(z)}

Definition 2.10. [2] Let X be a non-empty set. A mapping
@: X — D[0,1] is called interval-valued fuzzy set, where

D[0,1] denote the family of all closed sub intervals of [0,1]
and [(x) = [~ (x),u™ (x)] for all x € X, where u~
and 1™ are fuzzy subsets of X such that g~ (x) < u* (x)
forall x € X.

Definition 2.11. [8] Let X be a non-empty set. A cubic set
A in X is a structure A=f{x, @,(x). fh(x)):x X}
which is briefly denoted by A={d4, fi}, where
iy = [ﬂ;,ﬂz] is an interval-valued fuzzy set (briefly,
IVF)in X and f is a fuzzy set in X. In this case, we will use
= ([ ()0 ()] falx)) VxEX

A = (1,0, £, (2))

Definition 2.12. [3] Let A = << 1, = be a cubic set of S.
Define

U(A;t,n) ={x €S|i(x) =t and y(x) = n}wh
eret € D[0,1] and n € [0,1] is called the cubic level set
of A.

Definition 2.13. [3] For any non-empty subset G of a set X,
the characteristic cubic set of G is defined to be a structure

xe(x) =< x4, (x).y, (x):x € X which s
briefly denoted by
xe(x) =< Hye (I).}’XG(X) > where

_ [1,1] ifx€G
= d
yg () {[0.0] otherwise
(0 ifx€G
Vi ()= {1 otherwise

I1l. MAIN RESULTS

In this section we introduced the new concept of Q-cubic bi-
ideals in near-rings and discuss some of its properties.
Throughout this paper N denotes near-ring unless otherwise
specified.

Definition 3.1. A cubic set <A = {1, ) in N is a Q-cubic
subnear-ring of N if for all x,y € Nand q € Q

i) f1(x — y,q) = min {u(x, q), (v, q)} and
w(x —y,q) = max{w(x,q),w(y, q)}
it) f1(xy, q) = min {z(x, q), 7 (v, )} and

w(xy,q) < max {w(x,q),w(y,q)}
Definition 3.2. A cubic set <A = {f, w) in N is a Q-cubic
bi-ideal of N if for all x,y,z€ Nandq € Q

i) f(x— y,q) = min {a(x,q), 7y, q)} and
w(x —y,q) = max{w(x,q),w(y, q)}
it) fi(xyz,q) = min {ii(x, q), i(z,q)} and

w(xyz,q) = max{w(x, q), w(z q)}

Example 3.3. Let N = {a, b, ¢, d} be the Klein’s four
group. Define addition and multiplication in N as follows,

+lal|lblc|ld|l | -la|lblec]|d

ala|blc|d| |alalalala

Then (N, +,) is a
Define a  Q-cubic  set A= {u,w) by
ii(a, q) = [0.8,0.9], i(b,q) = [0.6,0.7],
i(c,q) = [0.5,0.5] = u(d, q) is an interval-valued Q-

near-ring.
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fuzzy bi-ideal of N and w(a,q) = 0.2, w(b,q) = 0.6,
w(c,q) =0.8 = w(d,q)is a Q-fuzzy bi-ideal of N.
Thus A = {fI, w) is a Q-cubic bi-ideal of N.

Theorem 3.4. Every Q-cubic bi-ideal in a regular near-ring
N is a Q-cubic sub  nearring of N.

Proof: Let 4 = (f1, w) be a Q-cubic bi-ideal of N and
a,b € N. Since N is regular, there exist x € N such that
a = axa. Then
alab, q) = i((axa)b,q)
= f(a(xa)b, q)
= min{j(a, q), 2(b, q)} and
wl(ab,q) = w((axa)b,q)
= wl(a(xa)b, q)
< max{w(a,q),w(b,q)}
Thus <A = (i, w) is a Q-cubic subnear-ring of N.
Proposition 3.5. Let N be a strongly regular near-ring. If
A = {ft,w) is a Q-cubic bi-ideal in N. Then
filx,q) = i(x?,q) and w(x,q) = w(x? q) for all
x Eandg € @
Proof: Let <A = {ft,w) be a Q-cubic bi-ideal of N and
x € N,q € Q. Since, N is strongly regular, there exist
v € N suchthat x = x2yx2. Then
filx,q) = g(x?yx?, q)
= min{a(x?, q), 4(x? )}
= f(x?,q)
= min{i(x, q), A(x, )}
= fi(x,q) and
w(x,q) = wx?yx?,q)
< max{w(x?,q), w(x? q)}
= w(x?q)
< maxfw(x,q), w(x,q)}
= w(x,q)
Hence, (x,q) = a(x?,q) and w(x,q) = w(x?,q).
Theorem 3.6. If A = {1, w) is a Q-cubic bi-ideal of N,
then the set
Ng={x€N,q€Q|A(xq) =A(0,q}is a Q-
cubic bi-ideal of N.
Proof: Let <A = {gt, w) be a Q-cubic bi-ideal of N and

x,y € N, then A(x,q) = A(0,q) and
Ay, q) = A(0,q).Suppose

x, v,z € Ng.

Then ji(x,q) = ii(y,q) = (z,q) = i(0,q) and
w(x,q) = 0y, q) = wl(z,q) = «(0,q)
Since, @ is an interval-valued g-fuzzy bi-ideal of N,

flx — y,q) = min{ji(x, q), 7(y, q)}
= min{a(0,q),4(0,q)} = 7(0,q)  and
tw is a g-fuzzy bi-ideal of N
w(x —y,q) = max{w(x, q), 0(y,q)}
= max{w(0,q),w(0,¢)} = w(0,q)
Thus X—V,q € Ng.
i(xyz,q) = min{a(x, q), i(z,q)}
= min{zu(0,q),i(0,q)} = (0,q) and
w(xyz, q) < max{w(x,q),w(z, q)}
= max{w(0,q),w(0,q)} = «(0,q)
Thus xyz,q € Ng
Therefore, N_4 is a Q-cubic bi-ideal of N.

Theorem 3.7. Let {eA;} = < fi;, w;|i € A = be a family
of Q-cubic bi-ideals of N and then the Q-cubic set
Mic xedi = < Nie s fty, Uje o w; >is also a Q-cubic bi-
ideal of N, where A is any index set.
Proof: Let oA; = < f;, @;|i € A > be a family of Q-
cubic bi-ideals of N.

Letx,y,ZE€E N, g€ Q andpg=Ng; ; w = w;
then

flx,q) =ng;(x,q) = (inf @;)(x,q) =

inf iz; (x, q),

w(x,q) =V w;(x,q) = (sup w;)(x,q) =
sup w; (x,q)

i) alx —y q) =inf; (x —y,q)}
= inf {min {z; (x, @), 1; (v, g)}}
= min{inf 1;(x,q), inf g; (v, q)}
= min{N j; (x,q),n 7; (v, @)} and
w(x—v,q)=supw;(x—vy,q)
< sup{max{w; (x, q), w; (v,q)}}
= max {sup w;(x,q), sup w;(yv,q)}
= max {U w;(x,q),U w;(v,q)}
w(x — vy, q) =maxiw(x, q),w(y, q)}
it) i(xyz, q) = inf; (xyz, q)
= inf{min { g; (x, q), 1; (2, q)}}
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= min{inf 1;(x, q), inf 4;(z,q)}
= min{N g (x,¢).N i;(z, )}
i(xyz, q) = min{u(x, q), a(z,q)} and
w(xyz,q) = sup w;(xyz,q)
< sup max {w;(x,q), w;(z,q)}
= max {sup w;(x, q), sup w;(z,q)}
= max {U w;(x,q),U w;(z,q)}
w(xyz, q) < max{w(x,q), w(z q)}
Hence, [ neA; = < Nie 4 i, Uje o @; = is a Q-cubic
bi-ideal of N.
Theorem 3.8. Let f: N — N, be a homomorphism of near-
L C(N;) — C(N) be the inverse Q-cubic
transformation induced by f. If
A = < [, > is a Q-cubic bi-ideal of Ny by the cubic
property then CEI(JI) =< C;l(ﬁ), C;l(w) > isa Q-

rings and C}?

cubic bi-ideal of N.
Proof: LetA =< u,w > is a Q-cubic bi-ideal of N;. For
all x,v,ZEN,q€EQ then

DGHaG—y), ) = a(f(x —y),q9)
=a(f (v @) — f @)
> min{ﬁ(f(X. q))ﬁ(f(}’fi‘))}
CGlax—y).q) =
min{(}l ((x), q), C;l (x(y), Q)}

C;l(w(x -v),q) = w(f(x—v),q)
= w(f(x,@) — f(y.0))
< max{w(f(x),q), o(f(v),q)}

ol —y),q) =
max{(ﬁ}l(a}(x). q), C;l(w(}’)- )

i) G (a(xyz), @) = a(f(xyz),q)
=2(f(x,f v, 9)f (z.q))
= min{a(f(x), q), a(f (2), ©)}
= min{G;* (2(x),¢), G* (i(2), )}
C;H(w(xyz),q) = w(f(xyz),q)
= o(f(x, f 0, )f (z,0))
< max{w(f(x),q), w(f(z),q)}
= max{G;* (w(x), @), GG (w(2), @)}

Hence, C}Zl(cﬂ) =< C;l(ﬁ),{:j?l(w) > is a Q-cubic
bi- ideal of N.
Theorem 3.9.
homomorphism, let Cr. C(N)— C(N;) be the Q-cubic
transformation  respectively  induced by f. |If
A =< fI,w > is a Q-cubic bi-ideal of N which has the

Let f: N— N; be an onto near-ring

cubic property, then Cr («4) is a Q-cubic bi-ideal of Nj.
Proof: Let A = < [, > be a Q-cubic bi-ideal of N.

sie (G0, 0) = (" ii(x,q) e

(CrlwN(x',q) = f{x}lzf w(x,q) for x €N,

So, Gt (A)= <G @), G (w) > is non-empty.

Let «x',y',z’ €EN,,gEQ . Then we have
— I o _ Sup —

GOy, a) = () g (@)

sup

Z r)=x' qar )=y q* A=y

= ) =x".q.r()=y" qnlln{ﬁ(x Q) .Iu'(.} Q)}

= min {},{x] x q i(x, q), f[y]z;:fg Ay, q)}
= min {C; () (x', @), C (D (', q)}

Iyt _ inf
Crl) "=y @) = [y y,qw(a)

= r0=x'.qr(=y' qw(x —v.q)

= = ar )=y’ qmax {0l q) 0y, )}

_ inf ,
- max {f(x] =x' qw(x a), F=y'.q @, q)}
= max {C;(w)(x',q), Cr(w) (¥, q)}
— L _ sSup
Cf(#)(x Yz FQ) = fla)=x'y'Z". q,u-(a)
¥ a(xyz,q)

- f(x}-x a.r(=y' qf(z}-z q

= =t ar(2)=2 o Min {2, @), Az, )}

sSup SUp

= min {f{x}zx'.q u(x, q), Fl2)=2'q u(z,q)}

= min {C,(;)(x", q), C; (D) (2", q)}

Fogl ot _ inf
Cf(w)(x yZz -Q) = fla)=x'y'Z, qw(a)

= r=x' qr)=y’ qf{z)—z q 5 wyz, @)
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< r=x' ar () qﬂ"; max {w(x, q), w(z,q)}

= max {f{x]zlff; w(x,q), f{z]zzlft; w(z, q)}

= max {C;(w)(x',q), Cr(w) (2’ q)}
Hence, Ci(eA) = < Ci(t), C(w) > is a Q-cubic bi-ideal of
N,.
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