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In this Paper we will investigate some fixed point and common fixed point theorem for multivalued 
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1. INTRODUCTION 

Let 𝐸 be a non-empty compact Convex. subset of uniformal 

convex Banach Space 𝑋 and 𝑇 is a self map 

Then 𝑇: 𝐸 → 𝐸 is called multivalued non-expansive mapping 

If 

∥∥𝑇𝑠 − 𝑇𝑡∥∥ ⩽ ∥ 𝑠, 𝑡 ∥  ∀ 𝑆, 𝑡 ∈ 𝐸 

Since 𝑋 is a unifomaly conver then every non-expansive 

mapping 

𝑇: 𝐸 → 𝐸 has a fixed point (see Browder [5] Kirk [1] [6] 

[7])gives the Comprehensive survey Concerning. A fixed 

point theorem for non-expainsive mappings. 

and (Dwivedi, Bhardwaj, Shrivastava [13]) worked for 

Common fixed theorems in Banach space. 

Here 𝑁 is a set of all positive integers and 𝐹(𝑇) is a set of all 

fixed point of a mapping 𝑇. 

 

Then 𝐹(𝑇) = {𝑆 ∈ 𝐸: 𝑇𝑆 = 𝑆} and if 𝑆0 ∈ 𝐸 then {𝑆𝑛} in 𝐸 

defined as 

{

𝑆𝑛+1 = (1 − 𝛼𝑛)𝑇𝑆𝑛
+ 𝛼𝑛𝑇𝑦𝑛

𝑡𝑛 = (1 − 𝛽𝑛)𝑢𝑛 + 𝛽𝑛𝑇𝑢𝑛

𝑢𝑛 = (1 − 𝛿𝑛)𝑆𝑛 + 𝛿𝑛𝑇𝑆𝑛

(𝟏. 𝟏) 

Where {𝛼𝑛}, {𝛽𝑛} and {𝛿𝑛} are sequence in (0,1) 

we write some definitions Before start the main result. 

 

2. PRELIMINARIES 

Definition 2.1: A multivalued mapping 𝑇: 𝐸 → 𝐶𝐵(𝐸) 

is Called non-expansive if  

𝐻(𝑇𝑠, 𝑇𝑡) ≤∥ 𝑆 − 𝑡 ∥⋅ ∀ 𝑆, 𝑡 ∈ 𝐸 

Definition 2.2: A sequence {𝑆𝑛}: 𝑛 ∈ 𝑁 in 𝑋 is Called fejér 

monotone w.r. to subset 𝐸 of 𝑋 if  

∥∥𝑆𝑛+1 − 𝑝∥∥ ≤ ∥∥𝑆𝑛 − 𝑝∥∥ ∀ 𝑝 ∈ 𝐸 𝑎𝑛𝑑 𝑛 ≥ 1 

Example 2.3: Suppose 𝐸 is a non-empty subset of 𝑋 then 

𝑇: 𝐸 → 𝐸 is a quasi-non expansive mapping then the 

sequence {𝑆𝑛} defined of  𝑆𝑛+1 = 𝑇𝑛 is fejér monotone w.r. 

to 𝐹(𝐼)  

Definition 2.4: Let 𝐸 is a non-empty subset of 𝑋.  {𝑆𝑛} is 

a fejér monotone sequence w.r. to 𝐸 then - 

 

(1) The sequence {𝑆𝑛} is Bounded 

(ii) And for every 𝑆 ∈ 𝐸{∥∥𝑆𝑛 − 𝑆∥∥} is converges. 

Definition 𝟐. 𝟓: [3] A Banach space 𝑋 is satisfy the condition 

if  For any sequence {𝑆𝑛} in 𝑋 𝑆𝑛 → 𝑆 ⇒ lim𝑛→∞   sup 

∥∥𝑆𝑛 − 𝑆∥∥ ≤ lim𝑛→∞  sup  ∥∥𝑆𝑛 − 𝑡∥∥ ∀ 𝑡 ∈ 𝐸 with 𝑡 ≠ 𝑆 

Definition 𝟐. 𝟔: [15] Let 𝐸 is a subset of 𝑋 and 𝐴 multivalued 

non-expansive mapping 

𝑇: 𝐸 → 𝐶𝐵(𝐸) is satisfy the condition If Ǝ a non decreasing 

function. 

𝐹: [0, ∞) → [0, ∞) with 𝑓(0) = 0

𝑓(𝑟) > 0 ∀ 𝑟 ∈ [0, ∞)
 

Such that 𝐷(𝑋, 𝑇𝑆) ≥ 𝑓(𝐷(𝑋, 𝐹(𝑇))∀ 𝑆 ∈ 𝐸 

Lemma 𝟐. 𝟕: [15] Suppose that 𝑋  be a unifarmaly convex 

Banach space and 

0 ≤ 𝑝 ≤ 𝑥𝑛 ≤ 𝑞 ≤ 1 ∀𝑛 ∈ 𝑁 

{𝑆𝑛} and {𝑡𝑛} are two sequences of 𝑋 
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Then 

lim
𝑛→∞

 sup ∥∥𝑆𝑛∥∥ ≤ 𝑟

 lim
𝑛→∞

 sup ∥∥𝑡𝑛∥∥ ≤ 𝑟
 

and also lim𝑛→∞  ∥∥𝑥𝑛𝑆𝑛 + (1 − 𝑥𝑛)𝑡𝑛∥∥ = 𝑟 ∀𝑟 > 0 

Then 

lim
𝑥→∞

  ∥ 𝑆𝑛 −  𝑡𝑛 ∥= 0 (𝟐. 𝟏) 

 

3. MAIN RESULT 

Let 𝑋 be a Normed Banach space and 𝐸 be a non-empty 

closed and convex subset of 𝑋 and 𝑇 is. sef mapping 

Then 𝑇: 𝐸 → 𝑃(𝐸) is multivalued mapping 

Let {𝑆𝑛} is a sequence in 𝑃(𝐸) defined as 

{

 𝑆𝑛+1  = (1 − 𝛼𝑛)𝑥𝑛 + 𝛼𝑛𝑦𝑛

𝑡𝑛  = (1 − 𝛽𝑛)𝑎𝑛 + 𝛽𝑛𝑧𝑛

𝑢𝑛  = (1 − 𝛿𝑛)𝑠𝑛 + 𝛿𝑛𝑥𝑛

(𝟑. 𝟏) 

Where 𝑥𝑛 ∈ 𝑇𝑠𝑛
, 𝑦𝑛 ∈ 𝑇𝑡𝑛

 and 𝑧𝑛 ∈ 𝑇𝑢𝑛
 and {𝛼𝑛}, {𝛽𝑛}, {𝛿𝑛} 

are sequences in (0,1) 

Theorem 3.1. Let 𝑋 be a uniformaly convex Banach space 

and 𝐸 be a non-empty Closed Convex subset of 𝑋 and 𝑇 is a 

self map. 

Then 𝑇: 𝐸 → 𝑝(𝐸) be a multivalued mapping. 

such that 𝐹(𝑇) ≠ 𝜓 and 𝑃𝑇  be a nonexpansive mapping 

𝑃𝑇𝑃 = {𝑃} ∀ 𝑃 ∈ 𝐹(𝑇) 

The sequence {𝑆𝑛} defined in (3.1) Now we have to prove 

lim
𝑛→∞

 𝐷(𝑆𝑛; 𝑇𝑆𝑛
) = 0 

Proof: By using definition 2.2 

lim𝑛→∞  ∥∥𝑆𝑛 − 𝑝∥∥ exist for 𝑝 ∈ 𝐹(𝑇) 

Let  

lim
𝑛→∞

 ∥∥𝑆𝑛 − 𝑝∥∥ = 𝑐 ≥ 0 

if  e = 0 

 

𝐷(𝑆𝑛 , 𝑇𝑆𝑛
)  ≤ ∥∥𝑆𝑛 − 𝑥𝑛∥∥ ≤ ∥∥𝑆𝑛 − 𝑝∥∥ + ∥∥𝑥𝑛 − 𝑝∥∥

 ≤ ∥∥𝑆𝑛 − 𝑝∥∥ + 𝐻(𝑃𝑇𝑆𝑛; 𝑃𝑇𝑃)
 

𝐷(𝑆𝑛 , 𝑇𝑆𝑛
) ⩽ ∥∥𝑆𝑛 − 𝑃∥∥ + ∥∥𝑆𝑛 − 𝑝∥∥ 

⩽ (2) ∥ 𝑆𝑛 − 𝑝∥∥ 

 →  0 𝑎𝑠 𝑛 → ∞ 

𝑇ℎ𝑒𝑛 𝑐 = 0 𝑖𝑓 𝑐 ≥ 0 

From (3.1) 

∥∥𝑆𝑛+1 − 𝑝∥∥ = ∥∥(1 − 𝛼𝑛)𝑥𝑛 + 𝛼𝑛𝑦𝑛 − 𝑝∥∥ (𝟑. 𝟐)
 After solving (3.2) 

 ≤ (1 − 𝛼𝑛)∥∥𝑥𝑛 − 𝑝∥∥ + 𝛼𝑛∥∥𝑦𝑛 − 𝑝∥∥

 ≤ (1 − 𝛼𝑛)𝐻(𝑃𝑇𝑆𝑛, 𝑃𝑇𝑝) + 𝛼𝑛𝐻(𝑃𝑇𝑡𝑛, 𝑃𝑇𝑝)

 ≤ (1 − 𝛼𝑛)∥∥𝑆𝑛 − 𝑝∥∥ + 𝛼𝑛∥∥𝑡𝑛 − 𝑝∥∥

 

Using (2.1) we get 

∥∥𝑆𝑛+1 − 𝑝∥∥ ⩽ ∥∥𝑡𝑛 − 𝑝∥∥ (𝟑. 𝟑) 

Similarl from (3.1) 

∥∥𝑡𝑛 − 𝑝∥∥ ≤ ∥∥𝑢𝑛 − 𝑝∥∥ (𝟑. 𝟒) 

and 

∥∥𝑢𝑛 − 𝑝∥∥ ≤ ∥∥𝑆𝑛 − 𝑝∥∥ (𝟑. 𝟓) 

(a). Taking sup lim on both side (3.5) we get 

lim
𝑛→∞

 sup∥∥𝑢𝑛 − 𝑝∥∥ ≤ 𝑐 (𝟑. 𝟔) 

(b). Taking sup lim on both side (3.4) we get 

lim
𝑛→∞

 sup∥∥𝑡𝑛 − 𝑝∥∥ ≤ lim
𝑛→∞

 sup∥∥𝑢𝑛 − 𝑝∥∥ ⩽ 𝐶  (𝟑. 𝟕) 

 Now lim
𝑛→∞

 sup∥∥𝑥𝑛 − 𝑝∥∥ ≤ lim
𝑛→∞

  sup 𝐻(𝑃𝑇𝑆𝑛 , 𝑃𝑇𝑝)

≤  lim
𝑛→∞

 sup∥∥𝑆𝑛 − 𝑝∥∥
(𝟑. 𝟖) 

lim
𝑛→∞

 sup∥∥𝑥𝑛 − 𝑝∥∥ ≤ 𝐶 (𝟑. 𝟗) 

and using (3.7) we have 

lim
𝑛→∞

 sup∥∥𝑦𝑛 − 𝑝∥∥ ≤ lim
𝑛→∞

 sup∥∥ℎ𝑛 − 𝑝∥∥

  lim
𝑛→∞

 sup∥∥𝑦𝑛 − 𝑝∥∥ ≤ lim
𝑛→∞

 sup 𝐻(𝑃𝑇𝑡𝑛, 𝑃𝑇𝑝)

 ≤ lim
𝑛→∞

 sup∥∥𝑡𝑛 − 𝑝∥∥ ⩽ 𝐶

(𝟑. 𝟏𝟎) 

Since we know that 

lim𝑛→∞  ∥∥𝛼𝑛(𝑥𝑛 − 𝑝1) + (1 − 𝛼𝑛)(𝑦𝑛 − 𝑝)∥∥

= lim𝑛→∞  ∥∥𝑆𝑛+1 − 𝑝∥∥ = 𝑐. 

It follows Lemma (2.7) we have 

lim
𝑛→∞

 ∥∥𝑆𝑛 − 𝑡𝑛∥∥ = 0 (𝟑. 𝟏𝟏) 

From 3.2 we have 

∥∥𝑆𝑛+1 − 𝑝∥∥ = ∥∥(1 − 𝛼𝑛)𝑥𝑛 + 𝛼𝑛𝑦𝑛 − 𝑝∥∥

⇒ ∥∥𝑆𝑛 − 𝑝∥∥ =
∥∥𝑆𝑛 − 𝑝∥∥ − ∥∥𝑆𝑛+1 − 𝑝∥∥

𝛼𝑛

+ ∥∥𝑡𝑛 − 𝑝∥∥
(𝟑. 𝟏𝟐) 

Taking inf lim on both side 3.12 we get 

lim
𝑛→∞

  inf ∥ 𝑆𝑛−𝑝∥ = lim
𝑛→∞

  inf 
∥∥𝑆𝑛 − 𝑝∥∥ − ∥∥𝑆𝑛+1 − 𝑝∥∥

𝛼𝑛

+ ∥∥𝑡𝑛 − 𝑝∥∥ 

𝑒 ≤ lim
𝑛→∞

 inf∥∥𝑡𝑛 − 𝑝∥∥ (𝟑. 𝟏𝟑) 

From (3.7) and (3.13) we get 

lim
𝑛→∞

 ∥∥𝑡𝑛 − 𝑝∥∥ = 𝑐 

It follows Lemma 2.7 we have 

lim
𝑛→∞

 ∥∥𝑢𝑛 − 𝑧𝑛∥∥ = 0 (𝟑. 𝟏𝟒) 

Since  ∥∥𝑡𝑛 − 𝑝∥∥ = ∥∥(1 − 𝛽𝑛)𝜇𝑛 + 𝛽𝑛𝑧𝑛 − 𝑝∥∥ 

≤ (1 − 𝛽𝑛)∥∥𝑢𝑛 − 𝑝∥∥ + 𝛽𝑛∥∥𝑧𝑛 − 𝑢𝑛∥∥ 

Applying (3.14) we get 

∥∥𝑡𝑛 − 𝑝∥∥ ≤ ∥∥𝑢𝑛 − p∥∥ (𝟑. 𝟏𝟓) 

Taking inf lim on both side (2.15) we get 

lim𝑛→∞  inf∥∥𝑡𝑛 − 𝑝∥∥ ≤ lim𝑛→∞   inf ∥∥𝑢𝑛 − 𝑝∥∥ 

𝑐 ≤ lim
𝑛→∞

  inf ∥∥𝑢𝑛 − 𝑝∥∥ (𝟑. 𝟏𝟔) 

From (3.6) and (3.16) 

lim
𝑛→∞

 ∥∥𝑢𝑛 − 𝑝∥∥ = 𝐶 

It follows Lemma 2.7 we have 

lim
𝑛→∞

 ∥∥𝑆𝑛 − 𝑥𝑛∥∥ = 0 

Since 

              𝐷(𝑆𝑛 , 𝑇𝑆𝑛
) ≤ ∥∥𝑆𝑛 − 𝑥𝑛∥∥ 

Hence 

      lim𝑛→∞  𝐷(𝑆𝑛, 𝑇𝑠𝑛
) = 0    

 (𝟑. 𝟏𝟕) 

 (𝟑. 𝟏𝟕) is the proved of our theorem. 
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