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A triple-variable Integral Equation for Tumor Control Cumulative Probability (TCCP) is 

developed with the addition of the important radiotherapy Treatment-Time parameter. Based 

on a previous double TCCP Integral Equation depending on Biological Model parameters (α , 

β ), the NEffective model is implemented in Tumor Control Probability (TCP) equation. Results 

comprise a TCCP Integral Equation model with three essential parameters for Radiation 

Therapy precise determination of TCCP. Solution shows the method to obtain a 3D Integral 

Equation of first kind. Results applications could involve better optimization for TCCP in 

radiotherapy biological models. Radiotherapy Treatment Planning Optimization (TPO) and 

Radioprotection consequences are explained.    

KEYWORDS: Pareto-Multiobjective Optimization (PMO), Mathematical Methods (MM), Biological Models (BM), 

Radiation Therapy (RT), Initial Tumor Clonogenes Number Population ( N0 ), Effective Tumor Population Clonogenes 

Number ( NEffective ), Linear Quadratic Model (LQM), Integral Equation (IE), Tumor Control Probability (TCP), Normal Tissue 

Complications Probability (NTCP), Biological Effective model (BED), Tumor Control Cumulative Probability (TCCP), 

Radiation Photon-Dose (RPD), Nonlinear Optimization, Radiotherapy Treatment Planning Optimization (TPO), Software 

Engineering Methods, Radiation Photon-Dose. 

I. INTRODUCTION 

Previously, [20,89], the TCCP Integral Equation was 

developed and determined with analytical result based on Erf 

functions. The model set for that double integral, [20,89], 

based on standard Biological Model parameters (α , β ), is 

improved with the implementation of a variant of the NEffective  

model with Treatment-Time variable [90] . That is, a 

developed modification from [90], based on 

[20,24,25,83,88,89]. 

Therefore, the innovation of this study is the Integral 

TCCP Equation set on with essential TCP Biological Models 

parameters. In other words, TCCP depending on tumor 

radiobiological parameters (α , β ),  Treatment-Time variable, 

TK (delay) , and TPotential ones. In routinary RT treatment 

schedule, the usual approximate 30 days for 

hyperfractionation dose-delivery varies due to unexpected 

delays, such as weekends, patient circumstances, side effects 

of radiation etc. In Hyperfractionated RT treatment schedule 

times could also adjust for several circumstances. Therefore, 

the practical utility of this 3D Integral Equation TCCP model 

is to optimize RT treatment for the interval of TTreatment time. 

TPO with biological models could get improvements from 

the calculations presented. 

Consequently, [20,89,90], a more explicit integral 

equation to improve the radiotherapy treatment dose delivery 

schedule towards increased patient survival expectation is 

got. In short, a 3D TCCP Integral Equation model is set for 

upcoming analytic/numerical determination for 

improvements in Biomodels RT treatment. Applications for 

radiotherapy TPO RT are explained in brief.  

 

II. MATHEMATICAL METHOD 

The initial probability mathematical algorithm, 

[20,24,25,83,88,89], to be set in the model is the exponential 

Linear Quadratic Model for NEffective clonogenes and the 

TCP basic statistical ones [22-26,82,83]. Instead, the 

https://doi.org/10.47191/ijmcr/v11i5.08


“Radiotherapy Tumor Control Cumulative Probability 3d Integral Equation with Tcp Improved Model” 

3440 DR F CASESNOVES PHD, IJMCR Volume 11 Issue 05 May 2023 

 

Poisson TCP model, an approximation with Binomial TCP 

distribution was proven in [20,89]. In this section, 

cumulative probability mathematical concepts are also 

detailed in brief. 

This study explains further 3D algebraic model variations 

that are set into the 3D Gaussian convolution integral 

equation for TCCP cumulative prediction. NEffective 

clonogenes model reads, 

 
(1) 

Where, 

NEffective  : Effective N0 surviving number of  

tumor clonogens.  

N0 : Surviving number of tumor clonogens . 

t: Total radiation treatment parameter.  

TK: time after the start of the first fraction when clonogen  

proliferation starts parameter (in other publications TDelay ).  

TP: Average cell doubling time parameter. 

From model [ 90, Equation (2), Chapter 12] and 

corroboration with other authors, on [20,24,25,83,88,89], it is 

guessed the following variant [ Casesnoves, 2022 ],  

 
(2) 

where  

P: TCP binomial approximation. 

Ns: Initial number of tumor clonogens . 

No: Surviving number of tumor clonogens . 

t : Total RT treatment time, (1). 

α : Clonogen radiosensitivity parameter  

β : Clonogen radiosensitivity parameter  

D : Total radiation dose delivered (could be 

hyperfractionated)  

K : Lea-Catcheside function-factor K, [64] 

Before implementing within integral equation, it is defined 

Factor A as follows,   

 
(3) 

where  

t: Total radiation treatment parameter.  

TK: time after the start of the first fraction when clonogen  

proliferation starts parameter.  

TP: Average cell doubling time parameter. 

The integral-algebraic method can be done to get an integral 

equation of first kind that could be resolved analytically or 

numerically [89]. The results may constitute an 

improvement for BED models in general, TCP, TCCP, and 

NTCP. 

The mathematical concept of cumulative probability 

integral convolution 

The cumulative probability is an statistical mathematical 

concept that involves two convoluted probability functions. 

Namely, an statistical distribution, frequently a Gaussian, 

and the given specific probability function subject to the 

particular problem. The convolution has two kinds of 

parameters, the probability function itself ones, and the 

statistical distribution with all types of parameters, those that 

belong to the probability function and the ones that will give 

the explicit variables of the integral equation solution. Then, 

solutions got to get going towards an analytic and/or 

numerical result. 

At the integrand, therefore, there is an intersection of 

probabilities. That is, the probability of the problem function 

with the probability of the Gaussian distribution. Because of 

the integral bounds, that intersection is performed for all the 

selected integral intervals. In plain language, any integral is 

a summatory in R or C spaces. This probability functions 

intersection within the integral give the cumulative total 

probability of the problem as follows, 

 

(Algorithm 1) 

 

III. 3D INTEGRAL EQUATION DEVELOPMENT 

RESULTS 

TCCP can be calculated with a 3D standard Gaussian 

convolution [20,89]. Algebraic changes can be set as in 

[20,89] . Therefore, the integral equation for TCCP results, 
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(4, Enhanced in Appendix) 

where  

N0 : Surviving number of tumor clonogens . 

t : Total radiation treatment parameter.  

α : Clonogen radiosensitivity parameter.  

β : Clonogen radiosensitivity parameter.  

D : Total radiation dose delivered.  

K : Lea-Catcheside function-factor K, [64]. 

A : Factor for TTreatment from (2). Adimensional. 

σα : Standard Deviation for α . 

σβ : Standard Deviation for β . 

σt : Standard Deviation for TTreatment . 

σ : Overall normalized Standard Deviation. 

This integral equation [ Casesnoves, 2023 ], based on a 

variation from authors in [90, Equation (2), Chapter 12 ], 

can be determined analytically with similar algebraic 

method than [89] .  

 

IV. RADIOTHERAPY PHYSICS APPLICATIONS 

Table 1 developed/modified from previous publications, 

shows a resume of radiotherapy 3D Integral Equation 

applications for RT treatment based on biological models. 

Medical physics principal applications for radiotherapy TPO 

are explained briefly.  

 

Table 1.- Brief of radiotherapy and radioprotection 

applications derived for Equations 1-4.. 

 

V. DISCUSSION AND CONCLUSIONS 

The objective of the study was to extend the previous TCCP 

2D Integral Equation to a 3D further one with the 

implementation of NEffective model parameters. The resulting 

three-variables integral equation of first kind was set with a 

Gaussian convolution to determine the statistical cumulative 

probability as in [20,89]. 

The formula developments, Equations 1-4,  are also 

based on a binomial approximation for TCP probability 

function of the improved model. Algorithm, therefore, is set 

for next determination as was done in  [89]. Mathematical 

probability concepts for cumulative convoluted probability 

are explained, Section II. An inconvenient of the equation is 

the increased number of variables from [89], two, to three 

ones. Advantages could be more precision and adaptation 

for a better biological model optimization. 

Grosso modo, an advanced formulation for TCCP integral 

equation was set for further calculations in TPO. 

Applications for optimal RT planning and increased patient 

survival time and radioprotection emerge form results.   
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