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In this study, we introduce the domination Nirmala index, modified domination Nirmala index
and their corresponding exponentials of a graph.Furthermore, we compute these domination
Nirmala indices for some standard graphs, windmill graphs, book graphs.
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I. INTRODUCTION

In this paper, G denotes a finite, simple, connected graph,
V(G) and E(G) denote the vertex set and edge set of G. The
degree dg(u) of a vertex u is the number of vertices adjacent
to u. For undefined terms and notations, we refer the books
[1, 2].

Graph indices have their applications in various
disciplines of Science and Technology. For more
information about graph indices, see [3]. Recently, some
new graph indices were studied in [4, 5, 6].

The domination degree dy (u) [7] of a vertex u in a

graph G is defined as the number of minimal dominating
sets of G which contains u.

Recently, the so-called Nirmala index was put
forward, defined as [8]

NG = S Jdo W+dg (V).

uveE(G)

Ref. [8] was soon followed by a series of publications [9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31].

Inspired by work on Nirmala indices, we introduce the
domination Nirmala index of a graph G as follows:

The domination Nirmala index of a graph G is

defined as

DN(G)= D> Jdg(u)+dy(v)
uveE(G)
where dg (u) is the domination degree of a vertex u in G.

Considering the domination Nirmala index, we
introduce the domination Nirmala exponential of a graph G
and defined it as

DN(G,x)= o d,@d, ()

uveE(G)

We introduce the modified domination Nirmala index
of a graph G as follows:

The modified domination Nirmala index of a graph G
is defined as

"DN(G)= .

uveE(G) \’dd (w+ dg (V)

Considering the modified domination Nirmala
index, we introduce the modified domination Nirmala
exponential of a graph G and defined it as

1
"DN(G,x) = Z x s (W, )
uveE(G)
We define the product domination Nirmala index of a
graph G as

pDN(G) =

1
dg (W +dgy (v) :
(uve;(@ R j[uve;(G)\/dd (u)+dy (V)j

In this paper, the domination Nirmala index, modified
domination Nirmala index and their corresponding
exponentials of some standard graphs, windmill graphs,
book graphs are computed.

Il. THE DOMINATION NIRMALA INDEX AND ITS
EXPONENTIAL OF GRAPHS
1. RESULTS FOR SOME STANDARD GRAPHS

Proposition 1. If K, is a complete graph with n vertices,
then
n(n-1)

7

DN (K, )=
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Proof: If K,, is a complete graph, then da(u) =1.
From definition, we have

DN(K, )= dg (W +dy (v)
uveE(K, )
_n(n-1) _n(n-1)
_—2 N1+1= \/5 .

Proposition 2. If S, ,; is a star graph with dq(u) =1, then
DN (Sp.1)=+2n.
Proposition 3. If Sp.; 4.1, is a double star graph with
da(u) =2, then
DN (Spﬂ‘qﬂ) =2(p+q+1).

Proposition 4. Let Knn be a complete bipartite graph with
2<m<n. Then

DN (K, )=mnVm+n+2.

Proof: Let G=Km,n, m, n>2 with dd (u)=m+1

= n+l, for all ue
V(G).

From definition, we have
DN (Kpp )= dg (u)+dg (v)

uveE(K, ,)

=mny(m+1) +(n+1) =mnJm+n+2.
In the following proposition, by using definition,
we obtain the domination Nirmala exponential of

Kn’ Sn+l’ Sp+1,q+1 and K .

Proposition 5. The domination Nirmala exponential of
K+ Snias Spia,ge @nd Km are given by
0 DN (Kn,X) _ z X«/dd(u)+dd(v)

uveE(G)

(-1 g _n(-D)

2 2
(i) DN(Sp.,x)=nx"2,
(i) DN(SpiquX)=(p+a+1)x*.
(iv) DN (K, o, X) = mnx¥™n+2,

2. RESULTS FOR FRENCH WINDMILL GRAPHS
The French windmill graph F" is the graph

obtained by taking m [1 3 copies of Ky, n [1 3 with a vertex

in common. The graph F" is presented in Figure 1. The

French windmill graph F," is called a friendship graph.

Figure 1. French windmill graph F"

Let F be a French windmill graph F," . Then
dd (U) =1,

if u is the center vertex,

=(n-D™*, otherwise.
Theorem 1. Let F be a French windmill graph F". Then

ONGF) —m(n e
+[(mn(n—1)/2)—m(n_1)]\/m.

Proof: In F, there are two sets of edges. Let E; be the set of
all edges which are incident with the center vertex and E, be
the set of all edges of the complete graph. Then

DN(F)= )

uveE(G)

dg (W +dy (v)

dd (U)+dd (V)+ z

uveE, (G) uveE,(G)

—m(n-11+(n-1)™?

Amn(n=172) - m(n =D (- 4 (n )™

—m(n-11+(n-1)™?

H{mn(h-1/2)-m(n-DK2(n-0™?,
Corollary 1.1. Let F;" be a friendship graph. Then

DN (F,") = 2my1+ 2™ 1 myf2m.

In the following theorem, by using definition, we

dd (U)"r‘ dd (V)

obtain the domination Nirmala exponential of F," and

(S
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Theorem 2. The domination Nirmala exponential of F,"
and F;" are given by

) DN(F,"x)=m(n _1)x V0"

H(mn(n-1)/2)—m(n —D]xm.
i) BN (F3m’x) —2mx 2™ |yl

3. RESULTS FOR GoK,

Theorem 3. Let H=GoK, where G is a connected graph
with n vertices and m edges; and K, is a complete graph.
Then

1

2

Proof: If H=GoKj, then dy (u)=(p+1)"". InF, there are

_p(pz—l)_ edges. Thus H has %(2m+np2+np) edges.
Thus

DN(H)= Z "dd (U)+dd (V)

uveE(H)

- % (2m+np? + np)\/( p +1)n_1 +(p +1)"_1
1

2

In the following theorem, by using definition, we
obtain the domination Nirmala exponential of GoK,.

DN (H)=——(2m+np? +np)y/(p+1)"".

(2m+np? +np)y(p+1)"".

Theorem 4. The domination Nirmala exponential of GoK,
is given by

DN (GoKp , x) = %(gm + np2 " np)xxlz(pu)”f-l |

4. RESULTS FOR B,
The book graph By n>3, is a cartesian product of star
Sn+1 and path P,

For By, n>3, we have dq (U) =3, if uis the center vertex,

= 2"141, otherwise.

Theorem 5. If By, n>3, is a book graph, then

DN (B,)=/6+2n/4+2"" y2(27 1),

Proof: In By, there are three types of edges as follow:

E: = {uv (1 E(By) | da(u)=da(v)=3}, |Ed=1 E2=
{uv 7 EBn) | da(u) = 3, da(v)= 2" 1 +13, | Eo = 2r.
Es;= {UV O E(Bn) | dd(U) = dd(V): 2ﬂ*1 +1}l | E3| =r

By definition, we have

DN(B,)= dg (u)+dy (V)

uveE(H)

=1J3+3+2ny3+(2"1 +1)

(2" 4 1) (20 41)

=6 +2ny4+2" " 1 ny2(2n 1 41).

In the following theorem, by using definition, we
obtain the domination Nirmala exponential of By .

Theorem 6. The domination Nirmala exponential of GoK,
is given by

DN(B,,x)= xV6 4 o /42T pyl2(24)

Il. THE MODIFIED DOMINATION NIRMALA
INDEX AND ITS EXPONENTIAL OF GRAPHS

5. RESULTS FOR SOME STANDARD GRAPHS

Proposition 6. If K, is a complete graph with n vertices,
then
n(n-1)
NP
Proof: IfK,, is a complete graph, then da(u) =1.
From definition, we have

"DN(G)= >’ L

uveE(G) \dg (u+ dg (v)

_ nn-1) 1  n(n-1)

2 1i+1 22

Proposition 7. If S, ,; is a star graph with dq(u) =1, then

"DN (K, )=

n
E.
Proposition 8. If Spﬂqﬂ is a double star graph with dg(u)
=2, then

"DN (Sn+1) =

_p+q+1

" DN (Sp+1,q+1) _T'

Proposition 9. Let Knn be a complete bipartite graph with
2<m<n. Then

mn

Jm+n+2

"DN (K, )=

In the following proposition, by using definition, we
obtain the modified domination Nirmala exponential of

Kn’ Sn+1’ Sp+1,q+1 and K .

Proposition 10. The modified domination Nirmala
exponential of K, S;,1, Sp.14+1 @nd K are given by

3499
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1
X [d, (W+d, (V)

uveE(G)

() "DN(K,,x)=

1 1
_n(n-1 T _ n(n-1) w2
2 2 '
1

(i)  "DN(Spi,X)=nx"2.

| =

(i) DN (Spusqua)=(p+q+1)x2

1
(iv)  "DN(KpnX)= mnxvmn+2,

6. RESULTS FOR FRENCH WINDMILL GRAPHS
Theorem 7. Let F be a French windmill graph F". Then

m(n-1)

'1_}_ (n _1)(m71)

+[(mn(n -1)/2)-m(n-1)]

Proof: In F, there are two sets of edges. Let E; be the set of
all edges which are incident with the center vertex and E; be
the set of all edges of the complete graph. Then

"DN(F)=

1
"DN (F)=
UVEZE;‘G) \/dd (U)+dd (V)
1 1

) uv:e%‘ZG) \/dd (u)+ dg (v) +UVE%:(G) \/dd (U)+dd (v)

m(n-1) [(mn(n 1/2)-m(n-1)]
\/1+(n 1)(m -1) \/(n 1)(m 1)+(n 1)(m -1)

m(n-1) N [(mn(n-1)/2)-m(n-1)]

- '1+(n_1)(m—1) ’Z(H—l)(m_l)

Corollary 7.1. Let F3m be a friendship graph. Then

2m m

+ .
JLe2mD o fon

In the following theorem, by using definition, we
obtain the modified domination Nirmala exponential of

F,™ and R"

"DSN (F,") =

Theorem 8. The modified domination Nirmala exponential
of F," and F;" are given by

1
x)=m(n-1) (-
1

+(mn(n-1)/2) - m(n ka

(i) "DN(F,"

(i) "DN(F,",x) = 2mx41+2“’” + me.

7. RESULTS FOR GoK,

Theorem 9. Let H=GoK, where G is a connected graph
with n vertices and m edges; and K, is a complete graph.
Then

2m+np? +np

22(pr1)"™

Proof: If H=GoKy, then dy (u)=(p+1)""

"DN(H)=

. In F, there are

w. edges. Thus H has %(Zm +np* +np) edges.
Thus
1
DN (H):W;‘H)\/dd (u)+dg (v)
_ (2m+np? +np) 1
ey ey
_2m+np®+np

) 2J2(p+1)"

In the following theorem, by using definition, we
obtain the domination Nirmala exponential of GoKj.

Theorem 10. The domination Nirmala exponential of GoK,
is given by

"DN (GoKp , x) =%(2m + np2 " np)xxlz( p)™ |

8. RESULTS FOR B,
The book graph Bn, n>3, is a cartesian product of star
Sh+1 and path Py,

For By, n>3, we have dy (U)=3, if uis center vertex,

= 2" 41, otherwise.

Theorem 11. If By, n>3, is a book graph, then

B, )=/6 +2nv4+ 2" 4 ny2(2" 11).

Proof: In By, there are three types of edges as follow:

E1 = {uv [ E(Bn) | da(u)=da(v)=3}, |Eif=1
Ez = {uv [ E(By) | do(u) = 3, da(v)= 2" 1 +1}, | Eo = 2r.
Es={uv  E(Bn) | do(u) = da(v)= 2" +1}, |Esl=r.
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By definition, we have
1

"DN(B,)=
() uvg%(:Bn)\/dd (W+dgy(v)

1 N 2n N n
J3+3 \/3+(2”’1+1) \/(2“’1+1)+(2”’1+1)

_i+ 2n N n
Vo arat Ja(2n1h)

In the following theorem, by using definition, we
obtain the modified domination Nirmala exponential of Bi.

Theorem 12. The domination Nirmala exponential of GoK,
is given by
1 1 1
MDN (B, x)=xV® +2nx V42" 4 nx V22

Problems:

(i) Determine the properties of DN.

(ii) Establish the lower and upper bounds for DN.
(iii) Determine the properties of pDN.

(iv) Establish the lower and upper bounds for pDN.

111. CONCLUSION

In this paper, the domination Nirmala index,
modified domination Nirmala index and their corresponding
exponentials of some standard graphs, windmill graphs,
book graphs are computed.
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