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In recent years, new formulas of the two-dimensional differential transform have been proven
by using the definition of the transform. In this work, we use a new approach based on the

definition of the transform and the summation properties to prove the two-dimensional
differential transform of the product of two functions, then we used this result to establish
other useful formulas. This study shows that this procedure can be used to find formulas for
many complicated terms. This enables us to apply the differential transform method on many
types of partial differential equations. To demonstrate this approach, we applied the
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dimensional differential transform method on selected equations and compared our results
with analytical solutions obtained by other methods
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1. INTRODUCTION

The concept of differential transform was first introduced by
Zhou [1]. Then Chenand Ho in [2] developed the deferential
transform on partial deferential equations to obtained closed
form series solutions for linear and nonlinear initial value
problems. Ref. [3] introduced new useful formulas for one-
dimensional differential transform and applied the
differential transform method on selected ordinary
differential equations. In [4], we reviewed the two-
dimensional differential transform (2-DT) and applied the
differential transform method on selected nonlinear partial
differential equations. The main aim of this work is to use
the summation properties to prove the two-dimensional
differential transform of the product of two functions and
then use the product formula to find other formulas. This
procedure as we will see in the numerical examples will help
us to apply the differential transform method on many types
of partial differential equations. To

do that, we introduce in the next section, the two-
dimensional differential transform and the review the proofs
of some basic formulas which based on the definition of
differential transform [5, 6].

I1. Basic Definitions and Formulas
To introduce the 2-DT, we assume that w(X, y) bea C*(Q)

functionand (x,,Y,) be any pointof 2, where Q isanopen

domain of R?, and then we defined the Taylor series of the
functionw(x, y) about (X,,Y,) as

o (k,h)
w(x,y)= khzo{wk,h(,x)} (X=%)(y=Yo)" (1)
' o x=(X0.¥0)

Then the two-dimensional differential transform, which

denoted by D, , is defined as following:
Definition: (2.1): Let W(X, y) be an analytic function about
(Xy:Yo) , then the 2-DT, of W(X, y) is defined as:

_ w k) (x,y)
D; w (x,y)}=wW (k’h){k!h!lx 3 2

Hence, if we chose (X,,Y,) = (0,0), then the definition (2)

reduces to

2855 Fawzi Abdelwahid?, IIMCR Volume 10 Issue 08 August 2022


https://doi.org/10.47191/ijmcr/v10i8.06

“A New Approach on the Two-Dimensional Differential Transform”

(k,h)
D {w(x,y)} =W (k,h) = {Wklr(]lx’y)} . ©)
o (0,0)

Definition: (2.2): The inverse differential transform of
W (k, h) is defined as

D {W(k, h)} = W(x,y) = k%OW(k,h)xk yr 4)

Next we assume that U (h,k), V (h,k)and W (h,k) are the
differential transform of the analytic functions u(x,y),
v(x,y) and w(x,y) respectively. Then by using the

definition (3) and (4), we can establish the following
theorems:
Theorem (2.1)

DT {au(x,y)+/3v(x,y)} =aDT {U(X,Y)} +

o )}

The proof of the linearity property (5) follows immediately
from the definition (3). Similarly we can prove the linearity
property of the inverse differential transform.

Theorem (2.2)

(k+n)! (h+s)

D {W(r s)(x )} m

——W(k+r,h+5s) (6)

To prove the differential transform of the (r-s)-derivatives (6),
we use the formula

[e0) W(k+r.h+s) (X y)
(r.s) — ! k., h
W (x, y)—k hzzo(k”” Xy ()

y=0
This establishes the formula (6) as following

e} o0 k1 hes
DT {W(r,S)(X, y)} = DT > Y (W()(X’y)J Xkyh
k=0 h:0 klhl x=0

0

y

S g(h*r)!(hfs)!(w ‘‘‘‘‘‘ ’(x,y)) oy
k=oh=0 k! h! k(h—r)!(h—s)! o

_ =D OO ks rhas)
K1 hi

Theorem (2.3):

1 k=i & h=]j
D {xy'} =5(k)s(h, ) :{ ! g ®)

0 otherwise

The proof of this theorem follows immediately from identity

xyi= Y sk, ey, ©

k,h=0

1. The 2-DT Of the product of two functions

In this section we introduce the formula of the 2-DT of the
product of two functions proved in [5, 6]. The proof of this
formula was based on the definition of the 2-DT. As a new
approach, we use the summation properties to prove the
product formula, and then used this procedure to establish
many other formulas for complicated functions. This
approach enables us to apply the differential transform
method on many types of equations. To do that let us
introduce the following theorem [6].

Theorem (3.1):
Let u(x,y), v(x,y) and w(x,y) be ananalytic functions,

with w(x,y) =u(x, y)-v(x,y) then

D {w(xy)} =Wk = Y u(rh-s)v(k-rs), (10)
Where U (k,h) and V (k,h) are the 2-DT of the functions

u(x,y) and v(X, y) respectively. To prove this theorem,

we used the procedure of [5, 6], which based on the
definition (3). By definition, we can find

W(0.0)= g [u(x V()]s =U 00V (00)
W (1.0) =20 = [u(xy)v(xy)]eg
=[u* o) rulen v |,
~U(L0)V (0.0)+U 0.0V (10)
W(20)= 55 L fu(uy)v(x )]

=U(2,0)v(0,0)+U (1,0)V(1,0)+U (0,0)V (2,0)
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W(O,l)zﬁ% u(xy)v(x ,y)]ﬁg

=U(0,1)Vv(0,0)+U (0,0)V(0,1)

2
() v(x )]s

W(Ll)=———

111! dxoy

=U (L1)V(0,0)+U (1,0)V (0,1)+
U (0,1)V (1,0)+U (0,0)V (11)

23

1
W (1,2)= 12 oy

2[ Xy (,y)]ﬁg

=U(4,2)V(0,0)+U (1L,1)V(0,1)+U (1,0)V(0,2)+

U (0,2)V (1,0)+U (0,1)V (11)+U (0,0)V (1,2)

182

oy LUV Y)

W (0,2) =

=U(0,2)V (0,0)+U (0,1)V (0,1)+U (0,0)V (0,2)

1 3

2'1'ax oy

W (2,1)= [u(x y)v(x ,y):|§z%

U (21)V(0,0)+U (2,0)V (0,.1)+U (L1)V (1,0) +

U (L0)V (L1)+U(0,1)V(2,0)+U (0,0)V(2,1)

4

1 0
2121 5x Zayz — 5 [u(xy)v(x ’y)]ﬁg

W(2,2)=—

=U(2,2)v(0,0)+U (2,1)Vv(0,1)+U(2,0)V (0,2)+

U(L2)V(1,0)+U (L1)V (L1)+U (L,0)V (12)+
U(0,2)V(2,0)+U(0,1)V(2,1)+U(0,0)V(2,2)

Next, if we continuous this procedure, they conclude the
formula (10), [5, 6].

Our approach of establishing the formula (10) is based on
the definition (3) and the summation properties. To explain
that, we assume
o0 O Y(rs) 0,0
uxy)= X X ,( , ey,
r—os=o !

(11)
© o y©9(,0)
vixy)= 2 X ~|(~, )xrys
F=05=0 IS
Then, we can write
® O ye(0,0)ve2(0,0
wix,y)= X X (| l) (”) pryss o (12)
rs=0f§=0 MM =5
Next, we set
r+f=k, s+S=h (13)

This enables us to write

o0 [ee} k h uwm—sw(o O) V(Hs)(o 0)
wx,y)= 2 X X X Xty
k=0h=0r=05=0 "'(h-8)! (k-r)!s!

o0 k h (r.h-8)
Sy 3! (0,0) v (oo)
0h=0r=05=0 M(h-8)! (k- r)'s'

™8

th
k=

Or simply
h ues(0,0)ver °(0.0)

o o k
wix,y)y= 2 2 X X yreXerye,
(= 0hzor=0s=0 -9t (k-n)ist”

This established the formula (10). Note that, making use
of (13), we can write (12) in the form

o o k h

ue=(0,0) verr(0,0)

wix,y)= 2 X X X xkyn
k=0h=0r=0s=0 I's! (k-r)!(h—s)!
o o k h ue=(0,0) verr(0,0)
— Z Z Z Z Xrysxk—ryh—s.
k—Oh:Or:Os:O rist  (k=r)!(h-s)!
This leads to the formula
ZZU (r,s)V(k-r,h-s), (14)

r=0 s=0

Furthermore, by settingh —s =$§, we can prove that the
formulas (10) and (14) are equivalent.

Note that, by using the product formula (10), we can
establish many other useful formulas, which enables us to
apply the differential transform method on many partial
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deferential equations. To explain that, in the following
section, we apply this procedure on selected partial
deferential equations.

IV. NUMERICAL EXAMPLES
Example (4.1)
Consider the initial value problem

u =uu (15)

u(x,0)=1+x" (16)

The given initial value problem (15-16) satisfies the
assumptions of the Cauchy-Kovalevsky theorem, and the
Taylor series of the exact solution can be found in [7]. To
solve (15-16) by using the 2-DT method, we first introduce
the formula

DT {u(x,t)ux(x,t)} =

K h . an
Y ¥ (k-r+1) U(r,h-s)U (k-r+Ls)
r=0s=0
Next, we write
D, {u(x,t)} =U(k,h),
(18)

D; {u, (x.t)} = (k+ U (k +1h),

Then by using the formula (10), we can easily establish the
formula (17).

Now, we are able to apply the two-dimensional transform on
the both sides of (15). Hence using the formulas (6) and (17)
yield the iteration formula

U(kh+1)=
(19)

[ > U (r.h=s)(k=r+1)U (k—r+1,s)}

r=0 s=0

1
h+1

For the initial condition (16), we have

U(k,0)=5(k,0)+5(k,2) k=012,..
(20)

U (0,0)=1, U(2,0)=1,

U (k,0)=0, k=134,...

And the iteration formula (19), leads to the series solution

U(X,t)=1+x*+2xt+t*+--- 1)

Hence, the Taylor series (21) of exact solution can be found
in ref. [28], page 106.

Example (4.2)
Consider the initial value problem

u, —U, —X°U =X (22)
u(x,0)=0, (23)
u, (x,0)=0. (24)

To solve the initial value problem (22-23-24), we first
introduce the formula

D, {xiux(x,t)} =

(25)
>3 6(ni)5(h-s.0)(k—r +1)U (k-1 +15)
To prove (25), we write
D, {x'} = 8(k,i)5(h,0), (26)

D, {u,(x,t)} = (k+1U (k+1h).

Then by using the formula (10), we can easily establish the
formula (26). Now, we are able to apply the two-dimensional
transform on the both sides of (22). Hence using the formula
(6), and (17) yield the iteration formula

(h+2)(h+1)U (k,h+2)—(k+2)(k+1)U (k+2,h)-

(@7)
3 steabanauleers) |-afk)
Using the initial conditions (23) and (24), we have
U(k,0)=0 k=0,12,... (28)
U (k,1)=0, k=012,... (29)

Next, we substitute (28-29) into (27) and simplify. This
leads to the iteration formula

U(k,h+2)= [(k+2)(k+1)U (k+2h)+

(h+2)(h+1)
(30)

(ﬁi(s(r,z)(s(h,s)u (k—r,s))+5(k,1)}

r=0s=0

Hence, the iteration formula (3.22), gives
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U(L2)=%, U(34)=L, U(L6)==

120°

And the others are zeros. Therefore, the close form solution
can be easily written in the form

xt> X' xt®
u(x,t)=—+ + .
2 24 120

(31)
Which is the exact solution found by the method of
successive approximation in [8].

V. CONCLUSION

In this paper, we reviewed the concept of two-dimensional
differential transform, properties and some formulas. Then
we used an approach based on the summation properties to
prove the dimensional differential transform of the product
of two functions of two variables, and then used this product
formula to establish other useful formulas. This study
showed that this procedure can be used to find the differential
transform of many complicated terms appears on the
differential equation. This approach, as we showed in the
numerical examples, enables us to apply the differential
transform method on many types of partial differential
equations. This also showed that this approach reduces the
computational difficulties of finding formulas for many
complicated functions. At the end, we reveal that the
differential transform method is very efficient, simple and
can be applied to many complicated linear and non-linear
partial differential equations.

REFERENCES

1. J. K. Zhou, Differential Transformation and its
Applications for Electrical Circuits, Huarjung
University Press, Wuhan, China, (1986).

2. C. K. Chen, S. H. Ho, Application of deferential
transformation to eigenvalue problems, Applied
Mathematical and Computation 79 (1996) 173-188.

3. E. Elmabrouk and F. Abdelwahid, Useful Formulas
for One-dimensional Differential Transform, British
Journal of Applied Science & Technology, 18(3),
(2016), 1-8.

4. F. Madi and F. Abdelwahid, Using the Differential
Transform Method to Solve Non-Linear Partial
Differential Equation, Journal of Advances in
Mathematics and Computer Science, 35(8), (2020),
34-43

5. C. K. Chen, S.H. Ho, Solving partial differential
equations by two dimensional differential transform,
Applied Mathematical and Computation 106 (1999)
171-179.

6. F. Ayaz, On two dimensional differential transform,
, Applied Mathematical and Computation 143
(2003) 361-374.

7.

E. C. Zachanoglou and D. W .Thoe, Introduction to
Partial Differential Equations with Applications,
Dover Publication, INC. New York, 1986.

H. F. Weinberger, A first Course in Partial
Differential Equations with Complex Variables and
Transform Methods, Blaisdell, New York, 384,
(1965).

2859 |

Fawzi Abdelwahid?, IIMCR Volume 10 Issue 08 August 2022



