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1. INTRODUCTION

In 1922, Banach, S., proved a contraction principle, which
ensures the existence and uniqueness of a fixed point of a self
map on complete metric space, under some appropriate
conditions. This principle is known as ‘Banach Fixed Point
Theorem’. This theorem states that ‘if f be a self-mapping of
a complete metric space (X,d) and if there exist a number k,
with 0 <k < 1, such that d(Tx,Ty) < cd(x,y) forall x, y € X,
then f has a unique fixed point in X . During the last 80 years,
this result was extended and generalize through a lot of fixed
point and common fixed point theorems which have been
established by many authors in different spaces by taking
more general contractive conditions.

In the year 1950, The notion of modular space, as a
generalization of a metric space, was introduced by Nakano
[21]. This interesting result have been extensively generalized
and developed by Chistyakov,V.,[7, 8, 9], Yamamuro [31],
Koshi and Shimogaki [15], Mongkolkeha at el. [16],
Musielak [18] and others. The main idea behind this concept
is the physical interpretation of the modular. Informally
speaking whereas a metric on a set represents finite non-
negative distance between two points of the set, a module on
a set attribute a non-negative (possibly, infinite valued) “field
of (generalized) velocities” such that to each ‘time’ A > 0 (the
absolute value of), an average velocity w(X, y) is associated
in such way that in order to cover the ‘distance’ between
points X, y € X, it takes time A to move from x to y with
velocity w(x, y). Later in 1959, this concept was further

redefined and generalized by Musielak and Orlicz [19]. Later
in 2010 Chistyakov [8, 9] defined the notion of modular on
an arbitrary set and develop the theory of modular metric
spaces generated by modular and proved some fixed point
theorems for maps which are related to contracting
‘generalized average velocities’ rather than metric distances.

In 1982, Sessa [29] generalized the notion of
commutativity to that of pairwise weakly commutativity.
Jungck [11] weakened the condition of weak commutativity
to that of pairwise compatible and then [12] pairwise
compatible maps. In 2006, Jungck and Rhoades [13] was
introduced the concept of occasionally weakly compatible
maps. This concept has been frequently employed to prove
the existence of common fixed points.

In 2002, Branciari [4] gave an analogue of Banach’s
contraction principle for an integral type inequality, which is
stated as follows :

Let (X, d) be a complete metric space, k € [0, 1), f:
X — X be a mapping such that for each x, y € X,

J.Od(f(x)—f(y)) o(t)dt < k fod(x.y) o(t)dt,

Where, ¢ : R*—>R*be a Lebesgue integrable mapping which
is summable, non-negative and for all € > 0, fog(p(t)dt> 0.

Then f has a unique fixed point u € X, such that for each x
eX, lim f"x=u.

n —oo
Recently, Rahimpoor et al. [26], establish some fixed
point theorems in modular metric spaces for weakly
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compatible mappings. Azadifar et al. [2] proved some fixed
point results for compatible mappings of integral type in
modular metric spaces. Rashwan and Hammad [28], Aklesh
Pariya et al. [25] and Hanna at el. [10] proved some common
fixed point results for integral type mappings in modular

point theorems for compatible, weakly compatible and
occasionally weakly compatible pair of mappings of integral
type in modular metric spaces.

We start with a brief recollection of basic definitions
and facts in modular spaces and modular metric spaces from

metric spaces. In this paper we prove some common fixed [21, [5], [71, [81, [9], [10], [14], [15], [19], [25] and [26].
2. PRELIMINARIES
Definition 2.1. Let X be a vector space over the field R (or C). A functional p : X — [0, oo] is called a modular if for any arbitrary
x and y in X, these three conditions are satisfied:
(i) p(x) =0ifand only if x =0,
(i) p(ax) = p(x) for all scalar a with || =1,
(iii) p(ax + By) < p(x) + p(y), whenever o, B >0and o + 3 = 1. If one replaces (iii) by (iv)
(iv) p(ax + By) < &®p(X) + B5p(y), for a, B >0 and &*+ =1, where s € (0, 1] then, the modular p is
called s—convex modular, and if s = 1, then p is called convex modular.
If p is modular in X, then the set defined by
(211) Xp={xeX:p(Ax) >0asr—> 0"}
is called a modular space. Clearly, the modular space X, is a subspace of space X.
Let X be a non-empty set and A € (0, o) for the sake of convenience, function w :(0, «0) x X x X — [0,00] will be written
as w(x, y) instead of w(k, x,y) forallA>0andx,y e X.
Definition 2.2. Let X be a non-empty set. A function w : (0, ©) x X x X — [0, o] is said to be a metric modular on X if it satisfies
the following axioms:
Q) w(xy)=0ifandonlyifx=y,forallA>0and x,y € X;
(ii) wXY)=w(y,Xx),forallA>0and X,y € X;
(i) W4, (X, ) < w(X, 2) + w,(z,y), foralld, u >0and x,y,z e X. If instead of (i), we only have the condition
(@) wx x)=0 forallA>0and x € X, then w is said to be a (metric) pseudo modular on X and if w
satisfies (i)(a) and
()(b) for x,yin X, ifthere exists a number A >0, possibly depending on x and y, such that w(x, y) = 0, then
x =y, with this condition w is said to be a strict modular on X.
A modular (pseudo modular, strict modular) w is said to be convex if the condition (iii) is replaced by the condition

(V) @ y) = ﬁml(x, 2) + 4= w,(z,y), forall A, u >0and x,y,z  X.
Clearly, if w is a strict modular, then w is a modular, which is turn implies w is a pseudo modular on X, and similar implications
hold for convex modular w.
The essential property of a (pseudo) modular w on a set X is, for x, y in X and A > 0, the function
[0, =] is non-increasing on (0, ). In fact, if 0 < p <, then (iii), (i)(a) and (i)(b) implies that
(221)  wi(XY) < Wi, (X X) + wu(X, Y) = w,(x, y) forall A>0and x, y € X;
It follows that at each A > 0 both the limits, the right-hand limit w, (X, y) = Sl_iglr w4s(xy) and the left-hand limit w_q(x, y) =

Ar— w(Xy) e

lirJ1£10 w_g(x,y) exists in [0, o] and the following inequality holds:
S

(222) w4 Y) S 0% Y) S wi_o(X, ).
From (2.2.1) and (2.2.2), we know that if x, e X, the set
Xo ={x e X: }vim w,(x,%0)= 0} be a metric space, called a modular metric space. with metric given by

d(x,y)=inf{L>0:w,(x,x,) <A} forallx,y e X,
Moreover, if w is convex, the modular set X, is equal to the set
X =inf{x e X:3 X =x(x)>0such that w;(x,x,) <}
and metrizable by
di(x,y) =inf{A>0:w,(xy) <1} forallx,y € X,
We know that if X is a real linear space, p : X — [0, «] and
(2.23)  w,(xY)=p (?) forallA>0and x,y e X.

Then p is modular (convex modular) on X in the sense of conditions (i), (ii), (iii) and (iv) of the definition 2.1, if and only if w is
metric modular (convex metric modular) on X.
On the other hand, if w satisfy the following two conditions :
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M w,;(1x,0) =ws(x,0) forall A, p>0and x € X.

m
(i) w;x+zy+z)=w,xy)forallA>0and x,y, z e X.
If we set,
p(X) = w4 (X, 0) forx e X
(1) X, =X,, is a linear subspace of X and the functional ||x||, = d¢,(x,0), xe X, isan F-normon X, and
(1) If w is convex, X; = X,(0) = X,, be a linear subspace and the functional ||x||, = d;,(x,0), xe X;, beanormon X;.
Similar assertions hold if we replace the word modular by pseudo modular. If w metric modular in X, the set X, is said to be a
modular metric space.
Definition 2.3.24 Let X, be a modular metric space. Then
The sequence {Xn}nen is said to be convergent to xeX,,, if w,(x,,x) - 0asn — oo forall A > 0.
(i) The sequence {Xn}nenin X,, is said to be Cauchy, if w;(xy, x,) — 0,asm, n — oo for all A > 0.
(if) Asubset S of X,, is said to be complete, if each Cauchy sequence in S is convergent in S.

Now, we recall the following definitions in metric spaces.

Definition 2.4. Let (X,d) be a metric space, then two self-maps S and T on X are called compatible, if d(STx,— TSxn) — 0, as n
—00, whenever {Xn}nen be a sequence in X, such that Sx,— z and Tx,— z for some z € X.

Definition 2.5. Let X be a non-empty setand S, T : X — X. Then a point xe X is said to be a coincidence point of S and T if and
only if Sx = Tx. If u = Sx = Tx, then u is called a point of coincidence of S and T.

Definition 2.6. Let X be a non-empty setand S, T : X — X. Then S and T are said to be weakly compatible if they commute at
coincidence point.

Definition 2.7. M Let X be a non-empty setand S, T : X — X. Then S and T are said to be occasionally weakly compatible (owc)
if and only if there is a point xe X which is coincidence point of S and T at which S and T commute.

Lemma 2.1. 23 et X be a non-empty setand S, T : X — X are occasionally weakly compatible (OWC) maps. If, S and T have a
unique point of coincidence u = Sx = Tx, then u be a unique fixed point of Sand T.

In the modular metric space, above definitions are defined as follows:
Definition 2.8. [?1 Let X, be a modular metric space induced by metric modular w. Two mappings S, T : X, = X,, are said to be
w —compatible, if w,;(STx,, TSx,) — 0, as n —oo, whenever {xn}nen be a sequence in X,,, such that Sx,— z and Tx,— z for some
Z e X,
Definition 2.9. 1 Let X, be a modular metric space and S, T : X, — X,,. Then a point xeX,, is said to be a coincidence point of
Sand T iff Sx = Tx. If u = Sx = Tx, then u is called a point of coincidence of Sand T.
Definition 2.10. 1 Let X,, be a modular metric space and S, T : X, = X,,. Then S and T are said to be weakly compatible if they
commute at coincidence point.
Definition 2.11. I Let X,, be a modular metric space and S, T : X, — X,,. Then S and T are said to be occasionally weakly
compatible (owc) if and only if there is a point x € X, which is coincidence point of S and T at which S and T commute.
Definition 2.12.141 A function y : R*— R is said to be a comparison function if it satisfies the following conditions:

(M yis monotone increasing, y(t) <t for some t> 0,

(ii) y(0) =0,

(iii) iijgow”(t) =0forallt>0.
Lemma 2.2. 1 Let X, be a modular metric space and S, T : X — X are occasionally weakly compatible (owc) maps. If, Sand T
have a unique point of coincidence u = Sx = Tx, then u be a unique fixed point of Sand T.

3. MAIN RESULT

Theorem 3.1. Let X, be a complete modular space and f, g, S, T : X, — X, are mappings satisfying the conditions

(3.1.1) S(X,)cog(X,) and T(X,) < f(X,)

(3.1.2) If y: R*>R" be a non-decreasing right continuous function, y(0) = 0 and y"(t) <t for every t > 0, such that for all X,y €
Xo

fw’"(sx' ™ o(t)dt < y/fom(x'y) p(t)dt forall x,y eX,

0
Where,

w;(gy,5x) + w(fx,Ty)
2

m(X,y) = max{wl(fx' gJ/)l w},(fxv SX), wﬂ.(gy' Ty)v

3149 \ A. S. Saluja, IJMCR Volume 11 Issue 01 January 2023



“Common Fixed Point Theorems for Pair of Maps of Integral Type in Modular Metric Spaces”

w,(gy.,Sx)[1+ w (fxTY)], wi(gy.Ty)[1+ w/l(fx.SX)]}
1+w,(fx.gy) ' 1+ w,(fx,9y)
Where, . > 0 and ¢ : R*—>R"* be a Lebesgue integrable mapping which is summable, non-negative and
Jy p()dt>0, forallc>0.
If the pair (f, S) is compatible and (g, T) is weakly compatible on X,, and if one of the mappings f or S is continuous, then f, g, S
and T have a unique common fixed point in X,,.
Proof : Let Xo be an arbitrary point in X,,.
Since S(X,) < 9(X,,), we choose a point x; € X, such that Sx, = gx; and since T(X,) < f(X,,), let X2 be a point in X, such that
Tx, =fx,.
Continuing in this manner, we construct a sequence {yn} in X,, such that
Sxp = 0Xpy1 =Yy and Tx,q =fx 40 = Vpyq, foralln>0.
Now, we have from (3.1.2), on taking X = x, and y = x,,,

(313) fo‘*’l(J’nr Yn+1) @(t)dt — f“)l(sxn Txn41) (D(t)dt < l//fom(xn‘ Xn+1) (D(t)dt,

0
Where,
_ 02 (gxn+1,5%n) + W2, (fxn,TXn+1)
m(xn, xn+1) - max{wﬂ,(fxn' gxn+1): wl(fxnr an): wl(gxn+1: Txn+1)x = - 2 e
@1 (gxXn+1.5x0)[1+ 0 (fxn Txn+1)] @wi(GXn+1, Txn+1)[1+ wl(fxnvsxn)]}
1+w(fxXn, gxn+1) ' 1+ w(fxn.gxn+1)
— @, (¥n, Yn) + 02, (¥n—1, Yn+1)
- max{wﬂ,(yn—lﬂ yn)' wl(yn—lr yn)rwﬂ.(yn: yn+1): e 2 & & '
0 Y1+ 01 n-1, Yn+1)] @2n In+)[1+ w1 (Vn-1, yn)]}
1+w (Yn-1, Yn) ' 1+ w(Yn-1, ¥n)

®0 ) (n—1, Yn) + @, (¥n, yn+1)}
2

= max{wﬂ,(yn—lﬂ yn)' wl(yn: }’n+1).

= max{wl(yn—lﬁ yn)' wﬂ()’n: yn+1)}
So that from (3.1.3)

j‘oa’ﬁ(an Yn+1) (D(t)dt < Wfowl(yn—lvyn) q)(t)dt

By induction, we have
fow).(anr Yn+1) (D(t)dt < Wfowﬂ(Yn—len) (D(t)dt
< \VZ fowﬂ.(Yn—Z'Yn—l) o(t)dt

(314) fof‘)/i(yn' Yn+1) go(t)dt S \Vn waA(YOJﬁ) q)(t)dt
On taking the limit n — oo, and using the definition of y, we get

\Vn fow/l(J’o,h) go(t)dt 0.
Hence, {y,,} be a Cauchy sequence in X,,.
By the completeness of X,,, there exists a point z € X,, such that the sequence {y,} and its subsequences {y,.,} and {y, ..} are
convergestozin X,,.
Now, on assuming the continuity of f, we have
f?x, — fzand fSx, — fz.
Also, in view of compatibility of the pair (f, S),
Sfx, >z
From (3.1.2), we have
(3.1.5) fowi(sfxn TXn+1) o(t)dt < l//fom(fxm Xn+1) o(t)dt
Where,

_ 0 3(gXns1,5Fxn) + wo i (f2x0,Tx
m(fxn: xn+1) - max{wﬂ(fzxnr gxn+1)' wl(fzxnr Sfxn)r wl(gxn+1r Txn+1); Lontl = 2 2a(F P T n41)

@ (gXn+1,5f xn)[1+ wl(fzxn-’rxn+1)] W (gxn+1, Txn41)[1+ w/l(fzxn»sfxn)]}
1+, (f2xn, 9¥n+1) ' 1+ 0, (f2xn.g%n+1)

On taking the limit n — oo,we get
w(2,f2) + w(f2,2)

lim m(fx,, x,41) =max{w;(fz,z), w,(fz, fz), w,(z, z), .
n—-oo

w(zf2)[1+ wa(fz,2)] wa(zz)[1+ (U/i(fZ.fZ)]}
1+w,(fz,2) ! 1+ w;(f2,2)
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=max{wz(fZ.Z),0,0.w, w,(fz,z),0}

Therefore, from (3.1.5) on taking the limit n — co,we get

15 poyde < w7 pwyde < [0 p(eyat.
This implies that, fz = z.

Again from (3.1.2), we have
3.16) [T pyde <y [T oy

Where,
— w1(gxXn+1,52) + w2 ,(fZ,Txpn41)
m(z, xn+1) - max{wl(fz, gxn+1)' a)/-{(fZ, SZ)' a)/l(gxn+1' Txn+1)t 4 i 2 = ntl

w1 (gxn+1.52)[1+ 0, (f2,Txn+1)] wi(GXn+1, Txn+)[1+ w/l(fZ,SZ)]}

1+w;(fz,9xn+1) ' 1+ w;(fz,9%n+1)
On taking the limit n — oo,we get from (3.1.6)
;(2,52) + w,(2.2) w(2,52)[1+ w (2.2)] w,;(z,2)[1+ w (2,52)]
w,(Sz ,z) max{w;(2,2),w(2,52),w,(2,2), 2 4 1+w,(z,2) 4 1+ wy(z,2)
Jo p(t)dt < v [ g ’ p(t)dt

Hence,

fow,i(Sz ,Z) (p(t)dt < l//fo(u,i(z,Sz) (p(t)dt < fow,l(z,Sz) (D(t)dt
This implies that, Sz = z.

Now, since S(X,,) < 9(X,,), then there exists another point u in X, such that
z=Sz=gu.

Now we prove that Tu = z.

From (3.1.2), we have

fow/l(z,Tu) o(t)dt = fowl(Sz Tu) o(t)dt < l//fom(z,u) p(t)dt

Where,
m (z, u) = max {w,(fz, gu), w,(fz,52), w,(gu, Tu), ©a(gu,Sz) J;w“(fZ'Tu),

w,(gu,Sz)[1+ w,(fz,Tw)] w, (gu,Tu)[1+ wl(fz,SZ)]}
1+w,(fz,guw) ! 1+ w,(fz,9w)

w,(2,2) + Wy (z,Tu) w;(2,2)[1+ wy(z,Tu)] wy(zTw)1+ wﬂ(z,z)]}

=max {w;(z,2), w,(z,z), w,(z, Tu), > , r0,G2) \ Tt 0,22)

Hence,

[0 gtyde < y [T ployde < [T ooyt

This implies that, Tu = z.

Since, the pair (g, T) is weakly compatible on X, and Tu = gu = z, so that
Tgu=gTuand Tz=Tgu =gTu = gz,

From (3.1.2), we have

(317) [0 pvyde = [T ptyde < w0 ooyt

0 0
Where,
M(z, z) = max {w,(fz, g2), w,(f2,52), w,(gz, Tz), L2202 22218
w;(92,S2)[1+ w,(fz,Tz)] w;(gzTz)[1+ wl(fz,Sz)]}

1+w,(fz,92) ' 1+ w,(f2,92)

= max {w,(z, g2), w,(z,2), w,(gz, g2), w;(gz,2) + wz/l(z.gZ)’ w;(9z,2)[1+ w,(2,92)] w,(9z.92)[1+ wz(z,Z)]}

2 1+w(2,92) ! 1+ w(z,92)
Hence, from (3.1.7)

[0 poyde < w740 ooyde < [ oty
This implies that, z = gz.

Thus, z is a common fixed point of f, g, Sand T.

To prove the uniqueness, let w = z be another common fixed point of f, g, Sand T.

From (3.1.2), we have
3.18) [ gwyde = [ p(oyde < v [ o)t
Where,
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m (W, 2) = max {w,(fw, g2), w,(fw, Sw), w,(gz, Tz), 2L 2T 1D
wy(9z,SwW)[1+ w,(fw,Tz)] w,(g9z,Tz)[1+ mi(fw,Sw)]}
1+w,(fw,gz) ! 1+ w;(fw,gz)

wy(zwW) + wyy(W,z) wizw)[1+ w,(w,2)] wy(zz)[1+ w,l(w,w)]}
2 )

=max {w,(w, z), w,(w,w), w,(z, 2),

Hence, from (3.1.8)

[oAD poyde < p(t)dt < [, p(t)dt

Which is a contradiction. Hence z is a unique common fixed pointof f, g, Sand T in X,.

1+w,(w,z) 1+ wy(w,z)

w,(w,z) w,(w,z)

Theorem 3.2. Let X, be a complete modular space and f, g, S, T : X, — X,, are mappings such that S(X,) < g9(X,,) and T(X,,) <
f(X,,) and one of the spaces f(X,,) or g(X,,) be a w-complete subspace of X,,. Suppose there exists numbers a,, a,, ...aq € [0,1)
with at least one of a; >0 (i=1,2, ... 6) such that for all X, y € X, and A > 0, the following assertion hold:
(3.2.1) ayt2a4tas<lforall0<ay,a, asa, as, ag <1l
(32.2) [ p0)dt < ay [T p(e)dt + ay [ p(t)dt + ag [T p(t)de
®,(g9y.5x)[1+ w,,(fx,Ty)] @, (gy.Ty)[1+ w ,(fx,5%)]

+a, fow/l(gy.sx) + w2, (fx,Ty) QJ(t)dt + as fo 1+w ,(fx.gy) (p(t)dt +ag fo 1+ w,(fx.gy) (p(t)dt
(3.2.3) w,(Sx, Ty) <o
Then f, g, S and T have a coincidence point. If the pairs (f, S) and (g, T) are occasionally weakly compatible then f, g, S and T have
a common fixed point in X,,,.
Proof: Since the pairs (f, S) and (g, T) are occasionally weakly compatible then there exists points u and v in X, such that
(3.24) Su=fuandgv=Tv
Now, from (3.2.2) we have

fowl(Su,Tv) o(t)dt < a fowg(fu.gﬂ o(t)dt + a, fowi(fu,Su) o(t)dt + as fowg(gv,Tv) o(t)dt

w ;(gv,Su,)[1+ w ;(fu,Tv)]
w,(gv,Su) + wo (fu,Tv) 1+w ; (fu,gv)
+a, J ’ p(t)dt +as | g p(t)dt
w;(gv,Tv)[1+ w ;(fu,Sw)]
1+ w  (fu,gv)
+as |, g p(t)dt

= J-sz(fu,gV) o(t)dt + a, fowz(fu.fu) o()dt + as fowg(gv.gv) o(t)dt
w,(gv.fu)(1+ w,(fugv)]
+ a4 fowi(gv‘fu) + wz;l(fu,gv) ¢(t)dt + as fo 1+w (fu,gv) gﬂ(t)dt
w,(gvgv)[1+ w,(fu.fuw)]
1+ w ;(fu,gv)
+ag wrSway o(t)dt

fowﬂ(su,TV) o(D)dt < (a, + ag) fowg(fu.gv) o(t)dt + a, [fowz(gv.fu) o(t)dt + fowzz(fu.gv) P(t)dt]

By the definition of metric modular and the inequality (2.2.1), we have

[T g0yt < (a +aa + as) [P g0t + ay [ ple)dt
= (a1 +as+ ag) [ p(yde + a, [, peyde + [, p(e)de]
= (a5 +2a, + as) [T p(n)dt

W (Su,Tv)

(1-a; — 2a, —as) [, p(t)dt <0
Hence, Su=Tv
So that

(3.25) Su=fu=Tv=gv
Moreover, let z be another point of coincidence of fand Sin X, i.e., fz = Sz.
Now, from (3.2.2), we have

I oyt < ay [0 gyt + ag [ gyt + ag [T gyt
w;(gv,Sz)[1+ w ;(f2,Tv)]
+a, fow/l(gv,Sz) + w3 (f2,Tv) (D(t)dt +ag fo 1+w)(fz,gv) (D(t)dt
w;(gv,Tv)[1+ w )(f2,52)]

1+ w (fz,gv)
+ag |, GBIV p(t)dt
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w;(Sz,Tv) w;(52,52) w,(Tv,Tv)

(5z,Tv)
LB edt < ay p(t)dt + a, | p(t)dt + a; [ p(D)dt
w;(Tv,5z,)[1+ w ) (Sz,Tv)]
+a, fo(ul(Tv,Sz) + wy,(S2,Tv) ¢)(t)dt + ag fo 1+w (Sz,Tv) gl)(t)dt
w3 (Tv,TV)[1+ w 4(52,52)]
+ a6 fo 1+ w 4(Sz,Tv) (D(t)dt
w;(5z,Tv) w,;(5z,Tv) w;(52,52) w ;(Tv,Tv)
S pde < ay [T @0t + ap [ p(t)dt + ag [ p(t)dt
w ;(T,5z,)[1+ w (52,Tv)]
+a, waA(Tv,Sz) + w5 (Sz,Tv) ¢)(t)dt + as fo 1+w ;(Sz,Tv) (D(t)dt
w3 (Tv,TV)[1+ w 1(52,52)]
+ a6 fo 1+ w4 (Sz,Tv) (D(t)dt
[P pydt < (ay + ay + as) ;7 p(t)dt + a, [ gty ae
= (a1 +as + a5) [} p(0)dt + a, [, p(vyde + [ g(eya]
= (a; +2a, + as) fowﬁ(sz‘w) p(t)dt
(1-a, = 24, — as) [T p(0)dt <0
Hence, Sz = Tv.
So that,

(3.26) Sz=fz=Tv=gv

Therefore, from (3.2.5) and (3.2.6) we have

Sz=Su

This implies that z = u.

Thus, z = fu = Su is the coincidence point of fand S.

Then by Lemma 2.2, z be the unique common fixed point of f and S.
Similarly, there is another fixed point v in X, such that v=gv = Tv.
Suppose, v # z, then by (3.2.2), we have

O pyde < ay [0 p()dt + ay [P p(o)dt + as [P0 p(t)dt
w,(gv,Sz)[1+ w ;(f2z,TV)]
+a, fowi(gv,Sz) + wp(fz,Tv) o(t)dt + as fo 1+w,(fzgv) p(t)dt
w,(gvTV)[1+ w,(f2,52)]
1+ w;(fz,gv)
* Qg f(] oA p(t)dt

[ ptodr < ay [0 g(yde + ag [ o) + [ o)t + s gloyde

fowl(z'v) p(t)dt < (a, + 2a, + as) fowﬁ(z'v) p(t)dt .
Which is a contradiction.
Hence, z = v.

Thus, z is a unique common fixed point of f, g, Sand T in X,,,.

Remark 3.1. Theorem 3.2 remains true, if we take ¢(t) =1. Hence, we have the following corollary:

Corollary 3.3. Let X, be a complete modular space and f, g, S, T : X,, = X,, are mappings such that S(X,,) < 9(X,,) and T(X,,) <
f(X,) and one of the spaces f(X,,) or g(X,,) be a w-complete subspace of X,,. Suppose there exists numbers a,, a,, ...aq € [0,1)
with at least one of a; >0 (i=1,2, ... 6) such that for all X, y € X, and A > 0, the following assertion hold:

(3.31) ayt2a,+as<1forall0<ay,a,, as a,, as, as <1.

(3:3.2) w(Sx, Ty) < a,w,(fx, gy) + axw,(fx,5x) + azw,(gy, Ty) +as[w,(gy, Sx) + w,,(fx, Ty)]
w,(gy,Sx)[1+ w1 (fx,Ty)] + a w(gy,Ty)[1+ w,(fx,5x)]
1+w,(fx.gy) 6 1+ w(fx,gy)

+ as

(3.3.3) w(Sx, Ty) <o
Then f, g, S and T have a coincidence point. If the pairs (f, S) and (g, T) are occasionally weakly compatible then f, g, S and T have
a common fixed point in X,,,.
Remark 3.2. If we put S =T = Ix,, where Ix, be an identity mapping on X, in the theorem 3.2, then we have the following
corollary:
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Corollary 3.4. Let X, be a complete modular space and f, g : X, — X, are mappings such that g(X,) < f(X,,) and one of the
spaces f(X,,) or g(X,) be a w-complete subspace of X,,. Suppose there exists numbers a,, a,, as, a, < [0,1) with at least one of
a;>0(i=1,2,3,4) such that for all X, y € X, and A > 0, the following assertion hold:

(34.1) ayt2a,<1forall0<ay,a,, a;,a, <1l

(3.4.2) fowa(gx,gy) P(t)dt < a; fowl(fx.fy) P(t)dt + a, fowl(fx.gao o(t)dt + as fowz(fy.gy) o(t)dt

fwz(fx,yy) + w22(fx,9Y) o(t)dt

+a40

(3.43) w,(fx, gy)<w
Then f and g have a coincidence point. If the pair (f, g) is occasionally weakly compatible then f and g have a common fixed point

inX,.
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