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We proved theorems about creating Pythagorean Triples from generalized recursive sequences
in this study. Pythagorean triples are a very old concept that has made significant progress in

recent mathematical studies. Pythagorean triples can be generated using Neo balancing
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general procedure is presented with appropriate illustrations.
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1. INTRODUCTION
Pythagorean triple is a collection of three positive integers
that form the sides of a right triangle. Even though
Pythagorean triples may be generated using simple algebraic
formulas, the concept of generating such triples continues to
intrigue mathematicians to his day. This study looks at one
such technique that uses recursively generated generalized
sequences. To explain the generation technique, theorems and
demonstrations were supplied in-depth.
p? + q% = r% (1) if and only if three positive integers p, q,
form a Pythagorean triple. A right triangle with two smaller
sides of length p,q and a hypotenuse of length r can be
formed by any three positive integers that fulfill.
The nt* term of a sequence of ratios denoted by M,, and is
defined as the positive root of the equation x? —tx + 1 =0
t+yt2-4

(2). Thus, M;, = ——(3).

The terms of the generalized recursive sequence of order t are
defined recursively by the relation K,,, = tK,,, — K, +
2—-t,Ky=1K; =t,n=>1 (4) where t is some positive
integer.

2. NEO BALANCING
PYTHAGOREAN TRIPLE
In this part, we will demonstrate how to create the
Pythagorean Triple from four successive instances of the Neo
Balancing sequence and vice-versa.

The relation NB,,,; = 6NB,, — NB,,_; —4,n = 1 (5) creates
a series of real numbers called the generalized balancing
number. The typical balancing sequence, whose first few
terms arel,2,7,36,.. is obtained from (5) if NB, =
1,NB; = 2.

SEQUENCE AND

Theorem:2.1 If NB,,NB, ;1,NB,,,,and NB, 5 denotes
four consecutive terms in a Generalized Balancing sequence,
then (p, q, ) denotes a Pythagorean Triple,

where p = 36(NB,,,; — 1) — (NB,,, — 1)?,

q =12(NBpys — D(NByyz — 1), 7 =36(NB,yy — 12 +
(NBpy, —1)% (6)

Proof. Using (5), we observe that

p? +q* = 36(NBpyy — 1)? = (NBpy, — 1)°)* +
(12(NBysz = D(NByyy = 1))° = (NByyz — 1)? +
36(NB,,; — 1)2)% = r2,

Hence (p, q,7) is a Pythagorean triple.

Theorem: 2.2 Let (p, q,r) be a Pythagorean triple with the

same parity for both p andr. The four consecutive terms of
the Generalized balancing sequence
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NB,,NB, ,1,NB,.,,and NB,,; can be constructed using

the relationsNB, = 1 + /%_ /% NB,,, =1 +% ,T-}-Tp

Proof. Using (5) and the values of p,  from (6) and from
theorem 2.1, we obtain (7). Also from (7), it is obvious that
NB,,, = 6NB,,; — NB, — 4 and

NBpy3 = 6NByp — NBpiy — 4.

Hence NB,,NB,.1,NB,,,, and NB,,,; forms four
consecutive terms of generalized balancing sequence. This
completes the proof.

Illustration:2.1 Consider the four consecutive Neo
Balancing sequences as 2,7,36,205 then the Pythagorean
triple would be p =71,q =2520,r =2521. Also, if
(71,2520,2521) is the given Pythagorean triple then by (7)
NB, = 2,NB,,,; = 7,NB,,, = 36,and NB,,,; = 205.
Thus the four consecutive terms of the Neo Balancing
sequence 2,7,36,205 corresponds to the Neo Balancing
sequence.

3. GENERALIZED RECURSIVE SEQUENCE AND
PYTHAGOREAN TRIPLE
In this section, we will provide methods to generate the
Pythagorean Triple from four consecutive terms of
Generalized Recursive sequence and vice-versa.
The generalized recursive sequence is defined by

Kniz = tKpy1 — Ky +2 — K (8)

for some positive integert. We also notice that the Neo
balancing sequence is a special case of
Kn+2 = tKn+1 - Kn FOF t= 6

with fixed initial valueskK, = 1,K; = 2.

Theorem: 3.1 Let K, K41, K, 42, and K, 5 represent four
consecutive terms of the generalized recursive sequence of
order t. Then (p,q,r) will be a Pythagorean Triple,
where b= tz(Kn+1 - 1)2 - (Kn+2 - 1)2:

q = Zt(Kn+1 - 1)(Kn+2 - 1), and

r= tz(Kn+1 - 1)2 + (Kn+2 - 1)2 (9)
Proof.
From the given expression,

pz + qz = (tz(Kn+1 - 1)2 - (Kn+2 - 1)2)2
2
+ (2t (K1 = D(Epsz — 1)

= (t*(Kps1 — 1D* + (Kpyo — 1D?)? =12

Hence (p, q, ) forms a Pythagorean triple and completes the

poof.

Theorem: 4.2 Let (p,q,r) be a Pythagorean triple with the
same parity for both p andr. The four consecutive terms of
the generalized recursive sequence

Kn: Kn+1! Kn+2: and Kn+3

Can be constructed using the relations

+ - 1 r+
Kpp =1+ /T;—pand Kpps=14¢ /%”—% ~E (10).

Proof.
From the values of p, r given in (8) we see that

and S0K,41 =1 +% /?

Similarly, we obtain K,,,, = 1 + ?.

p+71=2t*(Kyyy — 1)?

Now using (8), we get

Ky = tKpps — Kpyp + 2 — K=1+ /? - /%

Finally, in (8), replacing

nbyn+1,wegetK,,; =1+t /%—% /”Tp

Moreover, we see that the recursive equations
Kn+2 = tKn+1 - Kn + 2 - K and

Knis = tKni2o = Kpia +2—K
Avre satisfied with these values.

Hence K, K,.1,Kn42, and K5 forms four consecutive
terms of the generalized recursive sequence. This completes
the proof.

Ilustration: 3.1 As an example, we discover four terms of a
generalized recursive sequence for the values of t =
1,2,3,4,5,6 if (7,24,25) is the provided Pythagorean triple.
Herep = 7,r = 25.

From (10), we obtain the four consecutive terms as follows
fort =1,is (2,5,4,0).

From (10), we get the four consecutive terms as follows
for t = 2, which is (2,3,4,5).

From (10), we get the four consecutive terms as follows
fort = 3,is (2,2,4,2).

From (10), we get the four consecutive terms as follows
for t = 4, which is (2,2,4,12).

From (10), we get the four consecutive terms as follows
for t = 5, which is (2,2, 4,2).

From (10), we get the four consecutive terms as follows
for t = 6, which is (2,2, 2,55

)

Illustration:3.2 As an example, we discover four terms of a
generalized recursive sequence for the values of t =
1,2,3,4,5,6 if (13,84,85) is the provided Pythagorean triple.
Here p = 13,r = 85.

From (10), we obtain the four consecutive terms as follows
fort =1,is(2,8,7,0).

From (10), we get the four consecutive terms as follows
for t = 2, which is (2,3,7,12—9).
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From (10), we get the four consecutive terms as follows
fort =3, is (2,13—0,7,?).

From (10), we get the four consecutive terms as follows

for t = 4, which is (2,14—1, 7,?).

From (10), we get the four consecutive terms as follows

for t = 5, which is (2,%, 7,1;_’&).

From (10), we get the four consecutive terms as follows
for t = 6, which is (2,%, 7,22

=)
For all matching values of ¢, we can obtain four consecutive
terms of the generalized recursive sequence.

5. CONCLUSION

Among the few current Pythagorean triple generating
methods, the paper dealt with approaches of generating such
triples using four consecutive terms generalized recursive
sequence. The notion of Neo Balancing sequence was nicely-
recognized and mentioned in [6]. But the four consecutive
phrases of the Neo Balancing sequence can’t produce every
recognized Pythagorean triple. Hence we think about the Neo
Balancing sequence and via theorems 2.1, and 2.2, we had
proved the one-one correspondence between Pythagorean
triple and four consecutive terms of Neo Balancing sequence,
and subsequently, via theorems 3.1 and 3.2, we had proved
the one-one correspondence between Pythagorean triple and
four consecutive terms of the generalized recursive sequence.
The thinking of the Pythagorean triple from four consecutive
terms of generalized recursive sequence and retrieving them
returned from a given Pythagorean triple was once a new
notion employed in this paper.
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