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Abstract- We study a nonlinear heat like equation from a lie symmetry stand point.
Heat equation have been employed to study flow of current, information and propa-
gation of heat. The Lie group approach is used on the system to obtain symmetry
reductions and the reduced systems studied for exact solutions. Solitary waves have
been constructed by use of a linear span of time and space translation symmetries.
We also compute conservation laws using multiplier approach and by a conservation
theorem due to Ibragimov.
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1. Introduction

The heat equation [19] has been studied by many scientists. A coupled system of
such equations can be used to study polydispersive sedimentation. This coupled
system can be used in studying movement of particles in fluids and how gravity
affects them. As the particles spread and mix with the fluid, suspensions or colloids
form depending on size of particles. We have derived the nonlinear heat-like equation
from the classical heat equation

A = uy + Pug, =0, (]')

and if we let the thermal conductivity to depend on w and «, that is, = au,
Equation (1) becomes

A =uy + autg, = 0. (2)

The role of this paper is study the nonlinear system 2 by Lie group analysis. We in
the first section give preliminaries before studying the system.

2. Preliminaries

This section presents a prelude that is used in what comes after.

3113 |

Joseph Owuor Owino, ITMCR Volume 11 Issue 01 January 2023


mailto:josephowuorowino@gmail.com

“Group Analysis of a Nonlinear Heat-Like Equation”

Local Lie groups
[6]
We will consider the transformations
T€ : i'i = Soi(xivuaae)v u® :77004(1.7;7“0476)’ (3>

in the Euclidean space R™ of x = 2! independent variables and R™ of u = u®
dependent variables. The continuous parameter ¢ ranges from a neighbourhood

N C N CRof e =0 for ¢ and 9® differentiable and analytic in the parameter e.

Definition 1 Let G be a set of transformations in (3) . Then G is a local Lie group

(i). Given T, ,T., €G, fore;,ea € N CN, then
T.T.,=T., €3, e3=d(e1,e2) € N (Closure).

(i1). There exists a unique Ty € G if and only if € = 0 such that T.Ty = TyT. =
T. (Identity).

(11i). There exists a unique T.-x € G for every transformation T, € G,
where e € N'CN and e ' c N such that
T.T.-r =TT, =Ty (Inverse).

Remark 1 The condition (i ) is sufficient for associativity of G.

Prolongations

Consider the system,
Aa (xivuaau(l)w”au(w)) = Aoc =0, (4)

where u® are dependent variables with partial derivatives uy = {u'},
ugy = {ug;t, - u@ = {ug, ;. }, of the first, second, ..., up to the wth-orders. We

shall denote by

0 0

Di = -+ u + us
oxt !

Ju® " ou?
J

I (5)

the total differentiation operator with respect to the variables z¢ and 5{, the Kro-
necker delta. Then
Di(z?) =67, ', u® = D;(u®), u® = D;(Ds(u®)), ..., (6)

(2

where u$ defined in (6) are differential variables [6].
1. Prolonged groups Let G given by

=g(athute), | =af, ut =t ue), Pt =ut, (7)

where means evaluated on € = 0.
e=0
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Definition 2 The construction of G in (7) is equivalent to the computation
of infinitesimal transformations

7t (U, ¢

| 3)
B~ P e, g

e=0

obtained from (3) by a Taylor series expansion of ¢'(x',u®,€) and V' (x*, u®, )
in € about € = 0 and keeping only the terms linear in €, where
D' (x*, u®, €)

(0 @\ o i «@ _aqpoz(xi’ua’e) 9
ey == |y T =T, @

Remark 2 By using the symbol of infinitesimal transformations, X, (8) be-
comes

T (14 X2, a® =~ (1+ X)u®, (10)

where

X =€) 2

ozt (11)

4 T]a<Ii, ua)

oue’
is the generator G in (7).
Remark 3 The change of variables formula

D; = Di(¢’) D, (12)

is employed to construct transformed derivatives from (3). The D; is total
differentiation T'. As a result

al = Di(u®), ufy = Dj(af) = Dy(as). (13)

If we apply the change of variable formula given in (12) on G given by (7), we
get

Di(y®) = Di(¢"), Dj(a*) = a§Di(¢’). (14)
If we expand (14), we obtain

05 0P\ v
(axz‘ M auﬁ) %= m T e (15)

The @ can be writlen as functions of x', u®, uey), meaning that,

ul = 0*(z", u ugy, ), D* = u. (16)

e=0 !

Definition 3 The transformations in (7) and (16) give the first prolongation
group ghl,
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Definition 4 Infinitesimal transformation of the first derivatives is
Ul ~ud + e, where (Y = (' u® ugy, €). (17)

Remark 4 In terms of infinitesimal transformations, G is given by (8) and

(17).
2. Prolonged generators

Definition 5 By the relation (1/) on GM from 3, we obtain [0]

Di(a + & e)(uf + (f'e) = Di(u® +n€), which gives (18)
ug + (e + u]'”-‘eDifj =ul + D;n, (19)

and thus
¢ =Di(n™) — ui Di(&), (20)

18 the first prolongation formula.

Remark 5 Analogously, one constructs higher order prolongations [0],

ij = DJ(C;X) - U?HD]‘(§’€>7 R 26: ..... e D;, ( zof ..... iﬁ,l) - Uz,ig,...,im,ljDin (fj)
(21)

Remark 6 The prolonged generators of the prolongations GV, ... G of the
group G are

X=X+ gﬁaia, L X = X e
U;

for the group generator X in (11).

e k21 (22)

Group invariants
Definition 6 A function I'(z',u®) is said to be an invariant of G of in (3) if
L(z'a") = T(2",u®). (23)

Theorem 1 A function T'(z',u®) is an invariant of the group G given by (3) if and
only if it solves the following first-order linear PDE: [6]

- or
+n* (2", UQ)% = 0. (24)

g or
XT' = ¢&(a, ua)axi

From Theorem (1), we have the following result.

Theorem 2 The Lie group G in (3) [6] has precisely n— 1 functionally independent
mwvariants and one can take as the basic invariants, the left-hand sides of the first

integrals
¢1(Ii7 Ua) =Ciy. e 7¢n—1($i7 Ua) = Cp—1, (25)
of the characteristic equations for (24):
dz? du®
AN — (26)

(et ur) e (at, ue)
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Symmetry groups

Definition 7 We define the vector field X (11) as a Lie point symmetry of (4) if
the determining equations

XA, =0, a=1,....m, w>1, (27)
Aq=0

are satisfied for the m-th prolongation of X, namely X .
Definition 8 The Lie group G is a symmetry group of (1) if (4) is form-invariant,

that is ‘
A, (2,4, aqy, ..., Um) = 0. (28)

Theorem 3 The Lie group G (3) can be constructed from the infinitesimal trans-
formations in (7) by integrating the Lie equations

dzt
de

. du® .
=2 — =%z, u" u =u“. 29
= o), @] = (29

Lie algebras

Definition 9 A vector space V. of operators [6] X (11) is a Lie algebra if for any
XrL', X] E Vr,
(X, X;] = X X; — XX, (30)

sV, foralli,j=1,...,r.

Remark 7 The commutator is bilinear, skew symmetric and admits to the Jacobi
identity [0].

Theorem 4 The set of solutions of (27) forms a Lie algebra/6].

Exact solutions

The methods of (G’/G)-expansion method [22], Extended Jacobi elliptic function
expansion [23] and Kudryashov [20] are usually applied after symmetry reductions.

Conservation laws

[6]
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Fundamental operators

Definition 10 The FEuler-Lagrange operator —a 18
0
Z PR DZ 3]_
UO‘ 8“0‘ + ; 1 nau“ZQ i ( )

and the Lie- Bicklund operator in abbreviated form [6] is

-0 0
X:/fz%—i-ﬁa%—#.... (32)

Remark 8 The Lie- Bicklund operator (32) in its prolonged form is

. 0
X=¢
ga naa+ZC11 'lma Zal Z’ (33)
k>1 122.-tk
for
Cz D(Wa)+€] zg? R g...iH:Dn ln(Wa)+£J gzl k) ]:1,,7’L
(34)
and the Lie characteristic function
We =n* —us. (35)
Remark 9 The characteristic form of Lie- Béicklund operator (33) is
X =D+ W* 0 + Dy, i, (W) 0 (36)
- 3 aua 11...71 aua

111215

The method of multipliers
Definition 11 A function A* (z,u®, (), ...) = A, is a multiplier of (4) if [22]

A*A, = DT, (37)

where D;/T" is a divergence expression.

Definition 12 To find the multipliers A®, one solves the determining equations (58)

[211;
5

~—(A"A4) = 0. (38)
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Ibragimov’s conservation theorem

The technique [6] enables one to construct conserved vectors associated with
each Lie point symmetry of (4).

Definition 13 The adjoint equations of (4) are

1)
@(UBA/;) =0, (39)

AN (xi, u®, v, U, v(ﬂ)) =

for a new dependent variable v®.

Definition 14 The Formal Lagrangian L of (/) and its adjoint equations (39) is

[o] |
L =v"Ag(x", u ugy, - . 5 Ur)). (40)

Theorem 5 Every infinitesimal symmetry X of (4) leads to conservation laws [0]

D, T

=0 41
A =0 (41)

oL oL oL
dug P (a_) Py (—aua, ) —

oc oL
o[22 -0, () ..
ij

ijk

where the conserved vector

T =¢L+we

3. Main results
3.1. Lie point symmetries of nonlinear heat-like Equation(2)

We start first by computing Lie point symmetries of the system (2), which admits
the one-parameter Lie group of transformations with infinitesimal generator

0 0
X :T(t,x,u)a—kf(t,x,u)%—i—T](t,x,u)% (43)
if and only if
XBPAl =o, (44)
A=0
By definition
0 0 0 0 0
XP =7 p e 4=+ G=— 4
"ot o T au T T 2, (45)
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where

G =N+ ur(u — 7e) + ua(—&) + wpre(—Eu) + u?(_TU)7
Co = My + Uz (M — &) + ue(—T2) + wptie(=7) + ui(_fu),
Co2 = e + Ua (202w — Eaa) + Ut(—Tow) + st (—2T00) + Uplpe (—Tu)
+ Uta (—273) + Uga (1 — 20) + Uglisa(—27y) + Upliae(—3E0) + U3 (Nuw — 260u)

+ w2 (= To) + U (—Euu)
(46)

Using the prolonged generator (45) in Equation (44) gives

aNUgr + (1 + aulay = 0. (47)

If we substitute for ¢; and (s in the determining Equation (44), we obtain the
following;;

U (am) + {1+ we (e — 70) + e (—&) + wug (=€) +uf (—70)}

U Ny + s (2Nou — Eaa) + Ut(—Tan) + Uptla (—2Tpu) + Uslipe (—Ty)

Ui (—27,) + g (T — 260) + Utieg (—27) + tgtig(—3€) + 12 (s — 263) D)
+ gty (—To) + ui(_fuu)}’umz

w =0
au

Now replacing u,, by —*t in the Equation (48), we obtain,

Uy

[ - —} (am) + {m sl — 1) + s (—€0) + g () + u3<—m>}

au
U
au{nzz + ua:<2nzu - €$$) + ut(_sz) + utu.t(_QT:cu) + Uy |: - Q{_;:| (_Tu)

(49)
or

M+ Qg + w (28, — auty, — Z — 7)) + uy(—& + ou{2np, — & })

+ Uty (28, — 200uTyy) + U (—20uT,) + Ugtiyy (—2auTy,) (50)

+ Ui(aU{T]uu —26)) + utui(—aumu) + ui(—aufuu) =0

Since the functions 7, & and n depend only on ¢, x and u and are independent of the
derivatives of u, we can then split the above equation on the derivatives of u and
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obtain

Te = Ty = §u = Nuu =0,
u{2¢, — i} —n =0,
QUi 2Ny — &g} — & =0
N + Qung, =0.

From Equation (51-52), it is evident that

T =7(1), (55)
§=£(t, z), (56)
n :u{2£x - Tt}' (57)

Using these functions in Equation (53),
3au—& =0 (58)

and separating on powers of u gives the system

uzé zg:xZZO.O’ (59)
Equation (59) is necessary and sufficient for
E(t,x) = 1o + co. (60)
Now using Equation (54), we have
T = 0, (61)
which can be integrated twice with respect to t to give us
T(t) = cst + cq. (62)
and finally;
T =cst + ¢4, (63)
£ =1z + co, (64)
n =(2¢; — c3)u. (65)
We have obtained a four dimensional Lie algebra of symmetries spanned by
X1 :x% + Qu%, (66)
Xy = (67)
X3 :t% — u%, (68)
X, :%. (69)
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3.2. Commutator Table for Symmetries

We evaluate the commutation relations for the symmetry generators. By defini-
tion of Lie bracket [23], for example, we have that

R, 8 0
(X0, X4] = X0 Xy — X4 Xo = (%E) - (&%) = 0. (70)

Remark 10 The remaining commutation relations are obtained analogously. We
present all commutation relations in Table (1) below.

XL X[ X | Xo [ X5 | X4
X, |0 -X2]0] 0

X5 Xo| O 0 0
X3 0 0 0 [-Xy4
Xy 0 0 | Xy] O

Table 1. A commutator table for Lie algebra of a nonlinear heat-like equation.

3.3. Group Transformations

The corresponding one-parameter group of transformations can be determined
by solving the Lie equations [24]. Let T, be the group of transformations for each
Xi,1 = 1,2,3,4. We display how to obtain T, from X; by finding one-parameter
group for the infinitesimal generator Xy = (%. In particular, we have the Lie equa-

tions
dt _
— =0, f =t
d€2 e2=0
&
_I :17 x =7z, (71)
d62 e2=0
du
e
d€2 “ e2=0 ¢
Solving the system (71) one obtains,
t=t, T=x+¢6, uU=u, (72)

and hence the one-parameter group 7, corresponding to the operator X, is

T,: (t,z,u)=(t,x+ e, u). (73)
All the five one-parameter groups are presented below :
T., : (t,z,0) = (tve", ue®),
T, : (t,z,0)=(t,x + €, u),
(7, = (02 + 3.0 -
T, : (t,z,0)= (te®, z,ue®),
T.,: (t,z,0)=(t+ €4, z,u).
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3.4. Symmetry transformations

The symmetries we have obtained can be used to transform special exact solu-
tions of the nonlinear heat-like equation into new solutions. The Lie group analysis
vouches for fundamental ways of constructing exact solutions of PDEs, that is,
group transformations of known solutions and construction of group-invariant solu-
tions. We will illustrate these methods with examples. If 4 = ¢(¢, Z) is a solution of
equation (2)

o(t,x,u,e) = g(fi1(t,x,u,€), fot, z,u,€)), (75)

is also a solution. The one parameter groups dictate to the following generated
solutions:

T, :u:g(t xe’ ) 't
T, :u=g(t,x+¢
2 g( . 2) (76)
T, :u=g(te®, x)e”
T., :u=g(t+ €4, ).
3.5. Construction of Group-Invariant Solutions

Now we compute the group invariant solutions of a non-linear heat-like equation.

The assomated Lagrangian equations

dt dz du
D 77
0 x 2u’ (77)

yield two invariants, J; =t and J, = 2?“ Thus using Jo, = ®(J;), we have

O(t
ult,z) = ’”T() (78)
The derivatives are given by :
@/
uy =22
2
®
Uy :ﬂ7
2
Ugy =0.

If we substitute these derivatives into Equation (2) , we obtain the first order
ordinary differential equation

2@ (t)
2

= 0. (79)
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For any x # 0, Equation (79) is equivalent to

P'(t) =0,

(80)

whose solution is ®(¢t) = C;. Hence the solution for Equation (2) obtained

from this symmetry is

C
u(t,z) = %x’ C e R

Xo=2

dt  dr du

0o 1 0
This gives the constants J; =t and Jo = u , giving the solution

u(t, ) = f(t).
We obtain the derivatives as follows:

Uy :ft(t)7

Uy =0 = Uyy.

(81)

If we substitute the above derivatives in Equation (2), we obtain the first order

ordinary differential equation

ft(t) = 07
whose solution is
f(t) = Cg, Cy € R.
Hence the solution for Equation (2) obtained from this symmetry is
U(t, 1}) = CQ, 02 e R.

X3 = t% — U%
The Lagrangian system associated with the operator X3 is

dt  dzr  du

t 0w’

whose invariants are J; = x and Jy = tu. So, u(t,z) = Qp(tx)

invariant solution. The derivatives are namely;

Uy = — @7
L)
t
W V@
t

(86)

(87)

(88)

(89)

is the group-

(90)
(91)

(92)
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Substituting of v = ¥ (x) into (2) yields

ap(x)y"(z) — () = 0. (93)

For any x € R such that ¢(x) = 0, we have the trivial solution. Otherwise,
for € R such that ¢(x) # 0, Equation (93) is equivalent to

ay’(r) =1 =0, (94)

where « # 0 lest we have a contradiction.

The solution to Equation (94) is

2

W(w) = ;C—a FCyr+Chy (0,0) # (Cs, Cu) € R2. (95)

Hence the associated group-invariant solution is

1 2
u(t,x) = ;{;‘_ +O3I+O4}7 (0707070> 7& (t7a703704) € R4' (96)
Q
(IV) X4 = %
Characteristic equations associated to the operator X, are
dt dxr du
TS0 0 (97)

yieldsJ; = z and Jo = u. As a result, the group-invariant solution of (2) for
this case is Jo = §(.J;), for ¢ an arbitrary function. That is,

u(t,z) = o(x). (98)

Substitution of the value of u from Equation (98) into Equation (2) yields a
second order ordinary differential equation

ad(z)d"(z) = 0. (99)

Whenever, (a,0(z)) = (0,0) for any roots of 6(z), we have the trivial
solution. Otherwise Equation (99) is satisfied by

(5(I) = Csx + Cs, (0, O) 7£ <C5, Cﬁ) e R% (100)

Consequently, the group-invariant solution under X, is

U(t, l’) = 051' + 06 (O, O, 0) 7é (Oé, 05, Cﬁ) € Rg. (101)
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3.6. Soliton

We obtain a traveling wave solution of the non-linear heat-like Equation(2) by
considering a linear span of the symmetries Xy and X, namely, [22

0 0
X=cXo+Xy= Cor + e for some constant c. (102)
The characteristic equations are
dt dzr du
== 103
1 c 0 (103)

We get two invariants, J; = x — ¢t and Jy = u. So the group-invariant solution is

u(t,z) = Q(x — ct), (104)
for some arbitrary function §2 and c¢ the velocity of the wave. The resulting deriva-
tives are

up = — Y (x — ct), (105)

u, =9 (x — ct), (106)

Uzy =" (x — ct). (107)
Substitution of u into (2) yields a second order nonlinear ordinary differential equa-
tion

— Q'+ Q0" =0, Q=Q(x—ct). (108)
Integration of Equation (108) with respect to €' yields
Q/Q

where we have taken the zero on the right hand side as the constant of integration.
If the function {2 is non constant, that is, ' # 0, then we have from Equation (109)

that
—c) +2Q =0. (110)
By letting £ = x — ct, we have
T (111)
whose integration yields
Q:Cge%&, E=x—ct, Cg=e"". (112)

Clearly, we have the one-soliton solution as

2(z—ct)

u(t,r) = Cge” = , (0,0) # (c,Cg) € R% (113)
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4. Conservation laws of equation (2)

We will employ multipliers in the construction of conservation laws.

4.1. The multipliers

We make use of the Euler-Lagrange operator defined as defined in [21] to look
for a zeroth order multiplier A = A(¢, z,u). The resulting determining equation for
computing A is

)
5 [A{w; + quug, }] = 0. (114)
where
0_0 59 59 e d (115)

ou  Ou Juy Ou, Oy
Expansion of Equation (114) yields

Ay(us + autty,) + alug, — Dyi(A) + aD?(Au) = 0. (116)

Invoking the total derivatives

0 o 5,
D, — ... 11
’ 3t+ut8u+um8uz+utt8ut+ : (117)
0 0 0 0
Dy = %+“w%+“w9ﬂa—%+“tza_%+“" (118)

on Equation (116) produces
20(Ay + ulgy)ug + 200(A 4 uly)uge + a(2A, + uAuu)ui — N+ aul,, =0 (119)

Splitting Equation (119) on derivatives of u produces an overdetermined system of
four partial differential
equations, namely,

Uy Ny + uly, =0,
Ugr N+ ul, =0,
ui 20N, +uly, =0,

rest : — Ay + aul,, =0

Note that Equation (121) is sufficient for Equations (122) and (120) . We can write
Equation (121) as

dA du

- 124

A U (124)
if and only if

dA
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giving the solution

A=2 ceRr (126)
u

A =-. (127)

Remark 11 Recall that a multiplier A for Equation(2) has the property that for the
density T* = T'(t,x,u) and flur T* =T*(t,x,u,u,),

A (uy + quug,) = DI+ D, T*. (128)
We derive a conservation law corresponding to the multiplier.

4.1.1.  Conservation law for the multiplier A = 1

Expansion of equation (128) gives
1
—{u + auug, } =T} +wT, + T7 + u, Ty + ug Ty . (129)
u
Splitting Equation (129) on the second derivative of u yields

Ugy - Tuxzzay (130)

1
Rest : —{w;} =T} + Tlu; + TF + T u,. (131)
u
The integration of Equation (130) with respect to u, gives

T* = au, + A(t, z,u). (132)
Substituting the expression of 7% from (132) into Equation (131) we get
1
—{u} =T} + Thuy + Ay + Ayu,. (133)
u

which splits on first derivatives of u, to give

u, A, = —0, (134)
1
D Th= = 135
Uy u u’ ( )
Rest : 0=1T} + A,. (136)

Integrating equations (134) and (135) with respect to u manifests that

T'=Inu+ C(t, z), (137)
A= B(t,z) (138)
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By substituting the obtained functions into Equation (136), we have
Cy(t,z) + By(t,x) = 0. (139)

Since C(t,z) and B(t,x) contribute to the trivial part of the conservation law, we
take C'(t,x) = B(t,z) = 0 and obtain the conserved quantities
T' =Inu, (140)
T =0y, (141)

from which the conservation law corresponding to the multiplier A = %L is given by

D; (Inwu) + D, (au, }) = 0. (142)

Remark 12 [t can be shown that the two sets of conserved quantities are conserva-
tion laws. Furthermore, since u # 0 and % £ 0, the nonlinear heat-like equation is
itself a conserved quantity.

5. Conclusion

In this manuscript, four dimensional Lie algebra of Lie point symmetries has
been applied to study a nonlinear heat-like equation. A commutator table has been
constructed for the obtained Lie algebra. We have also used symmetry reductions
to compute exact group-invariant solutions, including a soliton. A conservation law
has been derived by the method of zeroth order multipliers.
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