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The main aim of this paper is to introduce the new concept of neutrosophic fuzzy bi-ideal of
BS-algebras. Some algebraic nature are investigated. Neutrosophic fuzzy bi-ideal of BS-
algebras is also applied in Cartesian product. Finally, we also provide the homomorphic
behaviour of neutrosophic fuzzy bi-ideal of BS-algebras.
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1. INTRODUCTION

After the introduction of fuzzy subsets by L.A.Zadeh[7],
several researches explored on the generalization of the
notion of fuzzy subset. In 1966, Imai and Iseki introduced
two classes of abstract algebras viz. BCK-algebras and BCI-
algebras[2]. J.Neggers and H.S. Kim introduced the notion of
B-algebras[3] which is a generalisation of BCK-algebras. We
introduce the notion of BS-algebras which is a generalisation
of B-algebras and established the notion of Doubt fuzzy bi-
ideal of BS-algebras[1]. F. Smarandache[4] extented the
concept of fuzzy logic to neutrosophic logic which includes
indeterminancy. Neutrosophic set theory played a major role
in decision making problem, medical diagnosis, robotics,
image processing, etc.,

In this paper, we introduced the notion of Neutrosophic
fuzzy bi-ideal of BS-algebras and studied their algebraic
properties. We obtained the Cartesian product of
neutrosophic fuzzy bi-ideal for BS-algebras. Finally, we
studied how to deal with homomorphism in neutrosophic
fuzzy bi-ideal for BS-algebras.

2. PRELIMINARIES
In this Section, We recall some basic definitions which are
needed for our study.

Definition 2.1 [1]. A BS-Algebra B is a non empty set with
a constant 1 and a binary operation * satisfying the
following axioms

(i) a*a=1

(i) a*l=a

(iii) (a*b)*c = a*(c*(1*b)) V a,b,c € B

Definition 2.2 [1]. A fuzzy subset F in a BS-Algebra 8B is
called Fuzzy Bi-lIdeal if

() F(1)=F(a)

(ii) F(b*c)>min{F(a), F(a*(b*c))}Va b,c €B

Example 2.3 [1]. Let B = {1,xy,z} be a set with the
following Cayley table

* 1 X y z
1 1 X y z
X X 1 z y
y y z 1 X
z z y X 1

Then (B, *, 1) is a BS-algebra. Define a fuzzy set

F:8—[0,1] by F(1)= F(b)=0.9 and F(a)= F(c)=0.7. Then F is
a fuzzy bi-ideal of B.

Definition 2.4 [5]. A Neutrosophic fuzzy set & on the
Universe of discourse X characterised by a truth
membership function Ta(a), an indeterminacy function
lw(a) and a falsity membership function Fa(a) is defined as
N={<a, Tw(a), lv(a), Fa(a)>: a € X } where Tw I, Fa :
X—[0,1]and 0 < Tt v+ Fa<3

Definition 2.5 [5]. Let M and V" be two neutrosophic fuzzy
bi-ideal of BS-algebra $B. Then a € B

i) MUN={<a, Tmun(d), lmun(a), Faun(a)>}, where
Taeun(a) = max(Ta(a), Ta(a)); lacuw(a) = min(lac(a),
lv(a)); Famuw(a) = min(Fac(a), Fa(a))
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i) MNNV={<a, Tanw(a), laenn(a), Facnn(a)>}, where
Trmnw(a) = min(Ta(a), Ta(a)); lawnw(a) =max (ln(a),

Iv(a)); Fana(a) = max(Fac(a), Fa(a))

3. NEUTROSOPHIC FUZzY BI IDEAL OF BS-
ALGEBRAS

In this section, we give the definition for Neutrosophic
Fuzzy Bi-ldeal of BS-Algebras and studied some of their
algebraic properties.

Definition 3.1. A Neutrosophic fuzzy set I of BS-Algebras
B is called a Neutrosophic Fuzzy Bi-ldeal of B if
VabceB
(V1) T (D) = Tav(@); (D) <l (@); Far (1) <Fav(a);
(V2) Tov (b*c) = min{Ta(a), Tar(@*(b*c))};

Ly (b*c) < max{lx-(a), Ly (@*(b*c))};

Far(b*c) < max{Fn(a), Far(a*(b*c))}

Theorem 3.2. Let M and IV be two neutrosophic fuzzy
bi-ideal of BS-algebra 8. Then M U N is a neutrosophic

fuzzy bi ideal of B.
Proof
Let M and IV be two neutrosophic fuzzy bi-ideal of BS-

algebra 8. Forany a,b,c € B
i) Tacuar(1) = max{Tac(1), Tw(1)}
> max {Ta(a), Tw(a)}
= Tacuw(@)
Therefore, Tarun(1) = Tacua-(a)
And Lyeuar(1) = min{lae(1), lr(1)}
<min{lm(a), lx(a)}
= larun(a)
Therefore, Lyrua (1) < larua (@)
And Faruar(1) = min{Fa(1), Fa(1)}
< min{Fa(a), Fx(a)}
=Farun(a)
Therefore, Facua (1) < Facun (@)
i) Taruar (b*c) = max {Tac(b*c), Tar(b*c)}
> max{min{Tac(a), Tac(a*( b*c))},
min{Tw(a), Tw(a*( b*c))}}
= min{max{Tm(a), Ta(@)},

max {Ta(a*( b*c)), Ta(a*(b*c))}}

=min{ Taun(a), Trmuw(a*(b*c))}
Therefore, Tacua(b*c) > min{ Tacun (@), Tacuar (@*(b*c))}
And Lyruae(b*c) = min {lac(b*c), v(b*c)}

< min{max{lm(a), lm(a*( b*c))},

max {lv(a), lv(a*( b*c))}}

= max {min{la(a), lx(a)}, min{lar(a*(

b*c)), lv(a*( b*c))}}

= max {lacuw(2), lacun(@*(b*c))}

Therefore, Larun (0*c) < max{lacua (@), Larua-(@*(b*c))}
And Farua (b*c) = min{Fac(b*c), Fa(b*c)}

< min{max{Fm(a), Fm(a*( b*c))},

max {F (), Fa(a*(b*c))}}

= max {min{Fac(a), Fw(a)},

min{Fa(a*( b*c)), Fa(a*( b*c))}}

= max {Fmun(a), Faun(@*(b*c))}
Therefore, Farua (0*c) < max{Farua (@), Farua (@*(b*c))}
Hence, MUN is a neutrosophic fuzzy bi-ideal of B

Theorem 3.3. Let M and V" be two neutrosophic fuzzy
bi-ideal of BS-algebra 8. Then M NN is a neutrosophic
fuzzy bi ideal of B.
Proof
Let M and IV be two neutrosophic fuzzy bi-ideal of BS-
algebra 8. Forany a,b,c € B
) Tacnar(1) = min {Tac(2), Ta(1)}
>min{Ta(a), Tw(a)}
= Tacnw(a)
Therefore, Tacna(1) = Tacnav (@)
And Lygna-(1) = max{lae(1), (1)}
< max{la(a), lv(a)}
= Luenav (a)
Therefore, Laran (1) < lacaa(a)
And Facna(1) = max {Fa(1), Fa(1)}
< max{Fa(a), Fa(a)}
= Facna(a)
Therefore, Farnn(1) <Farna ()
ii) Tarnar (b*c) = max {Tac(b*c), Ta(b*c)}
> min{min{Tm(a), Ta(@*( b*c))},
min{T~(a), Tw(a*( b*c))}}
= min{min{Tm(a), Tw(@)},
min{Tac(a*( b*c)), Ta(a*(b*c))}}
= min{ Tann(a), Taenw(@*(b*c))}
Therefore, Tacnar(b*c) > min{ Tarnn- (@), Tacnar(@*(b*c))}
And Lypnaae (b*c) = max {lac(b*c), la(b*c)}
< max{max{lm(a), lac(a*( b*c))},
max {lv(a), r(@*( b*c))}}
= max {max {lar(a), v (a)},
max {lar(@*( b*c)), lr(a*( b*c))}}
= max {lann(2), lacnw(a*(b*c))}
Therefore, Lasnav (b*c) < max{larna (@), lacnar (@*(b*c))}
And Farna (b*c) = max {Fac(b*c), Fa(b*c)}
< max{max{Fam(a), Fac(a*( b*c))},
max {F (), Fa(a*(b*c))}}
= max {max {F(a), F~(a)},
max {Fac(a*( b*c)), Fa(a*(b*c))}}
= max {Facnn(a), Faena(a*(b*c))}
Therefore, Facnar(b*c) < max{Farna (@), Farna(@*(b*c))}

3251 P. Ayesha Parveen!, IJIMCR Volume 11 Issue 02 February 2023



“Neutrosophic Fuzzy Bi-ldeals of BS-Algebras”

Hence, M'NV is a neutrosophic fuzzy bi-ideal of B

Corollary 3.4. Let M1, M>,......, M, are neutrosophic
fuzzy bi-ideal of B, then M = N}, Mi is also a
neutrosophic fuzzy bi-ideal of B

Lemma 3.5. For all s, t € 1 and i be any positive integer, if s
=1, then

iys'<t

i) [min(s, t)]' = min(s', t')

iii) [max(s, t)]' = max(s', t)

Theorem 3.6. Let V' be a neutrosophic fuzzy bi-ideal of B,
then Ni={<a, Ta'(a), lv'(a), Fa'(a)> a€ B} is a
neutrosophic fuzzy bi-ideal of B', where i is any positive
integer and Ta'(a) = (T (a))", W'(a) = (In(a))',

Fa'(a) = (Fa(a))'

Proof

Let Dbe a neutrosophic fuzzy bi-ideal of B. For any
abceB

i) Ta'(1) = (Tar(2))!
> (Tw(a))’
= Ta'(a)
Therefore, Ta'(1) > Ta'(a)
And 1a'(1) = (Ix(2))!
< (li\_f(a))i
= '(a)
Therefore, Ia'(1) < lx'(a)
And Fa'(1) = (Fa(1))!
< (Fﬂ_f(a))i
= Fa'(a)
Therefore, Fa'(1) < Fa'(a)
i) Ta'(b*c) = (Tw(b*c))!
> min{Ta (), Tw(a*( b*c))}}
= min{(Tw(a))", Tw(@*( b*c))’}
= min{Ta'(a), Ta'(a*(b*c))}
Therefore, Ta'(b*c) > min{T»'(a), Ta'(a*(b*c))}
And l¥'(b*c) = (Iv(b*c))!
< max{lx(a), lr(a*( b*c))}}
= max{( lr(a)), lv(a*( b*c))'}
= max{l»'(a), lv'(a*(b*c))}
Therefore, la'(b*c) < max{lx'(a), lx'(a*(b*c))}
And Fa'(b*c) = (Fa(b*c))!
< max {Fa(a), Fa(a*( b*c))}}'
= maX{(F{V(a))i, Far(@X( b*c))'}
= max {Fa'(a), Fa'(a*(b*c))}
Therefore, Fa'(b*c) < max{Fa'(a), Fa'(a*(b*c))}
Hence V' be a neutrosophic fuzzy bi-ideal of B

4. DIRECT PRODUCT OF NEUTROSOPHIC FUZZY
Bl IDEAL OF BS-ALGEBRAS

In this Section, we shall discuss with the direct product of
neutrosophic fuzzy bi-ideals of BS-Algebras.

Definition 4.1. Let M and IV be two neutrosophic fuzzy
subsets of BS-algebra 8B: and B respectively. Then the
direct product of neutrosophic fuzzy subsets of BS-algebras
B, and B is defined by MxNV: B1x B,—[0,1] such that
MxN={<(a,b), Trmxn(a,b), laxn(a,b), Faxn(a,b)>: aEBy,
bEB,}, where Tamrxw(a,b) = min(Ta(a), Ta(b));

Iaexa(a,b) = max(lac(a), Iv(b));

Farxa(a,b) = min(Fac(a), Far(b))

Definition 4.2. Let M and IV be two neutrosophic fuzzy
subsets of BS-algebra B and B, respectively. Then MXN
is a neutrosophic fuzzy bi-ideal of B1 x B, if it satisfies the
following conditions

D) Tacar (1,1) = Tarav @1, @2); lanav (1,1) < basaov(as, a2);
Faeanr (1,1) < Fapav (a1, a2);
il) Tazsnv (b1, b2)* (€1, €2)) > min{ Tarsn (a1, a2),
Trrsav (a1, a2)*((b, b2)* (c1, ¢2)))}:
L (b1, b2)* (€1, €2)) < max {Lnpsav (a1, @2),
Lasav (a1, @2)*((b, b2)* (c1, €2)))};
Faexar (b1, 02)* (C1, €2)) < max {Farov (a1, @),
F v (a1, a2)*((b, b2)* (c1, ¢2)))}

Theorem 4.3. Let M and IV be two neutrosophic fuzzy
bi-ideals of BS-algebra 81 and B, respectively. Then M XN
is a neutrosophic fuzzy bi-ideals of B, x B>
Proof
Let M and V be two neutrosophic fuzzy bi-ideals of BS-
algebra B; and B, respectively.
Let (a1, a2), (b, b), (c1, ¢2) € B1x B, We have
) Tarsar(1,1) = min{Tac(1), T (1)}
> min{Tac(a1), Tw(a2)}
=Tavav (a1, a2)

Therefore, Tarsav (1,1) > Tarsov (a1, a2)
Again Lassar(1,1) = max {lae(1), Ia(1)}

<max {lm(as), lv(az)}

=larsav (a1, @2)
Therefore, Lupsav (1,1) = laesav (a1, @2)
Again Fagar(1,1) = max {Fac(1), Fa(1)}

<max {Fa(a1), Fw(az)}

=Faraov (a1, a2)
Therefore, Farsav(1,1) > Farav (a1, a2)
ii) Then Tarav (b1, b2)* (€1, €2)) = Taexav (b1*c1, ba*co)

= min{Tar(b:*ce), Tw(b2*c2)}

> min[min{Ta(a1), Tar(ar*(b1*c1))},
min{Ta(a2), Tw(a2*(b2*c2))}]
= min[min{Ta(a1), Tw(a2)},
min{Ta(a:*(bs*c1)), Ta(az*(b2*c2))}]
= min{Tarxw (a1, a2), Taoxv(ar*(b1*ca)) , (a2*(b2*c2))}
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= min{Taxw (a1, a2), Trexw((az, 82)*((b, b2)* (c1, €2)))}
Therefore, Tarsear((b1, b2)* (c1, 2)) > min{ Tarsar (a1, a2),
Tarsav (a1, a2)*((b, b2)* (1, ¢2)))}
ANd Lypnr (b1, b2)* (€1, €2)) = laex(b1*C1, b2*c2)
= max {lac(b1*c1), v (b2*c2)}

< max[max{lar(ar), lae(ar*(b1*c1))},

max {lw(a2), lv(a2*(2*C2))}]
= max[max {lr(a1), v(a2)},

max {lac(ar*(b1*c1)), lv(az*(b2*c2))}]
= max {laexw (@1, a2), bexv(@r*(bi*cs)) , (a2*(b2*c2))}
= max {laxw (1, 82), bexav((as, a2)*((b, b2)™ (1, €2)))}
Therefore, Lnesar((b1, b2)* (C1, €2)) < max{larx(as, az),
Lavesv (a1, @2)*((b, b2)* (c1, €2)))}
And Fagsav (b1, b2)* (€1, €2)) = Faex(br*ca, b2*c2)

= max{Fm(b1*c1), Fa(b2*c2)}

< max[max {Fa(a1), Far(ar*(b1*c1))},

max {Fa(az), Fa(az*(b2*c2))}
= max[max {Fa(a1), Fa(az)},

max {Fac(ar*(b1*cy)), Fa(az*(b2*c2))}]
= max {Farxv(a1, a2), Farxav(a1*(b1*ca)) , (a2*(b2*c2))}
= max{Farxw (a1, a2), Faexar((a1, 82)*((b, b2)* (c1, ¢2)))}
Therefore, Farav((01, b2)* (C1, €2)) < max{F v (a1, a),

Faesav (a1, 22)*((b, b2)* (1, €2)))}

5. HOMOMORPHISM OF NEUTROSOPHIC FUZzZY
Bl IDEAL OF BS-ALGEBRAS
In this section, we discuss about homomorphism

Definition 5.1. Let B1and B, be two BS-algebras and
h:88; — B, be a function. If IV is a neutrosophic fuzzy set
inB; , then the preimage of & under h denoted by h"}(W)
is the neutrosophic fuzzy set in B, is defined by

hH(WV)={<(a), M"(Tw(a)), h*(Iw(a)), " (Fw(a)) >: a€EB},
where h™(Ta(a)) = Tw(h(@)); (v (a)) = v (h(a));
h(Fa(a)) = Fa(h(a))

Theorem 5.2. Let h: 81— B, be an epimorphism of BS-

algebras if IV is a neutrosophic fuzzy bi-ideal of B, then
the pre image of V" under h is also a neutrosophic fuzzy
bi-ideal of B:.

Proof

Let V is a neutrosophic fuzzy bi-ideal of B,. Let a,b,c € B;

Now, h*(Ta(1)) = Tar (h(2))

> Tar(h(a))

=h'(Ta(a))
Therefore h"{(Tar(1)) > h'}(T ()
And (L (1)) = Lw(h(2))

<y (h(a))

= h'(Lyv(a))
Therefore h'(Ly(1)) < h'i(Ly-(a))

And h'(F (1)) = Far(h(1))
<Fa(h(@)
=hY(Fa(a))
Therefore h(Fa-(1)) < h’{(Far(a))
And, h}(Ta-(b*c)) = Tar(h(b*c))
= Tar(h(b)*h(c))
> min{Ta(h(a)), Ta(h(@)*[h(b)*h(c)])}
= min{T~(h()), Ta(h(a*(b*c)))}
Therefore, h"(Ta-(b*c)) > min{Ta-(h(a)), Ta-(h(@*(b*c)))}
And h'i(Ly-(b*c)) = Ly (h(b*c))
= Ly (h(b)*h(c))
< max{lv(h(a)), w(h(@)*[h(b)*h(c)])}
= max{lv(h(a)), lv(h(a*(b*c)))}
Therefore, hi(Ly-(b*c)) < max{ly-(h(@)), Ly-(h(a*(b*c)))}
And h'i(F »-(b*c)) = Fa(h(b*c))
= Far(h(b)*h(c))
< max{Fa(h(a)), Fa(h(@)*[h(b)*h(c)])}
= max{Fa(h(a)), Fa(h(a*(b*c)))}
Therefore, h(Fa-(b*c)) < max{F (h(d)), Fa-(h(a*(b*c)))}

Definition 5.3. Let 8B, and B, be two BS-algebras and
h: B;— B, be a homomorphism. Then h(1) =1

Proof

Let B, and B, be two BS-algebras

Let a € B;therefore h(a) € B,

Now h(1)=h(a*a)=h(a)*h(a)=1*1 =1

Theorem 5.4. Let h: B~ B, be a homomorphism of BS-
algebras if IV is a neutrosophic fuzzy bi-ideal of B, then
h(V)is a neutrosophic fuzzy bi-ideal of B..
Proof
Let a1, az, as € B and by, by, bs € B, such that h(a1)= by ,
h(az)= b2, h(as)= bs
Now, Tar(b1) = Tar(h(ar))

= h*(Ta(a1))

<h*(Ta (1))

=Tar(h(D))

=Ta ()
Therefore, Tar(b1) < Tar(1)

And Ly (b1)= Lpr(h(a1))
= by (an))
> (L (1))
= Ly (h(2))
=y (D)
Therefore, Ly (b1) > Ly (1)
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And Fav(b1)= Far(h(as))
= h'(Far(ay))
>h*(Far(1))
= Far(h(1))
=Fa(1)
Therefore, Far(b1) = Far(1)
ii) Again we have
T (b2* b3) = Tar (h(a2)* h(as))
= h*(Twr(a2*as))
> min{h}(Ta(as)), h*(Tw(ar*(az*as)))}
=min{Ta(h(a1)), Ta(h(ar*(az*az)))}
=min{Ta(h(a1)), Ta(h(as)*("(az)*h(as)))}
=min{Ta(b1), Ta(b1*(b2*b3))}
Therefore, T (b2* bs) > min{Tar(b1), Tar(b1*(b2*bs))}
And Ly (b2* bs) = Ly (h(a2)* h(as))
= h(Ly (a2*as))
< max {h*(lw(az)), ™' (lv(ar*(az*as)))}
=max{lwr(h(a1)), r(h(a1*(az*as)))}
=max{lwv(h(az)), r(h(ar)*(h(az)*h(as)))}
=max{lx(b1), lv(b1*(b2*bs))}
Therefore, Ly-(b2* bs) < max { L (bs), Ly (b1*(b2*bs))}
And Far(b2* bs) = Far(h(az)* h(as))
= h*(Fa (a2*a3))
< max {h*(Fa(a1)), K (Fa(ai*(a2*as)))}
=max{Fw(h(a1)), Fa(h(ar*(az*as)))}
=max{Fx(h(a1)), Fa(h(az)*(h(az)*(as)))}
=max{Fw(b1), Fa(b1*(b2*b3))}
Therefore, Far(b2* bs) < max{Far(b1), Far(b1*(b2*b3))}

CONCLUSION

In this paper, the notion of Neutrosophic fuzzy bi-ideal of
BS-algebras are introduced and studied their algebraic
properties. We obtained the Cartesian product of
neutrosophic fuzzy bi-ideal for BS-algebras. Finally, we
studied how to deal with homomorphism.
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