International Journal of Mathematics and Computer Research

ISSN: 2320-7167

Volume 11 Issue 01 January 2023, Page no. — 3142-3146

Index Copernicus ICV: 57.55, Impact Factor: 7.362
DOI: 10.47191/ijmcr/v11i1.06

=

VT Marwescios A Cavganer Aasswch

Voruse 11
1] o
oo o sz

Yeaw

2023

A Note on the Bourbaki-Completeness and the Cofinal Bourbaki-

Completeness

B. G. Ahmadu?, A. Masha?, A. M. Brong?®

13 Department of Mathematical Sciences, University of Maiduguri, Maiduguri, Nigeria
2Department of Mathematics and Computer, Borno State University, Maiduguri, Nigeria

ARTICLE INFO ABSTRACT

Published Online:
11 January 2023

In this paper, we review two properties of completeness known as the Bourbaki-completeness
and cofinal Bourbaki-completeness in the setting of metric spaces. These notions came from

new classes of generalized Cauchy sequences appearing when characterizing the so-called
Bourbaki-boundedness in a similar way that Cauchy sequences characterize the totally
boundedness. For the clustering of Bourbaki—Cauchy sequences and cofinally Bourbaki—
Cauchy sequences, we have respectively what is call Bourbaki-completeness and cofinal
Bourbaki-completeness of metric spaces. The topological problem of metrizability by means of
a Bourbaki-complete or a cofinally Bourbaki-complete metric has also been considered.

Corresponding Author:

B. G. Ahmadu kinds of completeness.

Finally, we present detailed review of some relationships and mutual differences between these

KEYWORDS: Bourbaki, Cofinal Bourbaki, Bourbaki-Completeness, Bourbaki-Boundedness, Totally Boundedness, Cauchy

Sequences, Bourbaki- Cauchy Sequences

1. INTRODUCTION

The concept of two new properties of completeness was
introduced by M. Isabel Garrido and Ana S. Merof7io (2014)
and some classes of metric spaces satisfying stronger than
completeness but weaker than compactness have been
recently studied by many authors. A good reference for this
topic is the nice paper by Beer (2008), entitled “Between
compactness and completeness”. Examples of these
properties are the bounded compactness, the uniform local
compactness, the cofinal completeness, the strong cofinal
completeness, recently introduced by Beer (2012), as well as
the so-called UC-ness for metric spaces. The study of all these
spaces have shown to be not only interesting by themselves
but also in connection with some problems in Convex
Analysis, in Optimization Theory and in the setting of
Convergence Structures on Hyperspaces, see for instance
Beer, G and S. Levi (2008).

First of all, note that a way to achieve a property stronger than
completeness for a metric space consists of asking for the
clustering of all the sequences belonging to some class bigger
than the class of Cauchy sequences. Thus, the class of
Bourbaki—Cauchy sequences and the class of cofinally
Bourbaki—-Cauchy sequences have been defined. These

sequences appear in a metric space when the so-called
Bourbaki-bounded sets are cosidered. This notion of
boundedness was introduced by Atsuji (1958) in order to
exhibit metric spaces where every real-valued uniformly
continuous function is bounded but they are not necessarily
totally bounded. The name of Bourbaki-bounded cames from
the book of Bourbaki (1966), where these subsets in uniform
spaces is considered.The Bourbaki-bounded subsets of a
metric space have been characterized in terms of sequences
in the same way that Cauchy sequences characterize total
boundedness. Thus, a new type of sequences appears that is
call Bourbaki—Cauchy sequences. Next, studies have shown
another class of sequences which are cofinal with respect to
the previous ones, in the sense that the residuality of the
indexes is replaced by the cofinality. Thus, we present a
detailed review of both of these properties showing, in
particular, that they are stronger than the usual completeness
but weaker than compactness, and also that they are mutually
different. The general aim of this paper is to review the
relationships and mutual differences between the two
properties of completeness in the context of metric spaces.
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2. PRELIMINARIES

Definition 1. Let (X, d) be a metric space. A subset B c X is
said to be bounded if it has finite diameter, d(B) < oo, that is
, when it is contained in some open ball.

Definition 2. Let (X, d) be a metric space and let {x,} be a
sequence in it. The sequence {x,} is said to be a Cauchy
sequence if for every € > 0 there exists a positive integer N
such that d (x,, x,) < e foralln,m > N.

Definition 3. A metric space (X, d) is said to be complete if
every Cauchy sequence in it converges to an element of it

Definition 4. Let (X, d) be a metric space. A subset B c X is
said to be totally bounded if, and only if , every sequence in
B has a Cauchy subsequence

Definition 5. A subset B of a metric space (X, d) is said to
be a Bourbaki — bounded subset of X if for every € > 0 there
exist m € N and a finite collection of pointsp,, ..., p, € X
such that, B ¢ U¥_, B™(p;).

Note that the family B of all Bourbaki- bounded subsets of X
forms a bornology in X, that is , B satistfies the following
conditions: (i) for every x € X, the set {x} € B; (ii)ifB € B
and A c B, then A € B; (iii) ifA,B€ Bthen AUB € B.

Definition 6. A let (X,d) be a metric space. A sequence
(xn)nen is said to be Bourbaki — Cauchy in X if for every e >
0 there exist m € N and n, € N such that for some p € X we
have that x,, € BI*(p), for every n = n,.

Definition 7. A sequence (x,,),.y iN @ metric space (X, d) is
called cofinally Cauchy if for every ¢ > 0 there exists an
infinite subset N, of N such that for each i,j € N, we have
d (x;,x)) < e.

Definition 8. A let (X,d) be a metric space. A sequence
(xp)nen 18 said to be cofinally Bourbaki — Cauchy in X if for
every € > 0 there exist m € N and an infinite subset N, ¢ N
such that for some p € X we have that x,, € B[ (p), for every
n € N,.

Definition 9. A metric space (X, d) is said to be Bourbaki —
complete if every Bourbaki — Cauchy sequence in X clusters
(i.e., it has some convergent subsequence ).

Definition 10. A metric space is said to be cofinally Bourbaki
—complete if every cofinally Bourbaki — Cauchy sequence
clusters.

3. BOURBAKI - CAUCHY AND COFINALLY
BOURBAKI - CAUCHY SEQUENCES

Recall that in a metric space a subset is said to be (metric)
bounded if it has finite diameter, that is, when it is contained
in some open ball. This notion of boundedness is quite natural
but it has some inconvenience. Namely, to be metric bounded
is not a uniform invariant, that is, it is not preserved under
uniform homeomorphisms. However, in the setting of

normed spaces metric boundedness is a uniform property and
in fact the bounded subsets can be characterized by means of
uniformly continuous functions. Indeed, it is easy to see that
a subset B of a normed space X is bounded by the norm if,
and only if, for every real-valued uniformly continuous
function f on X, we have that f(B) is bounded in R endowed
with its usual metric. As we have said in the introduction, it
was Atsuji who introduced in (1958) the notion of Bourbaki-
bounded metric space (under the name of finitely-chainable
metric space) and he showed that they are just the metric
spaces having bounded image under every real-valued
uniformly continuous function defined on it. These spaces
were also considered in the frame of uniform spaces by
Hejcman in (1959) who called them simply as bounded.

Theorem 1. Let (X,d) be a metric space, the following
statements are equivalent:

(1) X is a Bourbaki-bounded metric space.

(2) (Atsuji) For every real uniformly continuous function f
on X, f(X) is bounded in R.

(3) (Hejcman) X is d'-bounded, for every metric d' uniformly
equivalentto d.

(4) (Njastad) Every star-finite uniform cover of X is finite.

Theorem 2. For a metric space (X,d) and B c X, the
following statements are equivalent:
(1) B is a Bourbaki-bounded subset in X.
(2) Every countable subset of B is a Bourbaki-bounded
subset in X.
(3) Every sequence in B cofinally Bourbaki-Cauchy in
X.
(4) Every sequence in B is cofinally Bourbaki-Cauchy
in X.

Proof. (1) = (2) By definition it is clear that every subset of a
Bourbaki-bounded subset of X is also a Bourbaki- bounded
subset in X.

(2) = (3) Let (x;)nen be asequence in B. By the hypothesis,
the set {x,,: n € N} is Bourbaki-bounded in X, and then for
e = 1 there exist m; € N and some points pi, ... ,pj, € X
such that,

{xp;:mn € N} < U{B]" (p!):i =1, ..., j1}.

Since the family {B;"*(p}):i = 1, ..., j}. is finite, then some
B;"*(pi,) contains infinite terms of the sequence. Therefore,
there exists a subsequence (x1),ey Of (x,)ney inside to

Blml(plll)
Repeating this process we have that, for every k > 2 and
&= % there exist some m,, € N and points pf, ... ,p}, € X,
such that {Bl"/"‘(p{‘):i =1, ...,jk}. Is a finite cover of
k
{xk=1:n € N}. Then there exist some B;;k(p{‘k) containing
k

some subsequence (xX),en of (XX 1), en
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Finally, choosing the standard diagonal subsequence
(x¥),en We can check, in an easy way, that it is the required
Bourbaki—Cauchy subsequence of (x,,)nen-

(3) = (4) Trivial.

(4) = (1) Suppose that B is not a Bourbaki-bounded subset of
X. Then, there exists g, > 0 such that, for every m € N, the
family {BX(x): x € X} does not contain any finite subcover
of B. Fix x, € X and for every m € Nchoose x,, € B such
that x, € B (x;),i =0,.. ,m—1. Then, the sequence
(%) men constructed in this way is not a cofinally Bourbaki—
Cauchy sequence in X. Otherwise, for this &, there must exist
my € N and an infinite subset N, c N such that for some
Po € X e have that x,, € B;° (p,), for every n € N, . Then
taking n, € N, we have that there are infinitely many terms

of the sequence  (x,)men IN B:O'""(xno), which is a
contradiction. m

4. BOURBAKI-COMPLETENESS AND COFINAL
BOURBAKI-COMPLETENESS

Theorem 3. The following statements are equivalent for a
metric space (X, d):

(1) X is compact.

(2) X is totally bounded and complete.

(3) X is Bourbaki-bounded and Bourbaki-complete.

Proof. It is well known the equivalence between (1) and (2)
On the other hand, as we said before, if X is compact then it
is Bourbaki-complete. And since every compact space is
totally bounded then it is also Bourbaki-bounded, and hence
(1) implies (3). Conversely, in order to see that (3) imply (1),
take any sequence of X. By Bourbaki-boundedness this
sequence has a Bourbaki—Cauchy subsequence and by
Bourbaki-completeness this subsequence clusters. Therefore
every sequence in X clusters and then X is compact. m

Another useful relation between compactness and
Bourbaki-completeness is the following.

Theorem 4. A metric space is Bourbaki-complete if, and only
if, the closure of every Bourbaki-bounded subset is compact.
Proof. First of all, note that the closure B, of a Bourbaki-
bounded set B is also Bourbaki-bounded. Indeed, for every
& > 0 there exist m € N and some pointsp, , ..., px € X such
that B < UX, B (p;). Since B c UX,BM™*(p), we
follows that B is also Bourbaki-bounded in X. Now, let (X,
d) be Bourbaki-complete and B a Bourbaki-bounded subset
of X. In order to see that B is compact, let (x,,),cy be a
sequence of B. Then, according to Theorem 2, (x,,)nen has a
Bourbaki—Cauchy subsequence in X. Then by Bourbaki-
completeness this subsequence clusters in X. But, B is closed
and then (x,),ey Clusters in B. Therefore B is compact.
Conversely, let  (x,)ney be a Bourbaki-Cauchy
sequence of X then {x,;: n € N} is a Bourbaki-bounded subset
of X, and by hypothesis {x,:n € N} is compact. Hence

(%n)nen Clusters, and therefore (X, d) is Bourbaki-complete.
|

Then last result says that a metric space is Bourbaki-complete
if, and only if,

every closed and Bourbaki-bounded subset is compact.
According to this fact, we are going to see that only finite
dimensional Banach spaces can be Bourbaki-complete. In
particular, that means that in some sense completeness and
Bourbaki-completeness are very far from one another. Recall
that an analogous result exists for cofinal completeness (see
Beer).

Corollary 1. A Banach space is Bourbaki-complete if, and
only if, it is finite
dimensional.

Proof. It is clear that every finite dimensional Banach space
is Bourbaki-complete since every closed and bounded subset
is compact. Conversely, if the Banach space is a Bourbaki-
complete metric space, then according last result, its unit
closed ball must be compact since in normed spaces bounded
subsets are also Bourbaki-bounded. Finally, if the unit ball of
a normed space is compact, then it is well known that it must
have finite dimension. m

Theorem 5. The following statements are equivalent for a
metric space (X, d):

(1) X is compact.

(2) X is totally bounded and cofinally complete.

(3) X is Bourbaki-bounded and cofinally Bourbaki-complete.

Recall that the equivalence between (1) and (2) was
pointed by Beer. On the other hand, according to Theorem 3,
it is clear that in above condition (3) cofinal Bourbaki-
completeness should be paired with a weaker boundedness
notion corresponding to the property that each sequence has
a cofinally Bourbaki—Cauchy subsequence. But note that, this
weaker notion would be again Bourbaki-boundedness, as we
can deduce easily from Theorem 2.

Now, it is interesting to see that the completeness
properties are not only weaker than compactness but also
weaker that uniform local compactness. Recall that a metric
space (X, d) is said to be uniformly locally compact whenever
there exists some 6 > 0 such that the set Bs(x) is compact,
forevery x € X.

Proposition 1. Every uniformly locally compact metric space
is cofinally Bour-

baki-complete.

Proof. Firstly, let § > 0 such that, for every x € X, Bs(x) is

compact. We can see that if K < X is compact, then K2 is
also compact. Indeed, from the open cover of K <
UyEKBg/Z(y), we can take a finite subcover K c

Uisy 38/2 (v:). Since
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6/2
K U (B, 00) < ULBG) and

U7L:l=1 BS(.VL)

is compact, it follows that K2 is compact, as wanted. And
that means that, in particular, for every x € X and every m €
N, the set Bg’; (y,)is compact.

2

Now, if (x,)nen IS a cofinally Bourbaki—Cauchy
sequence, then there exist x € X and m € N such that
{x,:n € N} is cofinally contained in BZ{} (y;).Therefore, by

2

compactness of B,’;’; (y:), we have that (x;,),ey Clusters. m
2

According to the above, we have the following
diagram:
uniformly locally compact == cofinally Bourbaki-complete
== cofinally complete

Theorem 6. For a metric space (X,d) the following
statements are equivalent:

(1) X is uniformly locally compact.

(2) X is locally totally bounded and cofinally complete.

(3) X is locally Bourbaki-bounded and cofinally Bourbaki-
complete.

Proof. That (1) = (3) follows at once from Proposition 13.
(3) = (2) This implication can be obtained easily taking into
account that, in particular, condition (3) implies that X is in
addition locally compact. Indeed, let x € X and let V be a
Bourbaki-bounded neighborhood of x. Take B any closed
ball around x contained in V' . Now it is easy to check that B
is both Bourbakibounded

(since this property is hereditary) and cofinally Bourbaki-
complete (since this property is inherited by closed sets).
Then, from Theorem 5, B is a compact neighborhood of x.
(2) = (1) Firstly note that, as in the above implication, we can
see that (2) implies also the local compactness of X. Next,
suppose by contradiction that X is not uniformly compact,
then for every n € N, there exists such that x,, € X B1/n(xn)

is not compact. Then, by local compactness of X, we can
assert that the sequence (x,)nen does not cluster. Now, for
every n € N, let (yi)xen be a sequence in B1; (x,) without

cluster points. Next, consider a partition of N into a countable
family of infinite subsets {M,,, n € N}. Finally, defining the
sequence Z,=yy, if k € M,, it is easy to check that (z;) ey IS
a cofinally Cauchy sequence which does not cluster. m

Proposition 2. Every UC metric space is cofinally Bourbaki-
complete.

Proof. Let (x,), be a cofinally Bourbaki—Cauchy sequence,
that we can suppose has no constant subsequence. According
to the above characterization by Hueber, we are going to see
that (x,), has a subsequence along which the isolation
functional goes to zero. Indeed, for every j € N there exist
M; €N and p; € X such that {x,:n € N} is cofinally

contained in Bf}j(pj). Since every x € Bl;lj(p]-) satisfies
Jj Jj
I(x) < 1/j, then we can construct a subsequence (xnj) ~such
]

that lim 1 (xn.) = 0, as wanted. m
jo o J

5. CONCLUSION

We finish this review just linking Bourbaki and cofinal
Bourbaki-completeness with the well known class of UC-
spaces. In this line, we have seen that every UC metric space
is cofinally Bourbaki-complete, and hence Bourbaki-
complete. Recall that a metric space (X, d) is called UC or
Atsuji when every real continuous function on X is uniformly
continuous. There are several characterizations of these
spaces, as we can see in the nice paper by Jain and Kundu
(2006)
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